CONIC SECTIONS 

CO-ORDINATE GEOMETRY 


Books by Charles Smith 

AN ELEMENTARY TREATISE ON 
SOLID GEOMETRY 

ELEMENTARY ALGEBRA 

A TREATISE ON ALGEBRA 


AN ELEMENTARY TREATISE OX 


CONIC SECTIONS 

by the methods of 

CO-ORDINATE GEOMETRY 


BV 

CHARLES SMITH, M.A., 

I,ATE MASTER OK SIDNEY SUSSEX COLLEGE, CAMBRIDGE 


LONDON 

MA C M IL L A N & CO LTD 

NK.W YORK • ST MARTIN*S lMU .SS 

1962 


This book is copyright in all countries which 
are signatories to the Berne Convention 


First Edition printed 1882. Second Edition printed 1883* 
Reprinted with slight corrections 1884, with alight cor¬ 
rections 1885, 1887, 1888, 1889, January and November 
1890, 1892, 1893, 1894, 1890, 1898, 1899, 1901, 1902, 
1904,1905, 1906, 1908, 1909. Revised and enlarged 1910. 
Reprinted 1912,1914, 1916, 1918, 1919, 1920, 1921, 1924, 
1927, 1930, 1937, 1943, 1946, 1953, 1956, 1962. 

MACMILLAN AND COMPANY 1 LIMITED 

St Martin's Street London WC2 
also Bombay Calcutta Madras Melbourne 

TUB MACMILLAN COMPANY OF CANADA LIMITED 

Toronto 

ST MARTIN’S PRESS INO 




PRINTED IN GREAT BRITAIN 



PREFACE TO THE NEW AND REVISED 

EDITION OF 1910 


T HE whole hook has been thoroughly revised, many 
alterations and additions have been made throughout, 
and a Chapter on Invariants has been added. 

Additional illustrative examples have also been worked 

out in full. • 1 

An introduction to the subject of Envelopes is now 
given at the end of the Chapter on th6 Parabola. 

CHARLES SMITH 


Sidney Sussex College 
July 1, 1910 



CONTENTS 


[The Articles marked with an asterisk may be omitted by beginners until 

after they have read Chapter IX.] 


CHAPTER I. Co-ordinates 


CHAPTER II. The Straight Linf. 
Examples on Chapter II 

CHAPTER III. Change of Axes. 
Cross Ratios. Involution 


Ashaumonic 


Ratios 


or 


CHAPTER IV. The Circle . 

Examples on Chapter IV 
Miscellaneous Examples I . 


CHAPTER V. The Parabola . 

Envelopes . 

Examples on Chapter \ 

CHAPTER VI. The Ellipse . 

Examples on Chapter VI 

CHAPTER VII. The Hyperbola 

Examples on Chapter VII 
Miscellaneous Examples II . 

CHAPTER VIII. Polar Equation ok a Conic, the lotus 

THE POLE 

Examples on Chapter VIII . 

CHAPTER IX. General Equation of hie Second 

Every curve whose equation is of the second degree 

Co-ordinates of the centre of a conic . 

The Discriminant . . , „ 

Position and magnitude of the axe< of a eeulml oon.c 

Axis and latus rectum of a parabola • 


DEINU 


Degree. 
is a conic 


PAOE 

1 

1G 

54 


59 

72 

101 

10G 

109 

130 

135 

144 

17G 

185 

203 

208 


212 

222 


220 

228 

230 

230 

231 







viii 


CONTENTS 


Tracing conics ..... 
Equation of the asymptotes of a conio 
Condition for a rectangular hyperbola 
Examples on Chapter IX 


CHAPTER X. Miscellaneous Propositions. 

Equation of the tangent at any point of a conic 

Condition that a given straight lino may touch a conic 

Equation of the polar of any point with respect to a conic 

Conjugate points and conjugate lines .... 

A chord of a conic is cut harmonically by a point and its 
polar .... 

Diameters of a conic . 

Condition that two given lines may be parallel to conjugate 
diameters. 

Eqni-conjugate diameters of a conic . 

Segments of chords of a conic .... 

Meaning of S-\S' = 0, S-\uv = 0 and S-Xu 3 =0 
Equation of a pair of tangents from a point 
Equation of tangents at the extremities of a chord 
Equation of the director-circle 
Four foci of a conic 
Eccentricities of a conic 
Foci and directrices 
Equation of the axes . 

Equation of a conic referred to tangent and normal 
Normals «... 

Similar conics 

Examples on Chapter X 

• • W 

CHAPTER XI. Systems of Conics. 

Oue conic through five points 
Conics through four points . 

Two parabolas through four poiuts * ’ * 

Centre-locus of conics through four points 

Trial 'Sr* 8 ,/* T q T rank ' ,e a,e P-nt^of 

conic f ' P ° lar WUh res ** et to any cironustribin 


PAGE 

232 

235 

236 
238 


241 

242 

243 

244 

245 

246 

246 

247 

248 
250 

253 

254 

255 

256 

257 

258 
264 
266 
267 
271 
277 


290 

291 

292 
292 


296 

297 








CONTENTS 


IX 


PAGE 


Centre-locus of conics touching four fixed lines . . 290 

Parabola touching the axes of co-ordiuates . . . 300 

Confocal conics.303 

Osculating conics.312 

Circle of curvature at a point.314 

Examples on Chapter XI.318 


CHAPTER XII. Envelopes and Tangential Equations. 

Envelopes. 

Tangential co-ordinates and equations .... 

Director-circle of envelope. 

Foci of envelope. 

Lengths of axes . 

Conics confocal with m) = 0. 

Conics confocal with <p(x, y) = 0 . 

Meaning of the tangential equation S - XS 1 = 0 . 

Locus of centres of the conics which touch four fixed straight 

lines . 

Director-circlesof conics which touch four given straight lines 
have a common radical axis. [See also 388 and 4U0] 

Examples on Chapter XII. 


325 

328 

330 

331 

332 
332 

332 

333 

333 

334 

335 


CHAPTER XIII. Trilinear Co-ordinates. 

Definition of trilinear co-ordinates .... 

Straight lines. 

Co-ordinates of four points in the form ±/, ±|7, 
Equation of four lines in the form Za±m/3±M7 = 0 . 
Conics given by the general equation of tho second degree 

Tangent and polar. 

Co-ordinates of the centre of a conic .... 

Condition for a parabola. 

The asymptotes. 

Condition for a rectangular hyperbola 

The circumscribing circle. 

Conditions for a circle. 

Foci and directrices . 

Lengths of .. 

Areal co-ordinates. 

The circumscribing conic. 

The inscribed conic. 


341 

342 

348 

349 
352 
352 
354 

354 

355 

356 

356 

357 

358 

359 

360 

362 

363 

















X 


CONTENTS 


Conics through four fixed points. 

Conics touching four fixed lines ...... 

Conics referred to a self-polar triangle . . . . 

Conics referred to two tangents and the chord of contact 

Circles connected with a triangle. 

Pascal’s theorem. [See also 409]. 

Brianchon’s theorem. 

Tangential Co-ordinates. 

Triangles in one conic, nbout another and self-polar for 
a third. 

Inscribed—circumscribed polygons . . . . . 

Examples on Chapter XIII. 


PAGE 

365 

366 

368 

369 
371 

375 

376 



380 

385 

389 


CHAPTER XIV. Reciprocal Polars. Projections. 


Definition of polar reciprocal. 

The degree of a curve is the same as the class of its reciprocal 

Examples of reciprocal theorems. 

Reciprocation with respect to a circle. 

Co-axial circles reciprocated into confocal conics 

Projection. Definition of projection. 

The projection of any curve is a curve of tho same degree . 

Projections of tangents, poles and polnrs, parallel straight 
lines. 

Any line can be projected to infinity, and at the same timo 
any two angles into given nugles. 

Any conio projected into a circle ..... 

A system of conics inscribed in n quadrilateral projected into 
confocal conics . 

Cross ratios of pencils and ranges unaltered by projection 

The cross ratio of a pencil of four lines equal to that of the 
range formed by their poles. 

Anharmonic properties of points on a conic, and of tangents 
to a conic ... 

* * • • • ^ 
Homographic ranges and pencils. 

Examples on Chapter XIV 


CHAPTER XV. Invariants. 
Invariants ... 
Examples on Chapter XV 
Miscellaneous Examples III 


395 

396 

397 

398 
402 
404 
404 

404 

406 

408 

408 

410 

411 

411 

413 

418 


421 

432 

436 






CHAPTER I. 


CO-ORDINATES. 


1. If in a plane two fixed straight lines XOX', 101' 
be taken, and through any point P in the plane* the two 
straight hues PM, PL be drawn parallel to A OX , 1UY 
respectively; the position of the point 1 can be found 


V 

/ 



when the lengths of the lines PM, PL are given For we 
have only to take 0L, 0M equal respectively o the 
known lilies MP, LP and complete the parallelogram 

LOMP. 

The lengths MP and LP, or 0L and 0M, which thus 
define the position of the point P with reference to tl.e 
lines OX OY are called the co-ordinates of the point 1 
with reference to the axes OX, OY. The> point of inter¬ 
section of the axes is called the origin. W hen the angle 
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CO-ORDINATES 


between the axes is a right angle the axes are said to be 
rectangular; when the angle between the axes is not a 
right angle the axes are said to be oblique. 

OX is generally called the abscissa, and LP the 
ordinate of the point P. 

The co-ordinate which is measured along the axis OX 
is denoted by the letter x , and that measured along the 
axis 0T by the letter y. If, in the figure, OL be a units 
of length and OM be b ; then at the point P, x—a, and 
y = b, and the point is for shortness often called the point 
(a, b). 

2. Let Oil/' be taken equal in length to OM, and OL' 
equal to OX, and through M', X' draw lines parallel to the 
axes, as in the figure to Art. 1. Then the co-ordinates of 
the three points Q, R, S will be equal in magnitude to 
those of P. Hence it is not sufficient to know the lengths 
of the lines OX, LP, we must also know the directions in 
which they are measured. 

If lines measured in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di¬ 
rections OA' or OT to be positive, those therefore in the 
directions L)X’ or OY' must be considered negative. 

We are now able to distinguish between the co-ordi¬ 
nates of the points P, Q, R, S. The co-ordinates of R are 
OL', L'R, and these are both measured in the negative 
direction; * : that, if the co-ordinates of P be a, b, those of 
R will be — a, — b. The co-ordinates of 8 will be a, —6* 
and those of Q will be — a, b. ’ * 


Thus P, Q, li, S arc respectively the points (a, 6), ( - a, b), ( - a, - b ) 
ami (a, - b ); also L, M, L’, JP arc the points (<i, 0), (0, b), a 0). 
( 0 , - b). 


When the co-ordinates of a point are supposed to be known they are 

generally represented, as in Algebra, by the earlier letters of the Alphabet— 

for example, («, b), d), (/,. k), Ac.—but when there is more than ono 

known point the notation <*-, p'), (*'•, 4c . Dr (xi> j ( ^ 

is generally used. 
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3. It must be carefully noticed that whether a line is 
positive or negative depends on the direction in which it is 
described, and does not depend on the position of the 
origin; for example, in the figure to Art. 1, the line LO is 
negative because the direction from L to 0 is tlie reverse 

of that from 0 to X. 

If any two points K, L be taken and the distances 
OK, OL , measured from a point 0 in the line KL, be a 
and b respectively, then the distance KL must be K0+ OL, 
or - OK + OL, that is - a + b, and this will be the case 
wherever the point 0, from which distances are measured, 

may be. 

If 0A= - 3, and OB = 4; then 

AB=AO+OB= -OA + OB= 3)+ 4 = 7. 

If 0A = 3, and OB= -4; then AB- -3 +(-4)= -7. 

The reader should illustrate this by means of a figure. 

Ex. 1. If A, B, C, D be any four points in a straight line, then 

AB . CD + BC. AD = AC. DD. 

Take the straight line on which the points lie as the axis of x and 
any point 0 ou it for origin. Then, if 0.1 =xj, uB-x>, 0C—xj 


0D = x if 



A B 

_£_2 - 7 

X' 

0 

A P 

B 9 

x 7 - 

AB = AO+OB- 
CD=CO + OD 

0 A 

= -OA + OB= -Xj + x 2 . 

= -OC + OD= -X3 + X... 

Also 

BC=-x 2 + x 3 , AD=-x,+x 4 , 

AC= -X!+X3 and BD - -x-.. + x.,. 


Henco we have to prove that 

(-x 1 + x^(-x 3 + x i ) + (-r. i + x 3 )(-x l +x i ) = (-^ + x 3 )(-x. + x l ) 

is true for all values of x„ * 2 , *3. *4i * nd this is eftsily sceD * 

Ex. 2. A, B, C are any three points on a straight lino and P any 

other point. Prove that 

PA 2 .BC + PIi 2 . CA +PC*.AB + BC . CA ,AB=X 
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4. To express the distance between two points in terms 
of their co-ordinates. 

Let P be the point ( x, f), and Q the point (x", y"), 
and let the axes be inclined at an angle to. 



Draw PM, QL parallel to OF, and QR parallel to OX, 
as in the figure. 

Then OL = x", LQ = y", OM-af, MP = f. 

By trigonometry 

PQ 7 = QR 2 + RP* - 2QR. RP cos QRP. 

But QR = LM — OM — OL=x— x n , 

RP = MP - MR = MP - LQ = f - y", 
and angle QRP = angle OMP = n ~angle XOY= tt-w 
p< ? = (*' - “"r+(y - y"f +2 (*' - x") (,/ -,/') cos M> 

or PQ=± J[(x’ - x'J +(,/- yj + 2 (*- - x")(y'-y ")cos „]. 
If the axes be at right angles to one another we have 

PQ=± + (y' — y')’j. 

The distance of P from the origin can be obtained 
independently, or by putting a" = 0 and y" = 0 in the 
3bo\c formula. I he result is 

OP = ± \'{x- -f y'- -f "lx f cos to], 
or, if the axes he rectangular, 

0P = ±y/{x'* + f* 


CO-ORDINATES 


o 


Except in the case of straight lines parallel to one 
of the axes, no convention is made with regard to he 
direction which is to be considered positive. \\ c mat 

therefore suppose either PQ or QP be P“ w , 
however we have three or more points 1 , y, - U1 
sam^straight line, we must consider the -le d.rec^n 
as positive throughout, so that in all cases we must hate 

PQ+QR = PR. 

In the following examples the axes are rectangular. 

Ex 1. Mark in a figure the petition of the point x = l, >J = 
of the point *=-3,j=-l; and shew that the distance between then, 

16 Ex. 2. Find the lengths of the lines joining die W.owii* Hj- 
of point.: (i) (1, -1) and (-1, 1) 1 <») (u, -o) and (-6, (P»> 

“ Eg"3! 'shew that the three points (1,1), <-1. -1) and (-^3, ,/S), 
are the angular point, of an egnilateral tnangte ^ j( 

Ex. 4. Shew that the four points (0, -1). ( ■ M 

arc the angular points of ft rectangle. (0 

Ex. 5. Mark in a figure the positions of the ,-nts (0 >■ 

,0, 3, and (-2, t), and .hew that the, are a. « 

Shew the same of the points (2, 1), (4, • .. 

Ex. 6. Shew that the four points (2, 1), (». 4). ( • ') nn 

the angular points of a parallelogram. .. ,n 

Ex 7. If the point (x, ,) he ^distant from the two points (3, 
and (1, - 2), then will x + 3i/ = 5. 

lWel “ ,C „-8). + (»-4)»=(*-l )*+(y+2>n ; 

whence result.] , „ three 

. , im ; s onuidistant from tne mm 

Ex. 8. Shew that the point (<, 1°) ,b 1 
points (-10, -0), (32, 5) and (18, 33). 

Ex. 9. Find the point which i. e,uid,»taut from (0,0), » n) 

( 42, °^‘ , x, • rtf tho triangle whose angular 

Ex. 10. Find the lengths of the sides of the tnang 

points are (10, 8), (13, 1) and (*4. s )- angular point. 

Shew that ( 0 - 7 , 2*4) is at a distance G , from ojeh u J^ ^ , 
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5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two given points. 

Let the co-ordinates of P be x Xi y lt and the co-ordi¬ 
nates of Q be x 2 , Vi, and let R (.r, y ) be the point 
which divides PQ in the ratio : k 2 . 



Draw PL, Rif, QM parallel to the axis of y, and PST 
parallel to the axis of a?, as in the figure. 

Then LN : NM = PS : ST =PR : RQ= k t : k 2 ] 

.* • h • LN — h\. NM = 0, 

or h O — a*) - h\ (.r 3 -x) = 0; 

_ + k\ x? 

k x + k 3 • 


• • 


Similarly 


K’h + k, a, 
J L + L 


The most useful case is when the line PQ is bisected: 
the co-ordinates of the point of bisection are 

J(*i+* s ), Kyi+y,.)- 

should havl De " ere CUt eXternall,J iB the rati0 ■■ ~ k * 

LX : XM :: i*,: — 

and therefore x = ~ k - x < _ *i.% ~ k.y, 

■ y~- k rzrr~- 
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The above results are true whatever the angle between 
the coordinate axes may be. But in™os t e.sesformula 
become more complicated when the axes aie not at 

right angles to one another. 

W $ shall in future consider the axes to he at right 
angles in all cases except when the contrary is express ij 

stated. r 

Ex. 1. Find the middle point of the line joining (3, 1) u.ul ( -5. <)• 

x = i{3 + (-5)}=- 1 - !/ = i( 1 + 7 > = 4 - 
Ex. 2. Find the point which divides the join of (2. 3) and (5, ■) >n 

the ratio 2x2 + 5*l , _ 3 x 2 + (-31*l 

=•>* y — 


= i. 


x = 


1+2 ” " 1+2 X A 

Ex 3 The points A, B, C are respectively (x„ j/ih Us, Vi )> 

lz D E, F are the middle points of DC, CA, AD re.p~t.vely. 

EM the co-ordinates of the point G which divides DA so that -CG = . 

[The co-ordinates of D are 

x = i(x 2 + x 3), y = i(!/2+!/3)- 

Hence, for G, wo have 

h (x 2 + x 3 )x 2 + x|xj _ w x+ x 2 + j 3 ), 

x = '-1 + 2 

t __ h (1/2 + !h) x 2 + yi x_l _ ^ ^ 

The symmetry of this result proves that the point G is also on the 
.. vn amlFC and also that 2EG = GB and 2 FG = GC. 

“ T he intersection of the medians of a triangle is called the centroid of 
1 «nd we see from the above that, if (*i» !/i)« Vd’ 

L h : r pits o' a triangle, the co-ordinate, of its centroid are 

J(x, + £..+x 3 ) and Kyi + yi+'Jti-i 

Ex. 4 . Find the centroid of the triangle whose anguf.r points a« 
, _ 4 (2 - 2) and (2, 5) respectively. 

Ex- k 'Find the centroid of the triangle whose angular pomts are 
(3 5W- 7, 4) and (10, - 2 ) respectively. * 1 

' Ex-'c. Find the point which divides the join of (fc ~J> ^ 

“ ‘ex. 1 'r Find the point which divide, the join of l 2 ' l J> (S J '> 

txlermlly in the ratio2 ; -3. 
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6. To express the area of a triangle in terms of the 
co-ordinates of its angular points. 

Let the co-ordinates of the angular points A, B, G be 
V\> # 2 , y 2 ‘, and x s , ,y 3 respectively. 



Draw the lines AK, BL, C}f parallel to the axis of y, 
:is in the figure. 

A ABC = MCA K - KABL - LBCM. 

N ow MCA K = A MCA + A A KM 

= h KM. MC + i KM. KA 

= h - *,) (y 3 + y x ). 

Similarly KABL = h - lTl ) ( yi + 

and LhCM = ^ (.r 3 — x .f) (y s -j- y 3 ) ; 

A ABC = £ {(y 3 + y,) (.r 3 - ;r,) -f (y, + y„) 

•, • • , + (y-.- + y 3 ) (<r y - a^)\ ; 

nr, omitting the terms which cancel, 

A A BC = i - .r,y 1 + a\y 3 - .r 3 y._. + j.- 3 y, - . ri y 3 | 

; i ; 

= 2 •<», y., l . 

! y 3 . l | 

The above expression for the area of a triable will be found to be 
poMtneifthe older of the angular points bo such that in going round the 

triangle the area is always on the left hand or if i 11 

Of the circuit AH CA is couutcrcioLL w, ’ ‘ 
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7. To express the area of a quadrilateral in terms oj 
the co-ordinates of its angular points in a given order. 

Let the angular points A, B, C, D, taken in order, be 

(X\, Vi), O 2 , y a )» (*., Vz) and (x it y 4 ). 



the figure. 

Then the area A BCD 

=KABL + LBCM- MCDN-NDAK. 

And, as in the preceding Article, 

KABL - 4 (y» + y.) (*»-*•). 

LBC 'M = ^ (y-j + y-z) ( a 2 “ ,T *)* 
il/C/)iV = i (y, + y 4 ) - *«). 

A r i)A/r=i(y 4 +»/i)(^-^). 

Hence A BCD = h {(y, + y 2 ) (*i - O + (y 2 + .'/*) (•*= - 

+ (y 3 + y 4 ) (* 3 - + (w* + y*) : 

or, omitting the terms which cancel, 


A BCD = h | *,y 2 - + *#* - J'i'MW ~ 

The area of any polygon may be found m a similar 
manner. 

[Another method is given in Art. 12.] 

The above formula, beginning with x x y>-*i'j\ changing to 

/3 -W in cyclical order, is po.ir.Te if the points are taken 
round the boundary of the figure in counterclockwise order, and * 


negative for the opposite direction. 
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It should however be noticed that four points can he joined in more 
than one way, and that in the figure below the formula would give the 
difference of the actual areas of the triangles marked + and - respectively. 



Ex. 1. Find the area of the triangle whose angular points are (2, 1), 
(4, 3) and (2, 5). 

Also find the area of the triangle whose angular points are (4, - 5), 
(5,-C) and (3, 1). Ant. 4, §. 

Ex. 2. Find the area of the triangle whose angular points A, D, C 
are respectively (2, 3), (4, 6) and (6, 2). Ant. -5. 

[The negative sign shews that ABCA is in the clockwise order of 
rotation, as will be seen if the points are plotted. In most cases only the 
absolute area is required.] 


Ex. 3. A, B, C are the points ( — 1, 5), (3, 1) and (5, 7) respectively. 
D, E, F are the middle points of BC, CA, AB respectively. Provo 

aABC = 4&DEF. 

Ex. 4. Find the area of the quadrilateral whoso angular points taken 
in order are (1, 2), (G, 2), (5, 3) and (3, 4). 

Also of the quadrilateral whose angular points are (2, 2), (-2 3) 
(-3, -3) and (1, -2). Jtw. V.20. 

Ex. o. I-ind the area of the quadrilateral whose angular points 
A, B , C, D taken in order are (-4, 2), (3, -5), (1, 7) and (G, -2). 

Ans. 0. 

Plot the points and draw ABCDA to illustrate the result. 

Find the area when the points are taken in the order A, B, I), C. 

Ans . 56. 

Ex. 6. The points A, B, C 9 D are respectively (2, 4). (3, 2) (8 4\ 
and (7.6). Find the area of ABCD. Also by taking the points in’the 

order ,1, C, B, D and in the order A, B, D, C prove that AB is parallel 

to CD and BC to DA. , F 

Ant. 12, 
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8. If a curve be defined geometrically by a property 
common to all points of it, there will be some algebraical 
relation which is satisfied by the co-ordinates of all points 
of the curve, and by the co-ordinates of no other points. 
This algebraical relation is called the equation of the 

curve. . 

Conversely all points whose co-ordinates satisfy a given 
algebraical equation lie on a curve which is called the 
locus of that equation. 

For example, if a straight line bo drawn parallel to the axis OY and at 
a distance a from it, the abscissae of points on tl.is line are all equal to 
the constant quantity a, and the abscissa of no other point is equal to a. 

Hence x = a is the equation of the line. 

Conversely the line drawn parallel to the axis of y and at a distance a 

from it is the locus of the equation x = a. 

Again, if x, y be the co-ordinates of any point P on a circle whose 
centre is the origin 0 and whose radius is equal to c, the square of the 
distance OP will be equal to x 2 + y- [Art. 4]. But OP is equal to the 
radius of the circle. Therefore the co-ordinates x, y of any point on the 
circle satisfy the relation x 2 + >/ 2 =e 2 . That is, x- + y- = c - is the equation 
of the circle. 

Conversely the locus of the equation x 2 + i/ 2 = c 2 is a circle whose centre 

is the origin and whose radius is equal to c. 

A rough sketch of the curve represented by an algebraical equation 
can be drawn by giving a scries of values to x or to y and calculating the 
corresponding values of y or x and plotting on squared paper the series of 
points whoso co-ordinates have been thus determined;.sufficient time 
has, however, probably been already given in Algebia to this uninteresting 
and not very useful exercise. 

In Analytical Geometry we have to find the equation 
which is satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro¬ 
perty; and we have also to find the position and <-< iue 
the geometrical properties of a curve from the equation 
which is satisfied by the co-ordinates of all the points on it. 

An equation is said to be of the n°‘ degtee w len, 
after it has been so reduced that the indices of the \aii 
ables are the smallest possible integers, the term or terms 
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of highest dimensions is of n dimensions. For example, 
the equations axy + bx + c = 0, a? 4- xy \Ja + 6 s = 0, and 
sjx -f- \/y = 1 (which when rationalised is xP + if — 2 xy — 2x 
— 2y + 1 = 0) are all of the second degree. 


Ex. 1. A point moves so that its distances from the two points (3, 4), 
and (5, - 2) are equal to one another; find the equation of its locus. 

Ans. x-3y = l. 

Ex. 2. A point moves so that the sum of the squares of its distances 
from the two fixed points (a, 0) and (-a, 0) i3 constant (2c 2 ) ; find the 
equation of its locus. Ans. x- -f y- = c 2 - n a . 

Ex. 3. A point moves so that the difference of the squares of its 
distances from tho two fixed points (a, 0) and (-a, 0) is constant (c 2 ) ; 
find the equation of its locus. Ans. 4<ix=s±c 2 . 

Ex. 4. A point moves so that its distance from (3, 0) is twice its 
distance from ( - 3, 0). Find the equation of its locus. 

Ans. x 2 + t/ 2 +10x + 9 = 0. 

Ex. 5. A point moves so that its distance from the axis of x is half 
its distance from the origin; fiud the equation of its locus. 

Ans. 3y~ - x 2 =0. 

Ex. G. A point moves so that its distance from the axis of x is equal 
to its distance from tho point (1, 1); find the equation of its locus. 

A ns. x 2 - 2r — 2y + 2 = 0. 

Ex. 7. A point moves so that the sum of its distances from the axes 
is 4 units of length. Find the equation of its locus. Ans. x + y = 4. 

Ex. 8. A point moves so that twice its distance from the axis of x 
exceeds its distance from the axis of y by 2. Find tho equation of its 

Ans. 2y -x = 2. 

Ex. 'J. Find the equation of the locus of a point which is at a 
distance 5 from the point (3, 4). A ns. s- + y-~ Gx -Sy = 0. 

Ex. 10. Find the points which are at a distance 5 from ( 3 , 4) and at 
a distance 13 from (5, 12). 

[The points satisfy both the equations 

{x - 3) 2 + (]/ - 4) 2 = 5 2 and (x - 5) a + (y - 12)-’ = 13 2 .] 

Ans. (0,0) and -H). 
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9. The co-ordinates used in Articles 1 and 2 are called 
Cartesian Co-ordinates because they were first used by 

JJcsco rtes. 

The position of a point on a plane can be defined by 
other methods. A useful method is the following. 


Polar Co-ordinates. 

If an origin 0 be taken, and a fixed line OX be drawn 
through it; the position of any point P will be known, it 
the ancrle XOP and the distance OP be given. 



These are called the polar co-ordinates of the point P 
The length OP is called the radms vector and s 
usually denoted by r, and the angle X 01 is called 

vectorial angle, and is denoted by V. , 

The angle is considered to be positn e it nit a. 
from OX contrary to the direction m which the hands o 

a W The radius vector is considered positive if I1 ^ a f u ^[ 
from 0 along the line bounding the vectorial angle, and 
negative if measured in the opposite direction. 

g If PO be produced to F, so that OP »^ to OP 
in magnitude, and if the co-ordinates of 1 be t, B, the. 
of F will be either - r, 6, or r, 6 + tt. 

10. To find the distance between two points whose polar 

co-ordinates are given. * 

Let the co-ordinates of the two points 1,2 c 7, » 11 

and ?- 2 , 6. x . 

Then, by Trigonometry, 

PQi _ ops + OQ- — 20P . OQ cos POQ. 
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But OP=r Xi OQ=r^ and Z POQ= Z XOQ— Z XOP — # a — 0i' t 
.*. PQ 3 = r a 3 + r 2 2 - 2r,r 8 cos (0 2 - ^)* 

The polar equation of a circle whose centre is at the point (a, a) and 
whose radius is c, is c 2 =a 2 + r 2 —2ar cos (0 — a); where r, 0 are the polar 
co-ordinates of any point on it. 

11. To change from rectangular to polar co-ordinates. 



If through 0 a line be drawn perpendicular to OX, and 
OX, OF be taken for axes of rectangular co-ordinates, we 
have at once 

x = ON — OP cos XOP = r cos 0, 
and y — NP = OP sin XOP = r sin 0. 

Ex. 1. What are the rectangular co-ordinates of the points whose 
polar co-ordinates are ^1, ^, ^2, ^ and ^-4, respectively? 

Ans. (0, 1), (1, J3) and (-2J2, 2y/2). 

Ex. 2. What are the polar co-ordinates of the points whose rect¬ 
angular oo-ordinates are (- 1, - 1), (- 1, J3) and (3, - 4) respectively ? 

Am - 

Ex. 3. Find the distance between the points whose polar co-ordinates 
nro (2, 40°) and (4, 100°) respectively. Ans. N /12 

Ex. 4. Find the distance between the points whose polar coordinates 
are <2, 10°) and (2, 40"). Aus ^ /6 „ ^ 

Ex. 6. Find the locus of a point at a distance 3 from the point 
(°* -J) * .4 »*. r 2 - 10r sin 0 + 16=0. 


Ex. 6. Find the locus of a point whose distance from ^3, i 8 2. 

^ +5=0. 


Ans. r- — Gr cos ( 9 - - 

V 3 


l 
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12. To find the area of a triangle having given the 
polar co-ordinates of its angular points. 

R 



Let P be (?•», 6 X \ Q be (r„ 6.f and P be (r 3 , 0 S ). 

Then area of triangle PQP = A OPQ + AOQP-A OPP, 
and AOPQ = i OP. OQsinPOQ 

= i r,r 2 sin (0.j — # 1 ). 

so A OQR = i»sin ( 0 3 - 6,), 

and A0PU = i»V-,sm( 03 - 0 i)* 

= - i sin(^i - ^j); 

APQP = i!r,r a sin(^ 2 -ft) + r»r,sm(ft-^) 

+ r 3 7\ sin (a x — 0s)J 


If the area of the triangle OPQ is considered to be ^‘‘^Y'negatke 
circuit OPQO is described in the counterdockw.ee d.red- 
for a clockwise circuit, and so for the other triangles, i 

in all cases ^ pgp = A OPQ + a OQR + a ORP. 

Also, for the quadrilateral PQRS, we have in all cases 

area PQRS= A OPQ + A OQR + A ORS + A OSP 
= i r,r.. sin (0 3 - 0,) + 4 r 2 r 8 sin (0 3 - 
+ 4 r 3 r 4 sin (0 4 - 0 3 ) + 4 r 4 r, sin (0, - 0 4 )- 

Now rir 2 flin (0 2 -0i) 

= r ,r 2 (sin 0 3 cos 0, - sin 0, cos 0 2 ) 

=xiiji-i>y\> from Art - ll * 

Hence, as in Art. 7, 

area PQRS = ^\ (x\y-i~ X PJ\) , 

+ (x 2 y 3 - x 3 y-.>) + (*S!/« - *« !/3) + " Xl ' ‘ 



CHAPTER II. 


THE STRAIGHT LINE. 

^ find the equation of a straight line parallel to 
one of the co-ordinate axes. 

Let LP be a straight line parallel to the axis of cc 
and meeting the axis of y at L, and let OL = b. 



Let x,y be the co-ordinates of any point P on the line. 
Inen the ordinate NP is equal to OL. 

Hence y = b is the equation of the line. 

Similarly * = a is the equation of a straight line 
parallel to the axis of y and at a distance a Lm it. 

tkrouyn equation ofa straiyht line wh{ch 

tha^t ‘xOP^f the “*“• *" d 

1^ Let .r, y be the co-ordinates of any point P on the 
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Then 

Hence 


NP = tan NOP. ON. 

y = mx is the required equation. 


Y 


1 ’ 


o 


N 


15. To find the equation of any straight line. 



M. 

points L, M. 

Let OM = c, and let tan OLM -m. 

Let a-, 7 /be the co-ordinates of any point 1 on the I n 
Draw PN parallel to the axis of y, and OQ parallel to 

the line IMP, as in the figure. 

Then NP-NQ + QT 

= ON tan NOQ + OM. 

NP = y, ON = x, OM = c, and tan NOQ = tan Oh -m. 

y = wur + c .' ' 

which is the required equation. . • L f line the 

So long as we consider any part.cular . hcrofore 

quantities m and c remain the same, an [- 

railed coustarts. Of these, m is the tangent of the angle 
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between the positive direction of the axis of x and the 
part of the line above the axis of x, and c is the intercept 
on the axis of y. 

By giving suitable values to the constants m and c the 
equation y = vix + c may be made to represent any straight 
line whatever. For example, the straight line which cuts 
the axis of y at unit distance from the origin, and makes 
an angle of 45° with the axis of x, has for equation 
y = x + 1. 

e see from (i) that the equation of any straight line 
is of the first degree. 


16. To shew that every equation of the first degree 
represents a straight line. 

The most general form of the equation of the first 
degree is 

Ax + By+0 = 0 .(i). 

To prove that this equation represents a straight line, 

it is sufficient to shew that, if any three points on the 

locus be joined, the area of the triangle so formed will be 
zero. 

p n Ct n‘ r ’ ^ S x "' y"}’ an( * V' ) be any three points 
, V, it on the locus, then the co-ordiuates of these 
points will satisfy the equation (i). 

Hence Ax' + By' + 0=0, 

Ax" +By" + C= 0, 

Ax'" + By'"+0=0 

Eliminating A, B, O we obtain 


i x 
cc 


If 


> v > 

u 


'// /'/ 
x - y 


ii * 

v , i 

i 




^ 1 

the area of the triangle is therefore zero [Art. 61 and 

SgH Hn P e° mtS °“ ^ l0C '‘ S therefi ™ be on a 

tionXXtht .te +% + C = ° “ therefMe the 
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Or thus: 


and 


Whence 


From the above equations by subtraction 
A (x' -x") + B (if - y") = °» 

A (x - x'") + R (>/->/") = 0. 
jf-x" x'-x"' 

y’ - y" y’ - if" ’ 

Y, 


D E 


that is, from the figure ^ ^ 

gq = JTr * 

Hence the triangles PGQ, PHR are similar, whence it follows that 
PQR is a straight line. 

The equation Ax + By+C = 0 appears to involve 
three constants, whereas the equation found in Art lo 
only involves two. But if the co-ordinates i x y o a 

point satisfy the equation Ax + By + C , y , 

satisfy the equation when we multiply or divide through ^ 
out by any constant. If we divide by B, wo can c 

the equation y —+ and we have only the two 

constants - ^ and - ^ which correspond to m and c m the 
equation y = mx + c. 

Ex. 1. Write down the equation of the lino which tnakee an angle cj 
136“ with the axis of x and which cuts the axis of y at a distance - 3 front 
theori in Ans.y=~ x ~ ii - 

Ex. 2. Write the equation of the straight line + + 

form y = mx + c. ’ . tin -ir 

Ex. 3. Prove that the straight line which makes an g 
with the axis of z, and which cuts the axis of y in the poi ( , h 
passes through the point (1, 0). 
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17. To find the equation of a straight line in terms of 
the intercepts which it makes on the axes. 

Let A, B be the points where the straight line cuts 
the axes, and let OA = a, and OB = b. 

Let the co-ordinates of any point P on the line be 
.t, y. 



Draw PN parallel to the axis of y, and join OP. 
Then A OAP + A OPB = A OAB ; 


• • 


or 


ay + ox = ao, 
xy. 

- + 7 = 1 . 

a b 


This equation may be written in the form 


lx + my = 1, 

where l and vi are the reciprocals of the intercepts on the 
axes. 


Projection. 

i 8. If from the extremities P, Q of any .straight line 
the perpendiculars PL, QM be drawn on any other straight 
line HK, then LM is said to be the projection of PQ on 

Let R beany other point, and 2T its projection on HK\ 
then, since in all cases LM + MN= LN, it follows that 


THE STRAIGHT LINE 


21 


the sum of the projections of PQ and QR on any line is 
equal to the projection of PR on that line. 



4 - ... to n terms =0, 


and we have ^ ^ 

cos 6 + cos (o + + cos (O + -P-J 

for all values of 0. 

Let the line on which PQ lies cut HR in 0, and let a 
be the angle KOS between OK and OS the positive 

directions of the two lines. 

/ S 

S* IQ 



K 



K 


Then, by the definition of the cosine of an angle, 

OL — OP cos a and 0M= OQ cos a ; 

__j ' LM= PQ cos a. 

Thus the projection of PQ on any 
PQ cos a where is the anyle between the positive dl ! ecU ' 
of HK and the positive direction of ike line on winch PQ 

liis. 2 


s. o. s. 
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19. To find the equation of a straight line in terms of 
the length of the perpendicular upon it from the origin and 
the angle which that perpendicular makes with an axis. 

Let OL be the perpendicular upon the straight line 
AB, and let OL — p, and let the angle XOL = a. 

Let the co-ordinates of any point P on the line be 
x, y. 

Draw PN parallel to the axis of y, XM perpen¬ 
dicular to OL. 



Then XP is parallel to OY, and in all cases 

Z YOL = z VOX + z XOL 

= — z XOY+ AXOL- — + a. 

Jmi 

The sum of the projections of OX and XP on OL is 
equal to OL. [Art. 18.] 

The projection of OX = OX cos a. 

The projection of XP = XP cos ~ -f ^ . 

Thus p = OX cos a + XP cos + a) 

= xcosa + y sin a, 
which is the requiied equation. 
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20. In Articles 15, 17 and 19 we have found, by 
independent methods, the equation of a straight line 
involving different constants. Any one form ot the 
equation may however be deduced from any other. 

For example, if we know the equation in terms of the 
intercepts on the axes, we can find the equation in terms 
of p and a from the relations a cos a = p and bsma-p, 
which we obtain at once from the figure to Art. 19. Hence 
substituting these values of a and b m the equation 

-4-^=1 we get x cos a + y sin a = p. 
a. b 

If the equation of a straight line he 

Ax + By + C = 0; 


then, by dividing throughout by \/(A - + B : ), we have 


A , ii 4- 



y/iA' + B') 



Now 


A 


—and 


_ M. _are the cosine and sine 

respectively of some angle, since the sum of then squaies 
is equal to unity. If we call this angle a, we have 

x cos a + y sin a — p = 0, 


where p is put for — 


C 

V(A 3 +>)‘ 


Ex. 
Bin a = 


1. If 3 x - 1 1 / - 5 = 0, then dividing 
1 = 0. This is of the foi in x cos a + >j sm a 


by s%- + 4- wo have 
_= 0, where cos a = ?, 


- J, and p — 1. 


Ex. 2. The equation x + y + 5 = 0, is equivalent to 

OTT 5 

x cos — +J/ T “ ’ 


Ex. 3. 


Write the equation lx + 24 \j + *-o - 
x cob a + y siu a - p = 


:0 in the form 

0 . 


V 
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21. To find the position of a straight line -whose 
equation is given, it is only necessary to find the co¬ 
ordinates of any two points on it. To do this we may give 
to x any two values whatever, and find from the given 
equation the two corresponding values of y. The points 
where the line cuts the axes are easiest to find. 



Ex. 1. If the equation of a line be 2x + 5y = 10. "Where this cuts the 
axis of x, y = 0, and then x = 5. Where it cuts the axis of y, x = 0, and 

v= 2 . 

Ex. 2. The intercepts trade oo the axes by the line 4x-w + 2 = 0 are 
- and 2 respectively. 

Ex. 3. x —2y = 0. Here the origin (0, 0) is on the line, and when 

y= 2. 

The lines are narked in the figure. 

22. If we wish to find the equation of a straight line 
which satisfies any two conditions, we may take for its 
equation any one of the general forms :— 

(i) y — vix + c, (ii) ivja + yjb = 1, (iii) lx + my — 1, 
(n-) x cos a + y sin a—p = 0, or (v) Ax + By + <7 = 0. 

We have then to determine the values of the two 
constants m and c. or a and b, or l and m, or a and p, 
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or — and ^ for the line in question from the two con- 

0 0 

ditions which the line has to satisfy. 

Ex. 1. Find the equation of a straight line which passes through the 
point ( 2 , 3 ) and makes equal intercepts on the axes. 

[Let x/a + >jlb = l be the equation of the line. 

Then, since the intercepts are equal to one another, a = b. 

Also, since the point (2, 3) is on the line. 2/u + 3/a = 1 ; 

:.a = b = b and the equation required is *- + ^ = L] 

Fx 2 Find the equation of the straight line which passes through 
the point (£ 1 ) and which makes an angle of C 0 > with the axis of x. 

TLet j/ = nix + c be the equation of the straight line. 

Then, since the line makes an angle of 60> with the axis of x. 

m = tan G0° = ^/3. , 

Also, if the point fc/A, 2) be on the line. * - - + «• ’ *• 

and the required equation is y-J’ix - 1 -] 

.. r , io„ of! —A is written in the form 
Ex. 3. When the equation ox+ l-y 2G " ^ IW o 

x cos a + ij sin a - J> = 0, find the value of )>• 

El . 4 . Find tho perpendicular distance from the ongm of tiro brn^ 

x V , A ns. G’7‘2. 

24 + 7 

E, 5. Shew that the lino whoso intercepts o„_,be artes of *. V 

respectively ore 5 and - 4 passe, through tho pent (In. 8 ). 

EI . 0. Provo that the lino through the points (5, 0). (0, -2, passes 
also through the points (15, 4) and ( - o, »)• 

Ex. 7. Find tho equation of the line through (4, 12) which ^cs- 

angle tan "'3 with tho axis of x. 

Ex. 8 . Provo that tho middle point of tho join of (», 4) and (o. ) 

on the lino x- 2 »/ +1 = 0 . 

... 0 cuts the lino joining (•>» 

Ex. 9. Prove that the line y - x + 2 — 0 cuts m 

and (8, 9) in the ratio 2 : 3. 

. 0 . •> r __ 7 = o Q\\tA tho join oi ( 1 ,- 1 / 

Ex. 10. Prove that the lino 

and (3, 4) externally in tho ratio 3 : - 2. 
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23. To find the equation of a straight line drawn 
through a given point in a given direction. 

Let x, y be the co-ordinates of the given point, and 
let the line make with the axis of x an angle tan -1 in. 

Its equation will then be 

y = mx + c, 

and, since (x\ y') is on the line, 

y = inx -f- c, 

therefore, by subtraction, 

y—y — m {x-x) .(i). 

The line given by (i) passes through the point (x\ y') 
whatever the value of m may be; and by giving a suitable 
value to m the equation will represent any straight line 
through the point (.r / , y). 

It then we know that a straight line passes through a 
particular point (.r' } y') we at once write down 

y — y' = m(x — x) 

tor its equation, and find the value of m from the other 
condition that the line has to satisfy. 

24. To find the equation of a straight line which 
passes through two given points. 

Let the given points P, Q be (.r,, ?/,), ?/..) respectively, 

and let {x, y) be any other point 11 on the straight line 
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Then, since PQR is a straight line, the triangles PGQ. 
PHR are similar, and therefore 

PIT HR 
PG ~~ GQ ’ 


i.e. 


x — a-, __ .?/ — y i 

x, — lh ~ 2/i 


which is the equation required. 


(*)• 


I 

l 


Or thus : Let the equation of the straight line be 

Ax + Bij + C = 0 . 

Then, since the points (x lt ;/i) and (x 2 , J/•>) are on the line, 

d-r 1 + %, + C = 0 . (U) ' 

ani ^ !+ b# 2 +c=0.(“■)• 

Eliminate d. 71. C from the equation, <i>. <«>. (MO. - " ,h * 

required equation in the form 

x . y ■ 1 I =°- 

X\, I/l 
i *2, Vi 

Ex. 1. The equation of the line joining the points (2, 3) and (3, 1) it 

vA=y£'° vy+ 2 "“ 7=o - 

El . 2 . Find the equation. of the lines (i) joining (1, 3) and 3, 7. and 
(u) joining (-7, 10) and (13. °)-^ ^ x _ !) + 2= 0, (ii) i + 2p-13 = 0. 

. ,• • /a r »l and 1-2, 7) bisects the line 

Ex. 3. Prove that the line joining (3, .») ana i ; 

joining (7, 2) and (1), 4). 

. . • , / -J fA and (G. - 9) cuts the axis 

Ex. 4. Prove that the line joining ( - 3, <>) ana (o, ) 

of 11 at unit distance from the origin. 

Ex 5 . prove that the line through the two points (9, 3) and (15, - 3) 

cuts off equal intercepts from the axes. 

\ q\ which cut the axes so that the 

Ex. C. Find the lines through (4. - an d , - , - 7 =0. 

intercepts are equal in magnitude. Am. x + y 
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25. Let the straight line AP make an angle 6 with 
the axis of x. Let the co-ordinates of A be x, y[, and 
those of P be x, y, and let the distance iP be r, 



ON SI X 


Draw AN, PM parallel to the axis of y, and AK 
parallel to the axis of x. 

Then AK = AP cos 6, and KP = AP sin 6, 
or x — x' = r cos 6, and y — y =r sin 6. 

The equation of the line AP may be written in the 
form 

x — x y — ?/' 
cos 0 sin 6 


2G. Lot the equation of any straight line be 

Ax + By + C = 0 .(i). 

Let the co-ordinates of any point Q be x\ ;/, and let 
the line through Q parallel to the axis of y cut the given 
straight line in the point P whose co-ordinates are x , y". 

Then it is clear from a figure that, so long as Q 
remains on the same side of the straight line, QP is drawn 
in the same direction; and that QP is drawn in the oppo¬ 
site direction if Q is any point whatever on the other side 
of the straight line. 

1 hat is to say, QP is positive for all points on one side 
of the straight line, and negative for all points on the other 
side of the straight line. 


Kow Ql> = .(H), 

and Ax + By' + C= Ax + By + C - (Ax + By" + C\ 

[for (x,y ,r ) is on the line,and therefore Ax' + By" + T'= 0] 

M+Ii./ + a=-BQr-ir> . ( iii). 
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From (ii) and (iii) we see that Ax' + B>/ + C is positive 
for aU points on one side of the straight line, and negative 

for all points on the other side of the line +C =0 

If the equation of a straight line be Ax + By + L u, 
and the co ordinates *, if of any P 0 '" 6 >e s ubsWuted 
in the expression + 

rr* « * * 

— Ax — By — C — 0, 

it is clear that the side which we previously called the 
positive side we should now call the negative side. 

Ex. 1. The point (3, 2) is on the negative site ot 2s-3,j- 1=0. 

on the positive side of 3x-2»/- 1=0* 

E , 2. The points (2, - 1) and (1, D are on opposite stdes of the hne 

Ex. 3. Shew that the four PO»»M0, 0)A ~ 1, !M 
are in the four different compartments rnaae y 
2x-3«/ + l = 0, and 3x-oij + 2-0. 

27. To find the co-ordinates of the point of intersection 
of two given straight lines. 

Let the equations of the lines be 

ax + by + c = 0 . 

and ax + b'y+c' = 0 . ^ 

Then the co-ordinates of the pjjnt wWch » — * 

both straight lines wil sa,lb > J values of x and y 
We have therefore only to hud the 

which satisfy both (i) and (n). 

These are given by 


ft* 
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28. To find the condition that three straight lines may 
meet in a point. 

Let the equations of the three straight lines be 

ax + + c = 0...(l), a'x + b'y + c' = 0...(2), 

a!'x -f h"y 4- c" = 0...(3). 

The three straight lines will meet in a point if the 
point of intersection of two of the lines is on the third. 

The co-ordinates of the point of intersection of (1) and 
(2) are given by 

_ x__ y 1 

he — be ca — ca ab' — db' 


The condition that this point may be on (3) is 

+ c" = 0, 


„bc'-b'c ca — c'a _ „ 

Cl ——-,» + 0 


ab — a'b 


ab' — a'b 


or, a" (be* - b'c) + b" (ca' - c'a ) + c" (ab' - a'b) = 0. 


EXAMPLES. 

1. Draw the straight lines whose equations are 

(i) x + y = 2, (ii) - 4y = 12, 

(iii) 4x-3j/+l = 0, and (iv) 2x + 5y + 7 = 0. 

2. Find the equations of the straight lines joining the following pairs 
of points—(i) (2, 3) and (-4, 1), (ii) (a, b) and (b, a). 

Ans. (i) x-3?/ + 7 = 0, (ii) x + ?/ = a + &. 

3. Write down the equations of the straight lines which pass through 

the point (1, - 1), and make angles of 150° and 30° respectively with the 

axis of x. 1 

Ails, rj + 1 = ^ — (x - 1 ). 

4. W rite the following equations in the form x cos a + y sin a -p = 0:_ 

(i) 3x + 4y - 15 = 0, (ii) 12x - 5y +10 = 0. 

(i) tx+| i /-3=o, (ii) -H*+Ay-H=0. 

5. Find the equation of the straight line through (4, 5) parallel to 

2x-3i/-5 = 0. Ans. 2x-3y + 7 = 0. 

0. Find the equation of the line through (2, 1) parallel to the line 
joining (2, 3) and (3, - 1). Am 4x + J/ = 9> 
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7. Find .lie equation cl .lie line through .He point,,, 
equal intercepts on the axes. 

8 . Pind the points of intersection 

lines (i) 5x + ly = 1*9 and 3 * + 2 y + H - <>, (u) -* J 

(m) -+?= l ftnd 5 + tt =1 ‘ 

Am. (i) (-67, 62), (ii) (-3, -1), (“') ^7+6’ <i + V ‘ 

9. Shew that the three lines 5 x + 3y-7 = 0, 3x-4y-10-0, and 
x + 2y = 0 meet in a point. 

10. Shew that the three points (0, 11). (2. 3 ) ““ d (3> 11 

Btr ‘S JlTihree points (3a, 0), (0, 31) au.l (a, 21). 

11 . Find the equations the sides o, the triangle the co-old,nates 

of whose angular point, + 1 = 0, x- ,J +1 =0. 

12. Find the equating of 

through one of the angular points and the nnuui P 

side of the triangle in Ex. 11. ^ 2x-y=0, 3x-2y = 0, 5x-3j/ = 0. 

13. Find the equations of ^diagonals ^ 

(d - ;)r+(fc - , ' )j/+<,c " w 1 =0 ’ 

14. mat must he the value of a 

3z + ,j- 2=0, an + 2p - 3 = 0, and 2r-p-3-0 may ^ a = s. 

. . , >< o\ nn ,l (4 3) divided 

15. in what ratio is the line joining the point. (1, 

by the line joining (2, 3) and (4, 1) • 

1 „ Ar e tho points ,2. 3, and ,3.2, on the same or on opposite 

“'rr^^Ojand^areen opposite aides of 

sides are x-ly+ 2o—0, ox + 3y + - 4) ;vn( l ( _ 4, 3).l 

[The corresponding vertices arc ( - i, ->« \ » 
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29. To find the angle between two straight lines 
whose equations are given. 

(i) If the equations of the given lines be 

x cos a + y sin a—p = 0, and x cos a + y sin a' — p = 0, 

the required angle will be a — a' or 7r — a — a'. 

For a aud a! are the angles which the perpendiculars 
from the origin on the two lines respectively make with 
the axis of x, and the angle between any two lines is equal 
or supplementary to the angle between two lines perpen¬ 
dicular to them. 


(ii) If the equations of the lines be 

y = mx + c, and y — m'x + c ; 

then, if 0, & be the angles the lines make with the 
axis of x, tan 6 = m and tan 6' = m\ 


.*. tan(0 — 6’) = 


m — m' 
_ • 

1 4 - mm! ’ 


/. the required angle is tan -1 



The lines are perpendicular to one another when 

1 + mm' = 0, 

and are parallel when m = m. 

(iii) If the equations of the lines be 

ax + by + c = 0, and a'x + b'y + c' = 0, 
these equations may be written in the forms 


a c. . a ' r 

y =-b x -b' and y=-b' ic ~b>- 

Therefore, by (ii), the required angle is 


tan 


— 1 


a a 

i + v 

~r, or tan 


i aa 

1+ w 


ha ~ b’a 
aa+ bb' * 
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The lines ax + by + c = 0 and ai.+i'j + o'- 0 wl11 
be perpendicular, if aa + 

and will be parallel to one another 
if ba' — b'a = 0, or if a/a=6/6'. 

30. The condition of perpendicularity is clearly satis- 
Red by the two lines whose equations aie 

ax + by + c = 0 and bx-ay + c =0. 

The condition is also satisfied by the two lines 


ax+ by + c = 0 and '-'5 + c '-°- 


Hence if, in the equation of a 

interclianye (or invert) the cue fa‘.. b ; t i 10 equation ot 
the sign of one oj rt.», wc shall obtarn J ^^ 

a perpendicular stiai e ht > suitable value to the 

some other condition we must give a suitable 

constant term. 

Ex . ,. The line through the origin ..crpcndicuiar to + is 

U ^3^U tno Ur^ " 

passes through the point (4, 5). 

Ex 3. The acute angle between the lines 

2x + 3»/ + l=0* and x-i/=0 ,s * 

, V • Inin,, n - 1) and (2, 3) is perpendicular 
Ex. 4. Provo that the line joining (3, 

to the line joining (S, 2) and (9, 3). 3 ,+,, _ 7= 0 and 

El . 5 . Find the acute angle between the fine. J ^ ^ 

I + 2 y + 9 = 0. 3 x- 2,,+7=0 and 

Ex. 6. Find the acute angle between the hues 32 

2l + !, ' U = 0 ' 1 ,2 31 which mako acute angles of 

Ex. 7. Find the lines through <2. *) «' anJ . it + ,,-7=0. 

45° with the line — y +-5=0. ~* 
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31. To find the perpendicular distance of a given point 
from a given straight line. 

Let the equation of the straight line be 

x cos a + y sin a — p = 0 .(i), 



and let x lt y x be the co-ordinates of the given point P. 

Let OL, PK be the perpendiculars upon the given 
straight line from the origin and from the point (x,, y 2 ). 
Draw PN perpendicular to OX and PM to OL. 

Then OM is equal to the sum of the projections of 
OJST and iV P on OL. 

Now NP is parallel to 0Y y and in all cases 
Z YOL = z YOX + z XOL 


= - Z XOY+ z XOL = -? + cl 

£ 

The projection on OL of OX is OX cos a, and of NP is 

NP cos (—! + *). 

Hence OM = .r 2 cos a + y x sin a ; 

KP = LM — OM — OL 


= .r 2 cos a + t/j sin a — p. 

Hence the length of the perpendicular from, anu point 
on the hue xcos a + ysinz-p=0 is obtained by substi¬ 
tuting the co-ordinates of the point in the expression 

x cos a 4 - y sin a — p. 
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If the equation of the line be ax + by + c- 0, it may 
[Art. 20] be written 

a , & •,< 4-_l-_=0 .(ii) 

7(^F+ i> 2 ) + a/(« 2 + b-‘) J + V(«' J + 6 ) 

which is of the same form as (i); therefore the length of 
the perpendicular from (x lt y,) on the line lb 

a b 


V(a> +W) X ' + V(« ! + V ) V '' + V(«’ + b "~ y 


or 


ax x + 6y, + c 


.(iii). 


V(a' J + b : ) 

ttnB : The equation o( the line through J> (*,. it.) perponJicular 
to ax + by + c = 0 is ^^ j, l) = 0. 

It this perpendicular meet the given line in the point If whose CO- 
ordinates are x„yr, then, since If is in both lines, we have 

Mx 2 -x,)-< , (i/2-yi)=°. u ‘ 

and ax 2 + by 2 +c = 0, which may be written 

a(x 2 -xi)+«'(y 2 -yi)=-i a - r ‘ +I ' I,,+c) . 

From (i) and (ii) by squaring and adding, wo have 

(at + ft*) {(x 2 - xi ) 2 + (J/2 -y.) 2 } = («i + ** + C ' 2 ' 

Hence A'P=>/{(x 2 - x,) 2 + (y - - l/iPl 

axj + ty/i + c 
= + 

/fence, when the equation of a ° tr “ i 9 ht J l ’j^JcTofl 
the form ax + 6y+c = 0, (ft. 

given point from, it is obtained bgsu\ /and dividing 

nates of the point in the expression a J > coetfi- 

by the square root of the sum of the squares of the coep 

dents of x and y. . 

If V(a 2 +& 5 ) be alwa y s su PP osc<1 t0 ^.whc positive 

length of the perpendicular from any^pom 0 n 1 1 j- f thc 

side of the line will be posittve and the je ^ ^ the 
perpendicular from any point on the i g 
line will be negative. [See Art. 20. J 







36 


THE STRAIGHT LINE 


32. To find the equations of the lines which bisect the 
angles between two given straight lines. 

The perpendiculars on two straight lines, drawn from 
any point on either of the lines bisecting the angles 
between them, will clearly be equal to one another in 
magnitude. 

Hence, if the equations of the lines be 


ax + by +c = 0.(i), 

and a'x + b'y + c = 0.(ii), 


and ( x', if) be any point on either of the bisectors, 

ax' + by 4 - c , ax' + b'y '-f c 

V (« 2 +W V(a ' 3 + &' a ) 

must be equal in magnitude. 

Hence the point (x , f) is on one or other of the 
straight lines 


ax + h + c _ ax + b'y + c 
\/(a- + b-) " V(a' J + b'-) . 

The two lines given by (iii) are therefore the required 
bisectors. ^ 


We can distinguish between the two bisectors; for, if 
we take the denominators to be both positive, and if the 
upper sign be taken in (iii), cm; + by + c and a'x + b'y + c' 
must both be positive or both be negative. 


Hence in h l±l = . a '* + V* + c' 

f{a- + ir) ^ 7(a' 3 + 6'»y. {lW) > 

every point, is on the positive side of both the lines (i) and 
(n), or on the negative side of both. 

are ^ ** ?°' VriUen that the constant terms 

lines 1 ^ OI ?S ,n 19 on the Positive side of both 

oHdn lies (lV) 1S he blsector of tbat m which the 
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Ex 1. The bisectors of the angles between the lines 4x-3y + l 0, 

. 4x - 3i/ + 1 _ + 12x + *£+1® . an d the 
and 12 x + 5y + 13 = 0 are given by-v - 13 

upper sign gives the bisector of the angle in which the origin lies. 

The following is an important example : 

Ex. 2. To find the centre of the circle inscribed in the triangle whose 
angular points A, B, C are respectively the points (1, ), (-»• 

(9 21) 

' The equations of the sides BC. CA, AB will be found to be 

13x + 16y-453 = 0, 19x-8t,-3 = 0 and x-4;, + 7=0. 

If the co-ordinate, of A. B. C be substituted in the left-hand tnetnbe, 

of these equations, the results will be , + > respeC l%<? * * 

, . / .»» th* term* in the equations of the line?. 

„ that Z2 :L> ,iU be on ,h. - .be opposite 

line; the equations will then be 

- 13x- I6y +453=0, 19x-8y-3 = 0 and -X + 4./-7-0. 


Then 


- 13* -16;/ + 453 _ 19*- 

j(13* +16*) + sf ( ly ' + 8,! ) 


n.nsthethefnteruntbiseetor^.lje^^.--^^^ 

^ *. -«**> - »'> j ™ ° r on 

the negative 6 ide of both. 

l 9j _fty-3 = + -x + 4y-7 

So also ^ 192 + 8-j s/ ( 1 - + 1 ") 

is the internal bisector of the angle BAC. 

Hence the centre of the inscribed circle is given by 

- 13x - 10J + 453 _ 19 x - 8# ^ , 

- ijn ~ - ' n ‘ 

and the point will be found to be (1W, HI- 

33 To find the equation of a straight line through the 
poiltof intersection of tun, given straight lines. 

The most obvious n.ethod of obtmning 
of'intersec tio^n of the given°lincs,'ancl then to use the form 
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y _ y' = m (cc - x') for the equation of any straight line 
through the point (a?', y'). The following method is how¬ 
ever sometimes preferable. 

Let the equations of the two given straight lines be 

ax -f by + c = 0.(i)> 

a'x+b'y + c' = 0 .(ii). 

Consider the equation 

ax + by + c + \ {a'x + b'y + c) = 0.(iii). 

It is the equation of a straight line, since it is of the 
first degree; and if {x, y) be the point which is common 
to the two given lines, we shall have 

ax' + by' + c = 0 
and «V + b'y' + c = 0, 

ami therefore ( ax' + by' + c) + \ ( a'x' + b'y' + c') = 0. 

This last equation shews that the point {x, ij) is also 
on the line (iii). 

Hence (iii) is the equation of a straight line passing 
through the point of intersection of the given lines. Also 
by giving a suitable value to \ the equation may be made 
to satisfy any other condition, it may for example be made 
to pass through any other given point. The equation 
(iii) therefore represents, for different values of \, all 
straight lines through the point of intersection of (i) 
and (ii). 

Ex. Fiml tho equation of the line joining the origin to the point of 
intersection of ‘Jr + ~hj -1 = 0 anil 3 jt - 2y + ‘2 = 0. 

Any line through the intersection is given by 

2-r + 5 ’J- 1 -r X (3.r - 2>j + •>) = 0. 

This will pass through (0, 0) if - -1 + 2\ = 0, or if \ = 2; 

2x + -4 r ‘2 (3x - 2;/ + 2) = 0, 

or 8x + y=0, is the required equation. 
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34. If the equations of three straight lines be 

ax + by + c = 0, ax + Vy + c = 0, and cT* + Vy + d' = 0 

respectively ; and if we can find three constants X, ^ v such 
that the relation 

\ (ax + by + c) + n («'* ■+ b'y + <0 + v (a" x +1 b"y + c" )=' 0.■ t i 1 

is identically true, that is to say is true for all values ot 
x and v then the three straight lines will meet m a pom- 
For iftfie co-ordinates of any point satisfy any two of the 
equations of the lines, the relation (i) shews that it will 

also satisfy the third equation. 

This principle is of frequent use. 

Ex. The three straight hues joining the angular points of a triangle 
to the middle points of the opposite sides meet in a point. 

Let the angular points A,D, Che (x\ tj r ), (*", y . ?/ ). rtsp^ctuch. 
Then I) L\ /•’, the middle points of DC, CA, AD respectively, will he 


The equation of AD will therefore he 


»/ - y' - r r ' 

y" + (I 

2 


-y 


ft , 

.r +j 


(•) 


--r' 


or y (*"+*"' - 2.0 - * (’/' + y " - V) + * <»"+»"'» - »' ix " + 1 " » -°- 

So the equations of HE and CF will be respectively 

„*.»+*■- 2 x") - * or + »“>'»" ( r '" + ' ,=0 

and y W +*" -**”>-*<!C + ‘ 2 »'"» + + ~ ^ +1 "’ _ °' 

And, since the throe equations when added together vanish rdentrcally, 

the three lines represented by them must meet rn a pout. 

‘ is easily seen by substitution in (0 that the pom. O whose 
[It is easny j („' + •/' + y"') on AD, and the sym 

co-ordinates are \(x +x +x ), 4 1ST * ■/ ^ J ’ rj , , 

metry of this result shews that G is also on Dh and Cl.) 
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EXAMPLES. 


1. Find the angles between the following pairs of straight lines— 

(i) y=2x + 5 and 3x + j/ = 7, 

(ii) x + 2y - 4 = 0 and 2x-t/ + 1 = 0, 

(iii) Ax + By + C =0 and (A + B) x - (A - b) y =0. 

Am. (i) 45°, (ii) 90°, (iii) 45°. 

2. Find the equation of the straight lino which is perpendicular to 
2x + 7y - 5 = 0 and which passes through the point (3, 1). 

.471*. lx - ‘2y — 19. 

3. Writo down the equations of the lines through the origin perpen¬ 
dicular to thelines3x + 2y-5 = 0and4x + 37/ -7 = 0. Find the co-ordinates 
of the points wliero these perpendiculars meet the lines, and shew that 
the equation of the lino joining theso points is 23x + llj/ - 35 = 0. 

4. Find the perpendicular distances of the point (2, 3) from the lines 

4x + 3y - 7 = 0, 5x+ 12y - 20 = 0, and 3x + 4y - 8 = 0. .471*. 2. 

5. Write down the equations of the lines through (1, 1) aud (- 2, - 1) 
parallel to 3x + 4y -f 7 = 0 ; and find the distance between these lines. 

Am. J /-. 

G. Find the equations of the two straight lines through the point 
(2, 3) which make an angle of 45° with x + 2y=0. 

.4 ns. x - 3i/ + 7 = 0, 3x + y = 9. 

7. Find the equations of the two straight lines which are parallel to 
x + 7y + 2=0 aud at unit distance from the point (1, - 1). 

Am. x + 7y + G ± 5 N /2 = 0. 

8. Find the equation of the line joining the origin to the point of 
intersection of the lines x - 4 y - 7 = 0 and y + 2x- 1=0. 

Am. 13x -f lly = 0. 

9. Find the equation of the straight line joining (1, 1) to the point of 
intersection of the lines 3x + 4y-2 = 0 and x- 2y + 5 = 0. 

Am. 7x + 2Gy - 33 = 0. 

10. Find the equation of the line drawn through tho point of inter- 

section of tj - 4-r - 1 =0 and 2x + - 0 = 0, perpendicular to 3 ij -f l.r = 0. 

A ns. HSy - GGx - 101 = 0. 


11. Find the lengths of the perpendiculars drawn from the origin on 
the sides of the triangle the co-ordinates of whose angular points arc (2 1) 
(3, 2) and (-1,-1). *, lW I3, V^! 
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12 Find the equations of the straight lines bisecting the angles 
between the straight lines 4t/ + 3*- 12 = 0 and % + 4,-2t=0; and draw 
a figure representing the four ctra.ghthne^ _ x + w =Q + , t . 3G = 0 . 

13. Find the equations of the diagonals of the rectangle formed by 

the lines s + 3y-10=0, u+3y-20=0, 3.r -i/+5=0, and 3x-y-o—0, 

aud shew that they intersect m the point (3, ?)• 

14 . Find the area of the triangle formed by the lines y-x = i\ 

^ Ilf ■ c • 

^15 The area of the triangle formed by the straight lines whose 
equations are y-2x = 0, y-3x = 0, and y = 5x + 4 is 

16. Find the area of the triangle formed by the lines y 

, t a sltlS. ^r) . 

2y+ 3x = 5, and y+ x + l = 0. 

17. Shew that the area of the triangle formed by the lines whose 
equations ore y = m,x + c,, y = »«*r +< 2 . and x = 0 is 

(<T - <-2) 2 


h 


Mo- lit 1 


18. Shaw that tho area of the triangle formed by the straight lines 
whose equations are ysmi-r+cr, y = «' 2 x + c 2. ttI ‘0 y — l«3* + c 3 la 


(cg-cs) 8 , 4 <£i^£li 2 + j ( c i-sg 


Wlfc — M3 M3 “ Ml 


M» “ m 


[Use Ex. 17.] 


19 Shew that the locus of a point which moves so that the sum of 
the perpendiculars let fall from it upon two given straight lines is constant 

is a straight line. 

35. A homogeneous equation of the nth degree will 
represent n straight lines through the ongin. 

Let the equation be 

Ay n + Bg n ~ l x + Cy M “ 8 ^ + ... + KoP = 0.(i). 

Divide by x n and we get 

^(i)” +£ (ir +c (r s+ -- +x = o '-- (ii) ; 

Let m„ m 2 , n h , - be the roots of this ei l uation - 
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Then it is the same as 



and therefore is satisfied when 

- — m, = 0, when - — in.. = 0, &c., 
x x 

and in no other cases. 

Therefore all the points on the locus represented by (i) 
are on one or other of the n straight lines 

y — vi^x = 0, y — m~x =0,. y — m n x = 0. 


30. To find the angle between the two straight lines 
represented by the equation .da. -2 + 2 Bxy + Cy 2 = 0. 

If the lines he y — m t x = 0 and y — m«x = 0, then 
(y — m t x)(y — ;n.«r) = 0 is the same as the given equation 

2 B A 
(J 


y 1 + — m + (j = 0 ; 


2 B A 

nix + m,= — n - .(i) and m x m. 3 = —j.(ii). 

C (j 

If Q be the angle between the lines, 


tan 0 = 

1 + ni.nu 


m t — M a 2\/(R 2 — AC) 


A + C 


, from (i) and (ii). 


Il It'— AC is positive the lines are real, beino- coin- 
cident if IP - AC = 0. 

It H —AC is negative the lines arc imaginary, but 
pass through the real point (0, 0). 

The lines given by the equation Ax 2 + 2Bxy + Cy 2 = 0, 
will be at right angles to one another 

It' A + C=0- 

that is, it the sum of the coefficients o/.i- and y 2 is zero. 
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37. To find the condition that the general equation oj 
the second degree may represent two straight lines. 

The most general form of the equation of the second 


degree is 


ax 2 + 2 hxy + by- + 2gx + 2fy + c=0 
If this is identically equivalent to 

(lx + my + n) (I'x + my + n) = 0— 


(i). 


(ii)> 


we have, by equating coefficients in (i) and (ii), 

ll'=a, mm' — b, nn=c, 

mn' + mn = 2/, nl' + n l = 2g, lm + I'm = 2 h. 

By continued multiplication of the last three, we have 

8 fqh- 2 IVmm'nn + IV (m' 2 n 2 + m'nf 

+ mm (n'H- + n-l 1 "-) + nn (I'm* + I'm*) 


= 2a be + a (4 f* - 2be) 

+ b (4 g* - 2ca) + c (4/i 2 - 2 ab). 

Hence a be - af * - bg'- ch 2 + 2 figh = 0.(in) 

is the required condition. 

Unless the coefficients of x 1 and y 1 are both zero, we 
can obtain the above result more simply by solving the 
equation as a quadratic in x or in y. 

Suppose a is not zero ; then if we solve the quadratic 

in x } we have 

ax + hy + g=±*/{(h*-ab)y*+2(hg-af)y + g*-ac\. 

Now in order that this may be capable of being reduced 
to the form ax+ By + C= 0, it is necessary and sufficient 
that the quantity under the radical should be a perfect 
square. The condition for this is 

(h 1 - ab) ( g 2 - ac) = (hg - af ) 2 , 
which after dividing by a is equivalent to (iii). 


38. To find the equation of the lines joining the origin 
to the common points of 

aar + 2 hxy + by* +2gx+2fy + c = 0 .(i), 

lx+ my = 1.(n). 


and 
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Make equation (i) homogeneous and of the second 
degree by means of (ii), and we get 

ax 2 + 2 hxy + by 2 + 2 (cjx 4- fy) {lx + my) + c {lx + my) 2 = 0 

...(iii), 

which is the equation required. 

For equation (iii) being homogeneous represents 
straight lines through the origin [Art. 35]. To find where 
the lines (iii) are cut by the line (ii), we must put 
lx + my = 1 in (iii), and we then have the relation (i) 
satisfied ; which shews that the lines (iii) pass through the 
points common to (i) and (ii). 


Ex. Find the lines joining the origin to the points of intersection of 
2x 2 + 3x»/-4x + l = 0 and 3x + ?/ -1 = 0, 
the equation of the lines is 

2x 2 + 3xy - 4x (3x + y) + (3x + y) 2 =0, 

which reduces to 


x 2 - 1 / 2 - 5 xy = 0, 

so that the two lines are at right angles [Art. 36]. 


*39. To find the equation of the straight lines bisecting 
the angles between the two straight lines 

axr + 2 hxy + by 2 = 0. 

If the given lines make angles 0, and 0.. with the axis 
of x, then {y — x tan 9f){y — x tan O.i) = 0 is the same as 
the given equation: and we obtain 


tan 0, + tan 0., = — ~ 

b 



and 


a 


tan 0, tan 0., = r 


(ii). 


If 0 be the angle that one ot the bisectors makes with 
the axis of x, then will 


0 = 


0i + 0., 


, or 0 = 


0i + 0.. 


7T 




2 2 

and in either case 

tan 20 = tan (0, + 0.,), 

2 tan 0 tan 0, + tan 0. 2 
1 - tan 2 0 1 - tan 0. tan 0/ 


or 
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y a • 

If (x, y ) be any point on a bisector, - = tan V ; 


hence 



tan 0y + tan 6, . 
1 - tan 0, tan ’ 


[See also Art. 88 (5).] 


therefore, making use of (i) and (ii), we have for the re- 
quired equation ^ 

y — _ 

.r J -y- a- b’ 

a* - f _ 5»/ 

or ^6 " A ' 

EXAMPLES. 

1. Shew that the two straight lines ij- - - r, J J-oC 

angle 0 with one another. ^ 31 _ 18 = 0 represents 

2. Shew that the equation x- + xy -<*'/- <• ■ • ^,,,.40°. 

two straight lines, and find the angle between pair of 

3. Shew that each of the following equation, represen 

straight lines, and find the angle between each pair: 

a> (*—)(»-«)■=», t“) ^vi; 3 ; + c=o, 

(iii) x y = °> } ■ 5 x , / + 4v- + 3x-4=°, 

(V) *2 - 5xy + iy- = o, (VI) x--oxy+*y 

(vii) x 2 + 2xj/ cot 2a- y 2 =0. 

4. For what value of X does the equation 

two rs 

straight lines, tho angle between them is tan f. 

5. For what value of X does the equation ^ 

12*2 + xsy + 2y- + llx-o!/ + *-0 

represent two straight lines? 

6. For what value of X dpes the equation 

12x 2 +3Gxi/ + Xi/2 + G* + G?/ + 3 eg. 

represent two straight lines ? Are the lines real °r mi^n + . (1 

7. For what value of X docs the equation ^ ^ 

represent two straight lines? rtoints common to 

8. Shew that the lines joining the origin to *P 

3*2 + 5* y - 3,2 + 2* + 3, = 0 and 3* - *, = 1™ « + ;ty) (3 * - 2,) 0. 

The lines are 3j- + oxy J 


An*. -10, or 
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41. Many of the investigations in the preceding 
Articles apply equally whether the axes are rectangular 
or oblique. These may be easily recognised. 

*42. To find the angle between two straight lines whose 
equations, referred to axes inclined at an angle to, are 
given . 

If the equations of the lines be 

y = mx 4- C, and y = m'x + c, 

and if 6, & be the angles they make respectively with the 

axis of x, then [Art. 40] 

. m sin co , , in sin to 

tan 6 = =- , and tan 0 = 

1 + 7/1 cos to 

therefore tan (6 — 6’) = 


1 + VI COS 03 ’ 

{m— in') sin to 


1 4- (in + ni) cos to -f mm 
or the angle between the lines is 

{in — 7/i / )sin to 


/ •■*(i)> 


tan 


1 4- {in + in') cos to 4- min' * 

The lines will be at right angles to one another, if 

1 + (m + vi ) cos to + mm' = 0.(ii). 

If the equations of the two straight lines be 
ax + by + c = 0, and a'x + b'y -f c' = 0, 

and 6 be the angle between them, then in = — ^, and 

m' = — ( y > and substituting these values in (i) we have, 

tan 0 — ( a & — a b') sin to 

ua + bb' — {ab' + ab) cos to’ 

The lines will be at right angles to one another, if 

aa + bb' — ( ab' + ab) cos to = 0.(iii). 

Thus any line perpendicular to ux + by + c = 0 is 

{b — a cos a>)x — {a — b cos to) y = constant, 

and in particular the lines a.- 4- y cos to = 0 and y 4- a: cos to = 0 
are perpendicular to the axes y = 0, x = 0 respectively. 
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*43. To find the perpendicular distance of any point 
(a;,, y,) from the line Ax + By +(7=0. 

Let the line cut the axes of x and y in the points K, L 
respectively, and let P be the point whose co-ordinates are 
a-,, 2 /,,and let PN be the perpendicular from it on the line 
LK. Then 

A PLK = A PLO + A POK- A LOK .(i), 

Pi V. LK = UL .x, sin co + OK ,y x sin co — OK. OL sin qj... 

(ii) . 

The relation expressed in (i) requires to be modified 
for different positions of the point and of the line, unless 
we make some convention with respect to the sign of the 
area of a triangle, but the equation (ii) is universally true. 
The student should convince himself of the truth of this 
by drawing different figures. 


Now 

also 


from (ii) PfI = 


0K — 9 A- ol — % 

LK- = OK 2 + OL- — 20K . OL cos <o 

=+ &-2AB cos a>); 

A a;, + By, + (7 


\/(vl J + B- — 2-1 B cos co 


Sill CO. 


) 


Or thus: The equation of the line through P(jq, >/[) perpendicular 
to Ax + By + C = 0 is 

(11 - A cos u.’) (.r - .r,) - (A - 11 cos a>) (y - //,) = (>. 

Let the co-ordinates of *Y the foot of the perpendicular be x->, y., ; then 
.Y is on both lines and 

(ft- A cos w) (x.j-x,) - (.1 - ft cos w) (y-.-y x > = 0.(ij. 

And Ax-, + By,+ C-H, which may be written 

A sin w (x, - x,) + li sin « (;/, - »/,) = - sin w (Jx, 4- lly, + C)...(ii). 
From (i) and (ii) by squaring and adding, we have 
(-1- + B- - -AB cos w) {(.x . - x,)- + (;/■» - j/,)« 

“ ( x - - x.\) y,) cos w} = bin- «>(.-Ixj 4- By, + C’J 2 

.tx, + Iiy, + C 


NB = — 


\ i.-t- : B- — 'J.l li cos w) 


— sin u. 


Hence 
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*44. To find the angle between the lines 

(ix- + 2hxy + by- = 0, 

the axes being inclined at an angle to. 

If the lines be y = m'x and y = m"x, 

then will m +m — ^ > 


and mm ~~ i * 

„ 2 V/t 2 - ab 

whence Vl> ~ m ~~ b 

But the angle between y = m'x and y = m x is 

( m' - m" ) sin to [Art. 42 ] ; 

tan ' cos+ vim" 

therefore the angle required is 

2 VI h\ - ab) sin_<g 

tan 1 _ 2/ t cos o> + a ’ 

The lines «*+ 2^y + 6/-0 ere at K 

one another, if 

a + 6 - 2/i cos a) = a. 


Polar Co-ordinates. 

45. Po/inr/ the polar equation of a straig it me. 

Let 01 V be the perpendicular on Uie given 
the origin, and let Ofi T = p> and . ' le 't the co-ordinates 

Let P be any point on the hue, ana ie* 
of P be r 9 0. 



o 
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Then, in the figure, Z FOP is (0 - a), and 

OP cos FOP = OF. 

Therefore the required equation is 

r cos (6 — a ) = p. 

This equation may also be obtained by writing ?'cos 8 
for x, and r sin 8 for y in the equation x cos a + y sin a —j). 

40. To find the polar equation of the line through two 
given points. 

Let P, Q be the given points and let their co-ordinates 
be r\ 6' and r‘\ 8" respectively. 

Let R be any other point on the line, and let the 

co-ordinates of R be (r, 8). 

Then, since 

A POQ+ A QOR — A POR = 0, 

we have 

r'r" sin ( 6" — O') + r"r sin {0 — 8") — rr sin (8 — 0') = 0. 
The required equation is therefore 
r'r" sin ( 8 " — 8') + r'r sin (0 — 8') 4- rr sin (O' — 0) = 0. 

EXAMPLES. 

1. Shew that the lines given by the equation j/ 2 -x 2 = 0 are at right 
angles to one another whatever the angle between the axes may be. 

2. Find the equation of the straight line passing through tho point 

(1, 2) and cutting the line x + 2y = U at right angles, tho axes being 
inclined nt an angle of 00°. Jus. x= 1. 

Find the angle the straight line j/=5x + 6 makes with the axis of 
x. the axes being inclined at an angle whose cosine is £. Zna. 45°. 

4. If 1 / = Mix + c and y = m'x + c' make equal angles with the axis of x, 
then will m + m' + 2mm' cos w = 0. 

o. If the lines As- + 2/>\ry + Cij- = 0 make equal angles with the axis 
of x, then will B = A cos u. 

t». Shew that t'ue lines given by the equation 

x 2 + 2xi/ cos w 4- 1 /-’ cos 2 u = 0 

are at right angles to one another, the axes being inclined at an angle u. 

7. Find the polar co-ordinates of the foot of the perpendicular from 
the polo on the line joining the two points (r,, 0,). ( r ._., <L). 
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47. The following examples illustrate points of im¬ 
portance. 

m 0n the sides of a triangle as diagonals, parallelograms are described, 

h JZ ZT.l.rLi'i m L »««•• •*» ■** ° lh " 

diagonals of these parallelograms iciU meet tn a point. 

Take any two lines parallel to the sides of tl.e parallelograms for the 
axes. Let A, B, C, the angular points of the triangle be (x', ( » J 

and (x"\ y'") respectively. 

r b b 



Then the cx.remi.ice of .he other diagonal „f the par.llelogr.m of 

which Alt i. one diagonal will bo Been <* ■ V >• 

Therefore the equation of the diagonal 1'K will 

v -y" - x Z* 

y rz 7 , ~ x "- af ' 

or x(S-y") + y(c'- x ") + x"y"-s’y'=°- 

Similarly the equation of HE will be „ 

x(y"-y'")+y ( x "~ x '") +X '"' J ~ x ^ ' 

“* .he wU. * 

The Bum of Ih«e lH e<.u„.ion. vanirhea identical!,, therefore the 

three straight lines meet in a point. [Art. 34.j 

Take the two given lines for tne axt , 
point A be f, O 9 
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Let the equation of the line PQ in any one of its possible positions be 

.(*)• 


M=i 

a p 


Then the co-ordinates of the point Ii will be a and (3. 



But, since the line PQ passes through the point (/, g), the values 
x=f, !/ — 0 satisfy the equation (i). Therefore 


f a 
- + - 




Henco the co-ordinates a and p of the point R always satisfy the 
relation (ii). Calling the co-ordinates of the point R, x and y instead 
of a and (3 , we have for the equation of its locus 

x y 


(3) Through a fixed j)oint O any straight line is drawn meeting two 
given parallel straight lines in P and Q; through P and Q straight lines 
are drawn infixed directions , meeting in P: prove that the locus of R is a 
straight line. 


luko the fixed point 0 for origin, and the axis of y parallel to the two 
parallel straight lines; and let the equations of these parallel lines bo 
x = a, x = b. 

Then, if the equation of OPQ be y = mx, the abscissa of P is a, and 
therefore its ordinate ma\ also the abscissa of Q is b, and therefore its 
ordinate mb. 

Let PR be always parallel to y = m'x and QR always parallel to y = m"x, 
then the equation of Pll will ho 

. , . y - ma = in' (x-a) .(i), 

ana the equation of QR will he 


= (x - b) 
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At the point H the relations (i) and (ii) will both hold, 
for any particular value of m, the co-ordinates of the point * *3 
the simultaneous equations (i) and (u). This 

The result is , „ / ia 

(b-a)v=smb(x-a)-m a\x uj. ... 

This equation is of the first degree, and therefore the requtred locus ts 

a straight line. . 

(4) To find the centres ./ the inscribed circle andof the escribed circles 

0 f a triangle whose angular points are given. 

Let (x', y% (x", V "h (*"'• O be the an S ular P ° intS * rCSPCC ”'“ *' 
The equation of {y „ _ n + /w - -xV” = 0.(». 

the equation of ^ ^ ^ + y » V . y'y=0.<U). 

and the equation o, ABU ^ _ .« 

The perpendiculari on these lines front the centre of any one of the 

oiK S;::r"^es „,«». ^ »i— by 

«(x" - x"') - x (•/' -,n+ y"x"'-x' Y! 

* Ti ^' TW '-!'"') 2 

V (x'" - x') - xo r-yp + n'" *' 

= i v/(x"'-x')-W"-i/T' 

v (x' - x" ) - X (>/' - y") + V'*” zUlJ 1 - .(iv). 

If f..o co-ordinates 

suhshtnted in t^oau- W. [Ar , ^ the angular 

;ZtZ the triangle are either all on the positive sides of the hues 

(i), (it), (iii). ‘ h lT l, Et‘e of the inscribed cirele on the 

•d^n^" dlinrjhe .note direction as those front 
the ang lar point, of the triangle. Bene, in (iv) the stgns of all 

h ambiguities are positive for the ,user,bed ctrc,c + 

For tho escribed circles the signs are - + +. + + • a 

respectively. 

s. c. s. 


3 
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It will be 6een that tlie denominators of the fractions in (iv) are the 
sides a, 6, c of the triangle ADC. 

Now, if all the signs of the ambiguities are taken as positive, that is if 
(x, y) is the in-centre ; then the sum of the three numerators =2A, and 
the sum of the three denominators = a +6 + c ; for the coefficients of 
.r and y in the sum are both zero. 

Th us each fraction = 2A /(a + b+c). 

Now multiply numerators and denominators in order by a/, x", x"' 
and add; then each fraction 

= 2A.x/(ax' + 6x"+cx"'). 

Thus x (a + b + c) = ax' + bx" + ex'". 

Similarly y (a + b + c)=ay'+ly" + cy"\ 

This gives the co-ordinates of the in-centre in terms of the lengths of 
the sides and the co-ordinates of the angular points. 

N.E. The above result could bo written down at once from the fact 
that the in-centre is the ‘ centre of mass’ for three masses at A, B, C 
proportional to the opposite sides: this follows at once from the fact 
that the lino joining each angular point to the in-centre divides the 
opposite side inversely as the masses at its extremities. 


Examples on Chapter II. 


1. A straight line moves so that the sum of the recipro¬ 
cals of its intercepts on two fixed intersecting lines is constant* 
shew that it passes through a fixed point. > 


2. Prove that bxr - 2/ixy + ay 2 = 0 represents two straight 
lines at right angles respectively to the straight lines 

cur + 2kxy + by 2 =0. 


3. Find the equation to the n straight lines through 

K b) perpendicular respectively to the lines given by the 
equation J 

P*V* + Pi V n + Pty*-*ar + .+ j) n x n = 0. 

4. Find the angles between the straight lines represented 

by the equation 1 

-T 3 + 3 x'y — 3.cy- — y 3 = 0. 
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5 0/1 OB are two fixed straight lines, A, B being fix. m 
points- P.’Q are any two points on these lines such that the 
STiVto J1Q is constant; shew that the locus of the 
middle point of PQ is a straight line. 

6 If a straight line be such that the sum of the perpendi¬ 
culars upon it from any number of fixed points is zero, shew 
that it will pass through a lixed point. 

7 P 1 f Py are the perpendiculars from a point / on t'\<> 
fixed straight lines which meet in O ; MQ SQ are drawn 
parallel to the lixed straight lines io meet m Q \ proxe that, 
the locus of P be a straight line, the locus of Q will also be a 

straight line. 

q A straight line OPQ is drawn through a fixed point 0, 
meeting’two fixed straight lh.es in the P "'WP^op'o'll 00 

“ra - l.t line OPQ a point It is taken such that 01,0I.0Q 
are in harmonic progression ; shew that the locus of A is .1 

straight line. 

9. Find the equations of the diagonals of the parallelogram 

formed by the lines 

a = 0, a = C, a = 0, a-<\ 

\ <1 == X COS a -4- y sin a — />, 

where a — J , 

aIK j a E X COS a 4* *J Sill a — p . 

10 ABCD is a parallelogram. Taking A as pole, and AB 
as toUial'line find the polar equations of the four s.des and of 

the two diagonals. 

1 1 From a given point (h, k) perpendiculars are drawn 
to the axL and their fcj are joined ; prove that the length of 
the perpendicular from (/., k) upon this Inn is 

h k sin 2 o) _ 

J\K* T k- + 2 hk cos o,\ ’ 

and that its equation is /«; - hj = /<? - k-. 

19 The distance of a point (a-,, y.) from each of two 
stJght hit, which puss through the origin of co-ordmates, 

is 8; prove that the two lines are given by 

(a ,y ~ *U\Y = S '’ ( + It*)’ 
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13. Two fixed points A, B are taken on the given straight 
lines OX , OY; and any two points P, Q are taken on OX, OY 
such that OP + OQ = OA + OB. Prove that the locus of the 
point of intersection of AQ and BP is a straight lina 

14. Find the equations of the sides of a square the 
co-ordinates of two opposite angular points of which are 3, 4 
and 1, —1. 

15. Find the equation of the locus of the vertex of a 
triangle which has a given base and given difference of base 
angles. 

16. Find the equation of the locus of a point at which 
two given portions of the same straight line subtend equal 
angles. 

17. The product of the perpendiculars drawn from a point 
on the lines 

x cos 6 + y sin 6 = a, x cos <f> + y sin <f> = a 

is equal to the square of the perpendicular drawn from the 
same point on the line 

$4-<£ . 0 + <b 0 — <f> 

xcos—— + ysin —— = aC os—^; 

shew that the equation of the locus of the point is xr + i/ 2 = a\ 

18. PA, PB are straight lines passing through the fixed 
points A, B and intercepting a constant length on a giver* 
straight line; find the equation of the locus^of P. 

19. The area of the parallelogram formed by the straight 
lines 3a?+4//=7o 1 , 3x+ Ay — 7a,, Ax + 3y=7b lf and 4.r+3//=76„ 
is 7 (a, - a.,) (5, - b.). 

n -°-, ,Show that the area of the trianglo formed by the lines 
«.c- + 2hxy + by" = 0 and lx + my + n = 0 is 

w 2 v '(/r - ab) 

(nn 3 - 2 him + bt-' 

21. Shew that the angle between one of the lines given bv 
aa- + 2/un/ + by- = 0, and one of the lines 

arc 2 + 2 hxy + b,f + \ + ,f) = 0> 

is equal to the angle between the other two lines of the system. 
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22. Find the condition that one of the lines 

ax- + 2 hxy + by* = 0, 

may coincide with one of the lines 

a'ar + 2 h'xy + b'y- — 0. 

23. Find the condition that one of the lines 

ax- + 2 hxy + by = 0, 

may be perpendicular to one of the lines 

5 P art 2 hxy * by = 0. 

24. Shew that the point (1, 8) is 

circle of the triangle the equations ot whose sales a.e 

by + 3x = 0, 12 , - fa-0. ,-15-0. respectively. 

25. Shew that the co-ordinates of 

inscribed in the triangle the co-ordinate, f ‘ ^ ," (16- ^ 10 ). 

Ki'iiNS —i’ai ..• 

“ ZZ .... 1. -*> — r >“ " 

f^-Zy)x = my(y-^-) 

represents three straight lines through the or.gm making equal 
angles with one another. 

27. Shew that the W 

point (x, y) on the lines ax + »»■!) + ^ ' 

as! 1 + 2/f.cV + b;/ - 

28. If ». ft bothc'perindicuU. from (,. y) - the 

straight lines ax + -hxy + J > a .... 

W K- - + n + VO- 

29. Shew that the locus of 
of the perpendiculars from it upon the 

represented by ^ + ^ + ,, /x , + ^ . 0 

is constant and equal to A J - —— . 

„/ + V .c + ^ ^ - * J{a - c)- + J^=0- 


l.s 



r r ' 1 r 


!•< >p 


! ! . 


I /• I 
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30. Shew that the condition that two of the lines re¬ 
presented by the equation 

AaP + 3 Bari/ + 3 Can/ 2 + Dy 3 = 0 
i nay be at right angles is 

A 3 + ZAC + 3BD + 2) 2 = 0. 

31. Shew that the equation 

« (x* + y*)~ 4 bxy (ar - y-) + Gear 2 ?/ 2 = 0 

represents two pairs of straight lines at right angles, and that, 
if 26* = a 2 + 3ac, the two pairs will coincide. 

32. The necessary and sufficient condition that two of the 
lines represented by the equation 

ay* + bxy 2 + cx-y- + dxPy + ex* — 0 
should be at right angles is 

(6 + d) (ad + be) + (e - a)- (a + c + e) = 0. 

33. Shew that the straight lines joining the origin to the 
points of intersection of the two curves 

ax- + 2 hxy + by 2 + 2gx = 0, 
and a'x 3 + 2/ixy + b'y- + 2g'x = 0, 

will be at right angles to one another, if <f (o + 6) = g («' + 6'). 

34. Prove that, if the perpendiculars from the angular 
points of one triangle upon the sides of a second meet in 
a point, the perpendiculars from the angular points of the 
second on the sides of the first will also meet in a point. 

35. If the angular points of a triangle lie on three fixed 

straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the third side also pass throu-h 
a fixed point. ° 


CHAPTER III. 


CHANGE OF AXES. ANHARMONIC RATIOS, OR CROSS 

RATIOS. INVOLUTION. 


Change of Axes. 

48 When we know the equation of a curve referred 
to one set o? axes, we can deduce the equat.on referred ... 

another set of axes. 

49. To change the origin of co-ordinates without 
changing the direction of the axes. 



axes 
to or 

° r ^Let P^e any^ 'referred"°o^^ ^ v’Z; 

Dra\t ,X P M *paralfel to OY, cutting OX in M and 0 
m N. 
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Then x=0M=0K -f KM = OK +. O'N = h + x, 

y = MP = MN + XP = K O' + NP = k + y. 

Hence the old co-ordinates of any point are found in terras 
of the new co-ordinates ; and if these values be substituted 
in the given equation, the new equation of the curve will 
be obtained. 

In the above the axes may be rectangular or oblique. 

50. To change the direction of the axes without 
changing the origin, both systems being rectangular. 



Let OX, OY be the original axes; 0X\ OV' the new 
axes ; and let the angle XOX' = 0. 

Let P be any point whose co-ordinates are x, y re¬ 
ferred to the original axes, and x, y referred to the new 
axes. Draw PX perpendicular to OX, PX' perpendicular 
to OX'. 

The sum of the projections of OX' and X'P on any 
line is equal to the sum of the projections of OX and NP 
on that line. 


Project on 

OX and on 0 Y, and we have 


SC = x cos 6 + y' cos [o + ^ , 

and 

y = X cos \ 6- + y' cos e ; 

i.e. 

* = x cos 0 - ?/ sin 0, 

and 

y = a-' sin 0 + y' cos 0. 
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Hence the old co-ordinates of any point are found in 
terms of the new co-ordinates; and if these values be 
substituted in the given equation, the new equation ot the 
curve will be obtained. 

Ex. 1. What does the equation 3x 2 + 2xj/ + 3y 2 - ISj - 22g + oO-O 
become when referred to rectangular axes through the point (2, 3), 1 
new axis of x making an angle of 45° with the oldl 

First change the origin, by putting x'+ '2, ,/ + 3 for x, V respectively. 

The new equation will be 

3 (✓ + 2)2 + 2 (x' + 2) (,/ + 3)+ 3 (;/' + 3,2 - IS (x' + 2) - 22 (/ + 3) + -0 = 0 ; 

which reduces to 3x' 2 + 2 x'g' + 3j/' 2 - 1 =0, 

or, suppressing the accents, to 

3x 2 + 2xy + 3i/ 2 . . . (lK 

To turn the axes through an angle of 45° we must write x' - y 
for x, and *>' »• E 1'"‘ ,ion (i) wi " lhe " bC 

3 (^) ,+2 ^-^ +3 W =1 ' 

which reduces to 4x' 2 + 2y' 2 = l- 

Thus the required equation is 4 x 2 + 2y 2 = l. 

Ex. 2. What does the equation x* - r + ** + * » ^ ** 

origin is transferred to the point ( l. 2 )? . ns. x j 

Ex 3. Shew that the equation Gx= + 5xy - %2-17x+ <j/ + 5 = 0, ^hen 

^erred .axes through a certain point “.t 

become 6x- + 5xj/■” ’!/ * 

Ex. 4. Wliat does the equation dx^S^ + a^-^Obecomn.hen 

the axes arc turned through an angle ot 30=V d«. 5x- +r -l-0. 

Ex 5 Transform tho equation x 2 - 2 -ry+ y 2 -f z-3f/- 0 to axes 

through the point (-1,0 P-*™ *• tW linM 
between tlie original axes. s 

Ex. G. Transform the equation *2 + 2 cxy + y* = «-. *»>* lurmng lh ° 

rectangular axes through the angle j. „ , . , „ 

Ans. (l + c)x' + (l-c) y- = a-. 
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51. To change from one set of oblique axes to another , 
without changing the origin. 

Let OX, OF be the original axes inclined at an angle 
03 ; and OX', OY' be the new axes inclined at an angle 
w'; and let the angle XOX'= 0. 



axes; so that in the figure OM = x, MP = y, OM' = x\ 
and MP = y\ MP being parallel to OF and MP parallel 
to OF'. 

The sum of the projections of OM and MP on any line 
is equal to the sum of the projections of OM' and M'P on 
that line. 

Project on a line perpendicular to OX ; then 


y sin 03 = a! cos [o — ^ -f if cos (o + o' — ; 

/. y sin 03 = x sin 0 + y sin (0 4- o>'). 

Project on a line perpendicular to OF; then 


x cos 


3 (" + 2) = X cos ( f0 "b V cos (f 3 + 0 — to ^ ; 

x sin 03 =x sin(o) — 0) + y' sin (&> — — 0). 

These formulas are very rarely used. The results which 
would be obtained by the change of axes are generally 
found in an indirect manner, as in the following Article. 
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*52 If by any change of axes ax-+ 2 lixy + by- be 
changed into 0 V + 2 lixy + b'yf then mil 

(a+b- 2 h cos &>)/ sin 2 a. = (a + b' - 2 h' cos w )/ s..r a, 

aud (at - /.’)/sm‘ ® = («'«-' - *'=»/- < «“ 5 

M and w / are <Ae aiigte q/' iW.-iatiaii of the two 

sets of axes. 

If 0 be the origin and P be any l»int w^co^rd.- 

the new, then, 0P‘ is equal to + ./ + **y cos and also 
equal to x"‘ + y'- + 2*’/ cos a,. 

Hence a- 2 + if + 2*y cos a> is changed into 

a:'- + ij■ + Ix'f cos w'. 

Also, by supposition, j, o 

aa? + Ihxy + bf\s changed into a x - + 2/i x y + 1) J 

Therefore if X be any constant, 

?;lLy + 6 / + X(®» + 2 ®ycosa, + /)win be changed 

1Dt ° «V + 2 h'x'y + V if- + X f + 2®y cos “ ' + /r>- 

U^a'perfect squai'e^the^other will X P- 

for the same value of X. 

The first will be a perfect square it 

(« + X)(i + X)-(A + Xcoso>)- = 0, 

and the second if _ . 

(a' + X) (A' + X) — (A + X cos to )- — y. 

These two <l»adratic: equa,ioms for Sndm^ 
have the same roots. ^ riling tne. 

V«n*- + (« + l-*Aco-»)X + «6-*-0._ 
and Vsin= W ' + (a' + A'-2A'cos M )X + «A 

(0 + b - 2A cos •)/»»« 01 = («' + b' - 2A' cos »);sm- a, ■ ■ •( )■ 

( II . (U) - 
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If both sets of axes are at right angles these equations 
take the simpler forms 

a + b = a' + b', and ab — h 2 = a'b' — h! 2 .(hi). 

53. The degree of an equation is not altered by any 
alteration of the axes. 

For, from Articles 49, 50, and 51, we see that, however 
the axes may be changed, the new equation is obtained 
by substituting for x and y expressions of the form 

lx + inf + n, and Vx + my + n. 

These expressions are of the first degree, and therefore if 
they replace x and y in the equation the degree of the 
equation will not be raised. Neither can the degree 
of the equation be lowered, for, if it were, by returning to 
the original axes, and therefore to the original equation, 
the degree would be raised. 

Ex. 1. Prove, by actual transformation of rectangular axes, that if 
ax 2 + 2htnj + by- become a'x' 2 + 2h’x’y’ + b'y'*, then will a + b = a'+b\ and 
U n --ab=)r--a‘b’. 

Ex. 2. If the formula for transformation from one set of axes to 
another with the same origin be x = nix' + ny' , y=mV + »y ; shew that 

w 2 + » h ' 2 -1 mm' 

n- + ri - - I ~ * 

O 2 + 1 / 2 + 2xy cos w will become x' 2 + y - + 2x'y’ cos w'. Substitute there¬ 
fore the given expressions for x and y, and equate coefficients of xand 
y'- to unity, and then elimiuato cos a*.] 

Ex. 3. Find the equations of the loci represented by 

(ax + by+c)- = a 2 + b-, and («x + i>y + c) (fcx-a?/ + d) = « 2 + fc 2 , 
when the perpendicular lines ax + by + c = 0 and 6x-«y + rf = o are taken 
as axes of x and y respectively. Jus. y-~l = 0, xy-l = 0. 

Ex. 4. Shew that the lines given by 

ax + fcy + c = 0 and (ax + ty) 2 -3 (6x-<iy)2=0 
form the sides of an equilateral triangle. 

[Change axes to the lines ox + ly =0 and lx - ay = 0; then the equations 
will become 

y + c v '(n- + &-) = 0 and y -- 3x 2 = 0, 
and the result is obvious.] 
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Anharmonic or Cross Ratios. 

*54 A set of points on a straight line ^ caUed a 
range ; and a set of pencil. 

!S 'ifl, a r« S bTfou” plS on a slight line, the 
rali0 £2 : £§ or PQ . RS : PS . RQ is called the anhar¬ 
monic ratio or cross ratio of the range P, Q, R. 8. an 

is expressed by the notation l l it is said 

If the cross-ratio of a range is equal to -1 it is 

to be harmonic. f _i then 

It is easy to shew that if J j p ' R 

PQ : PS :: PR - RQ : i a - 1 

so that PQ, PR, PS are in har.nomcal g are 

Tf Z 3 Q R S be a harmonic iang< . ni -n j 

said tf'be harmonically conjugate w.th reject to 

^ ^ If four 9 i,e„ strait lines OP OQ OROSn, 
cut by any straight line in the point* p, • ^ 
the cross-ratio of the range p, <j, ? . 

Let the equations of the given lines be 

v = Vh x, y = m s ;v, y = 4l , hll 

Let the cutting line be y -■ 0 f 
distances from the origin ot a, b, c t I J 
p. ?• r, * on the axis of * «d be• res; > 

Mwij-wO, kl(m?-m), » ) 

pq . rs __ ab . c« 

Hence ?•</ • cb 

“ - m) -i/(m7^‘)i *' ( '“ 3 

__ ( 77i, — m 2 ) ( 771 3 — w< 4 ) 

which is independent of the position of the lme^^ ^ ^ 

The cross-ratio of a pencil o any ot he- 

the cross-ratio of the range in which it is cut •» , 

straight line. 
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*56. To find the cross ratio of the pencil formed by the 
lines whose equations are 

x = 0, y — mx = 0, y = 0 and y — m'x =0. 

This is a particular case of the preceding, when = x 
and 77*3=0. Or thus: 

We can by the preceding article find the cross-ratio by 
cutting the pencil by any line whatever. Now the values 
of y where the line x = h cuts the lines of the pencil are 
respectively 

x, mh, 0 and mh. 

Hence the required cross-ratio is 

X . Ill'll _ in' 

x. mh m 

From the above we see that the four lines 

.c = 0, y — mx = 0, y = 0 and y -1- mx = 0 
form a harmonic pencil. 

If the axes are at right angles to one another the lines 

y — mx = 0, and y + mx = 0 make equal angles with either 
axis. 

Hence, if a pencil be harmonic and two alternate rays 
be at right angles to one another, they will bisect the 
internal and external angles between the other two. 

*57. Each of the three diagonals of a quadrilateral is 
divided harmonically by the other two diagonals. 

Let the straight lines QAB, QDC, PDA and PC’B be 
the sides of the quadrilateral. The line joining the point 
yi intersection of two of these lines with the point of 
intersection of the other two is called a diagonal of the 
quadrilateral. There are therefore three diagonals viz 
PQ, AG, BD in the figure. * 

lake 1>G> BA for the axes of x and y respectively. 

Lot the points C, P, A, Q be <*„ 0), (x„ 0), (0, yj and 
(0, y.,) respectively. ^ 
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Then the equations of CA y PQ are 

»/*,+ yt'A - 1 =°. *(*'■+ yiy* ~ 1 = 0 

Hence the equation of BR is 




The equations of A P, CQ are __ n 

ac/xt + Vl'Ji “ 1 = °» - a 

Hence the equation of BD is 

/I _I\_ v fl-iU 0. 

* W xj J Vy» W n nc BR 

It follows from Art. 50 that the pencil BA BV, • 

is a harmonic pencil, and thereto.e that 

A, 0, 0. it and Q, S, P, R are harmonic. 

It cun be proved in a similar manner that b 

B, 0, D, S is harmonic. 
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*58. To find the condition that the lines given by the two 
equations aar 4- 2 hxy + by* = 0 and a'a? 4- 2 h'xy 4- b'y- = C 
may be harmonically conjugate. 

Let the pairs of lines be y = m^x, y — m^x; 

and y — ni^x, y = m 4 x. 

Then, if y = m l x, y = vux, y = m 3 x, and y = m 4 x form a 
harmonic pencil, we must have [Art 55] 

(m x - mj) ( m 3 - m 4 ) = _ J 

(n^ - m t ) (m 8 — mj) 

or 2ni l m a -f- 2m^m 4 = (nij 4- m a ) (nu + mj). 

But, from the given equations we have 


Wi, 4- m* = 

2 h 

a 

b ’ 


nu 4- m 4 = 

2 h' 

a 

b' ’ 

vhm A = y. 


Hence the condition required is 

ah' 4- ab = 2 hk\ 

*50. We can shew in a similar manner that the pairs 
of points given by the equations 

a./. 2 4- 2 hx 4-5=0, and u V + 2 h'x 4 - b' = 0, 
are harmonically conjugate if 

ah' + ab = 2 hh'. 

Involution. 

GO. Def. Let 0 be a fixed point on a given 
line, and P P ; Q, Q'- f ft’- & c . pairs of points 
line such that 

r OP.OP'=OQ.OQ’ = OR.OR= .= a const. = h 

rhen these points are said to form a system in involution. 

ot which the point 0 is called the centre. Two points 

such as J 1 are said to be conjugate to one another. 

ihe point conjugate to the centre is at an infinite die- 
tance. 


straight 
on the 
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If each point be on the same side of the centre as its 
conjugate, there will be two points A, 7<T one on each side 

of the centre, such that 0A7 = OK} = OP . OF. I hose 
points K,. K, are called double points or foci. 

It is clear that when the two foci are given the involu- 
tion is completely determined. 

An involution is also completely determined when two 
pairs of conjugate points are given. 

For, let a. a' and b. V be the distances of the*i points 
A, A' and B, B' suppose, from any point in tl e--ti. fe 

line upon which they lie, and let x he t ie < - ^ 

centre of the involution from that point. I hen we da 

the relation 

(a-x)( a!-x)={b-x)(b - x), 

(a + a -b- b')x = aa - bb\ 


or 


Hence there is only one position of the centre. 

, , tlnit is if AA' and Dlf have 

It should be noticed that, 1 a + " ' f ^ illvo | ut jon determined by 

the same middle point, then the cen 

the four points is at infinity, and converse ^ ^ ^ ^ thftt 

Thus any pairs ^ & gystcm iu involu- 

tion whose centre is at infinity. drawinc 

The position of the contre can be foua ' gftl0 points, tlu n 

tSd :, e u,,c »" hKh 

the points lie in the required centre. 

*61. If any number of 

ratio of any four points is equal to that oj J 
jugates. 

Let P. Q.R.Sheany 
of these 


therefore 


P, Q, R, She any lour - - tive l v and 

points from the centre be p, q ,'- * } ' 

1 . k t 'l _ respectively. 

3 those of their conjugates 
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Then {PQRS} = , 

(k _ k\ /k _ k\ 

and {FQ'R'S'} ?'A* r > = 

(h _ , 1\ (p — s) {r — q) 

Vs p) \q r) 

Hence {PQZLS} {P'Q'P'S'j. 

The above gives us at once a means of testiug whether 
or not six points are in involution. For P, P will be con¬ 
jugate points in the involution determined by A, A' and 

B y B’ if 

[ ABA'P)={A'B'AP). 


*62. Any two conjugate points of an involution and the 
two foci form a harmonic range. 

Let K ly 1C 2 be the two foci, aud 0 the centre of the 
involution, and let K x 0 = c = OK*. 

Then the distances from 0 of the points K x , K z are the 
roots of 

or — c” = 0. 

_ -^-lso the distances from 0 of any pair of conjugate 
points arc the roots of 


.r 2 + 2\x + c 2 = 0. 

I he proposition follows from Art. 58. 


. 63. To find the condition that the three pairs of 
points given by the equations 

a, x- + 2h l x+b l = 0, a. J a?+2f h x+b. i = 0 and a 3 a“ + 2/, 3 a+& 3 =0, 
may be in involution. 

The rectangle under the distances of the two points in 

every pair from some point x = d must be the same, and 
equal to A. suppose. 
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The product of the roots of 

a, (x - d)-+ 2/it (x - d) + ^ = 0, 

• s (a t c£ 2 — 2/i + b i )ja l . 

Hence for some value of X we must have 

«i(d s -M- 2 M + t ‘ ss0 ’ 

« a (d s - A) - 2M + k ~ °» 

ami „(^-X)-2M + l.= 0- 

Eliminating <P-* and J. we Lave the reared con- 

dition, namely / - 0 

| "»> 6 » | ' 

I a», /'i. ^2 I 

«3> ^31 I 

f , ,u ni-pcedimr Article that it 
*04. We cun prove from heP ecch. h ;nvolll|ji >n are 

six points on a stra.ght fol . meil will be cut by 

joined to any point, t j ■ involution, 

any other line m six points winch a.e n ^ of gix 

In the first place it 13 e “ sl in three pairs of 

lines is cut by any »« « f^ involll tion by any 

points in involution it will i 
straight line parallel to 1 Q. 

Mow let the three pairs of stra.ght hues he 

<!,*» + 2 hxy+biif^O, &C; 

the axis of . being vXtmmt^.e axis 

cuts the lines in pairs j • • ht line whatever, 

of y being parallel ^ ^ t ,, c lincs in invo.u- 

Then we know that y — r 
tion, and therefore 


1 u x , 

Ih, 

hi 1 = 0. 

| «2> 

It?* 

K | 

A 

I (h, 

K 

h 1 


. 
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the circle 
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its circumference,“let / h* ^ ani1 A «7 point on 
theco-ordirmtesofP^aud fe^tX^r* 68 ,°‘ C; *■ * 
Ibaw CJ/, pjr p; ll:t ]l' I to or „ b .?.V:t radlU , S ,°, f the "r cle - 


Draw CV P v ; ef'to OY \ of the 

in the %ure Then ' a ' ,d 6A P«»llel to OX, as 

CK*+KP'- = CP\ 

CK = x - d, and A'P = y~e\ 

••• (a> - f?) 2 4 - (y - <?V = a- . >i ) 

is the required equation. 


But 
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If the centre of the circle be the origin, d and e will 
both be zero, and the equation of the circle will be 

a 


(ii> 


ar + y 1 = « 2 • • 

The equation (i) may be written 

ar 2 + y- — 2 dx— 2 ey + d 2 + c- — or = 0. 

The equation of any circle is therefore of the form 

.r 2 + if + 2 gx + 2/y + c = 0 .< hi), 

where <7,/' and c are constants. 

Conversely the equation (iii) is the equation of a 
circle. 

For it may be written 

(x+gy+oj+fY^f+r-- 0 ' 

and this Inst equation shews that the distance from any 
point on the locus of the equation 0")from the pm t 
(-a, _/) is constant and equal to VO .+/ f- 
equation (iii) therefore represents a circle of rad 
vV+/ ! -c), the centre of the circle being at the point 

(_ 9 if/+f* _ c = 0 the radius of the circle is zero, and the 

circle is called a point-circle. 

If q i + f>-c be negative, no real values of -r and o j 
will satisfy 7 the equation, and the circle is called an m . n 

nary circle. . , 

From the above it will be seen that 
the second degree will represent a cue t pro ' ^ ^ 

the coefficients of or and y" are equal, an (-) 
no term involving the product xy. 

66. We have seen that the general equation ot a 

circle is n 

a? + y- + 2gx + 2 fy + c-0. 

This equation contains three constants U '^three 
find the equation of a circle which passestliroug! |^ 
given points, or which is defined in some other mamiu, 
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assume the equation to be of the above form and deter¬ 
mine the values of the constants g , f c for the circle 
in question from the given conditions. 


Es* Find tho equation of tbe circle which passes through the 
three points {0, 1), (1, 0) and (2. 1). 

[Let the equation of the circle he 

. x 2 + y*+2yx + 2/y + c=0. 

Then, since (0, 1) is on the circle, the equation must be satisfied by 
putting x = 0 and y= 1; 

l + 2/+c=0. 

Also, since (1, 0) is on tho curve, 

I + 2»/ + c = 0. 

And, since (2, 1) is on the curve, 

4 +1 + 4 g + 2/+ c = 0. 

Whence «7=/= - 1, and c = 1. 

The required equation is therefore 

•r 2 + j/2-2x-2y + l=0.] 

Es. 2. Show that, if tho co-ordinates A, D of the extremities of a 

djamotor of a circle bo (x', y■) and (x" t j,") respectively, the equation 
Of the circle will be (x- x) (x - x") + (y - y') (y - ,/') = 0. 

[The lino joining any point P (x, y) on the circle to A makes with 

the axis of x an angle tan-i|Z|,', the line joining P to B makes an 

angle tan~‘ J —^. Since the lines PA and Pli are at right angles, 
we have 

0r (x - X') (X - X") + {y - if) (,/ - y") = o.] 

Ex. 3. Find the equation of the circle whose centre is ( -4, - 3) and 

whoso radius is 5. . „ * ’ J 

■Ans. x2+»/2 + &r + G»/ = 0. 

Ex. 4. Find the centre and the radius of tho circle whose equation is 

* 2 + >/ 2 -2x + 4y-ll = o. 

A,u. Centre (1, -2), radius 4. 
Ex. o. Find the centre and tho radius of the circle whose equation is 

5-r- + 5y-+ lx-8y - 1G=0. 

i, An *' Ceutre 1-3, th radius 2 . 

(2,!i) and ( l.t 0qUftti ° n ° f thC C t° " ^ > 0i "‘ 8 ^ 

Arts. 07/- - llx - 9// - 12 = 0* 
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Ex. 7. Find tta .qa.tion of the circle rtl* paesee th^gh A, 
points (0, 0), (a, 0) and (0, b). Ans - ' ■> 

Ex. 8. Find the equation of the circle which passes through the 

points (a, 0), (- a, 0) and (0, b). a -~ l- . n 

Ant. x 2 + y 2 + —j- = 

67. To/ncZ the equation of a circle when the axes are 
inclined at an angle o>. 

The square of the distance of the point (x, y) from the 
point (d, e) will be equal to , 

(x - dy + (y - ey + 2 (* - <*) (y " e ) cos t Art J 

Therefore the equation of the circle whose centre is at 

the point (d, e), and whose radius is a, will be 

(x - dy + (y - ey + 2 (x -d)(g- e) cos « - a*...... 0), 

or + y* + 2*y cos a> - 2 *(d + <? cos «) - 2y (e + d cos ») 

+ d* + e 1 + 2 de cos w - a 2 = 0.00- 

Any circle therefore referred to oblique axes has its 

equation of the form 

+ 2 xy COS CO + ~gx + -fg + C = .(ill , 

where a f c are constants so long as we consider one 
particular circle, but are different for different circle 

The equation (iii) will still be truc ‘f we m lt.pl) 

^ “s'” i “'" n 

axes. , , 

W. can find centre and 

equation x 2 + y + - X, J 003 w + 9 { a i = Q if <f + ecosw=-y. 

with (X - d)* + (’J L - u2 = c. We therefore have d* in-* 
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68 . Def Let two points P, Q be taken on any curve, 
and let the point Q move along the curve nearer and nearer 
to the point P; then the limiting position of the line PQ, 
when Q moves up to and ultimately coincides with P, 
is called the tangent to the curve at the point P. 

The line through the point P perpendicular to the 
tangent is called the normal to the curve at the point P. 


69. To find the equation of the tar 
the circle whose equation is x 2 -f- y- = a 2 . 




%/ J. 


Let x', f and x", y" be the co-ordinates of two points 
on the circle. 

The equation of the secant through the points (x' t 
and ( x", y”) is 



x — x' y — y 



But, since the two points are on the circle, we have 

x" 1 4- y" 1 = a 3 , and x" 1 + y " 3 = a ?; 

x' 2 x" 2 = y"~ f- .(ii). 

Multiply the corresponding sides of the equations 
(i) and (li), and we have 


(* - O (*'+*") = - (y - y) (y' + f') .(in). 

Let (x'\ y") move up to and ultimately coincide with 
( x '> f ); then in the limit the chord becomes the tangent 
at {x, y'). The equation of the tangent at ( xf) is there¬ 
fore obtained by putting x” = x\ and ?/'=?/ in equation 
(iii); the result is 


{x - x) x' + (y- y') if = 0 , 
or xx + yy = x 2 + y' 1 = a 3 ; 

•*. xx + yy' = or 

is the required equation of the tangent at the point (x,y). 

70. To find the equation of the tangent at any point of 
the circle whose equation is 

x- + if + * 2 gx + 2fy + c = 0. 
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The equation of the secant through the two points 

(*', y'), O". y ") wiU be 

x — x _ y-y .(i). 

. 

Since the two poiuts are on the circle, we have 
x'- + y- + 2yx-' +2 fy + c = 0, 
x "* + + 2 gx" + 2/y" + c = 0, 

(af - «") (a '+x + 23)=- W - y") (y'+y" + 2 - r ' >; • - (u) ; 

Multiply the corresponding sides of the equations 
and (ii), and we get for the equation ot the secant 

(x-a/)(a ; ' + x+2g) = -(y-y')('j' + f+-■[>■ 

The equation of the tangent at (x, y) wl " tiel< 

be c* - X') (X + g) + (y - y') (V +/) = °;, 

or xx'+ yy' +g x +/y =x- + y +9 X +.J- 

Add gx! + fy + C to both sides; then, since (x.y) is 
circle, the equation of the tangent becomes 

XX +yy’+g{x + x') +/(y + y') + c-0. 

It will be seen that tl.e equation »f m-Xiiging 
(tS'.t/) is found from the equation of the . » - 

x* into x'x, y 2 into y'y, 2x into x + x' and 2y into y + y ■ 

Es. 1, The equation ot the tangent to ■»» + ,« = ** ot 
(3, 4) is 3 x + 4i/ = 25. 

7 .. , .» q 7 » - 2 = 0 at tho 

Ex. 2. The equation of the tangent to a* '/ 

point (2, -2) is _ gy _ 3 (l q,2) - 5 (;/ - 2) “2=0, 

. 2x + 7y + 10 = 0. 

Ex. 3. Find tho equations of the tan ^“J 3 X ta |J entS intersect 
points (5, 12) and (12. -5); and prove that the tan.cn 

at right angles at the po.nt (!7, 7). 1=0 at tho points 

Ex. 4. Find tho tangents to x- + y - J . = i a „d i/= l 


the 


(4, 2) and (2, 4). 
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71. To find the equation of the normal at any -point of 
a circle. 

Let the equation of the circle be 

x 2 + f — a 2 . 

If (a;', y') be any point on the circle, the equation of the 
tangent at that point will be 

xx' + yxj = a- .(i). 

The equation of the line through (x\ y) perijendicular 
to (i) is [Art. 30] 

(x - x') y-(y- if) x = 0, 

or xf — yx'—O .(ii). 

This is the required equation of the normal at {x, yf 

It is clear from equation (ii) that the normal at any 
point of the circle passes through the origin, that is through 
the centre of the circle. 


72. Jo find the points of intersection of a given straight 
line and a circle. 

Let the equation of the circle be 

** + =« 2 .(i), 

and let the equation of the straight line be 

y-mx + c .(ii). 

At points which are common to the straight line and the 
circle both these relations are satisfied. Points on the 
straight line satisfy the equation if = {mx + c) 2 , and points 
on the circle satisfy the equation if = a -~x 3 ; hence for 
the common points we have 

(mx + c)- = a- - x 3 , 

or ^ (1 + w 2 ) + 2mcx + c --a* = 0 .(iii). 

1 his is a quadratic equation, and every quadratic equa¬ 
tion has two roots, real and different, real and equal, or 
imaginary. ^ 
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Hence there are two values of r, and the two corre¬ 
sponding values of y are found from (n). So tlr.it eve J 

straightline meets a circle in two real a " d . d,st, ^‘ 1 ^ r 'v 
two coincident points, or twoimaginary points- 
points being those one or both ol whose co-ord.natcs 

imaginary. 

It is impossible to represent gcometiically the two 

ssr.tsittrrx 1 

theorems in their most general forms. 

The roots of the equation (hi) will be equal to one 

another, if (1 + _ ((5)= wV , 

that is, if «* = « 5 (1 + '»’). 

If the two values of x are equal ,ii). 

values of y must also be equal to one aim 

Therefore the two points in which the cue o is cu 

the line will be coiundent .1 c-a V< • (0 „ c/l t)ie 

Hence the line y = m e + a \/( 1 + 
circle aa + jf-o* for all values ol >»■ n 

Since either sign may be given to ^^Jcirclo fir every 
it follows that there are two tangent. „ aru llel to anv 

value of vi, that is. there are two tangents pa.ai.c 

given straight line. 

Ex 1 Trove that x = 7 and y = 8 touch the circle 

x- + y~ - hr - by - 1- = 0, ^ (?i #) ttnJ (2 p , 

and find the points of contact. . _ 0 UI)(1 

Ex. 2. Find the points of intersection of lh * '"“J* ^ lul ( _ 3, 4). 
circle x2+ j/ 2 -25 = 0. ' ’ , 


the 


Ex. 3. Find where the line 3.r + 4,, + 7 = 0 cuts the circle 


2 + m2_4x-Gj/- 12-0 


uy - - -- 1 it 

4m. The liae touches at (-1. " r 
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73. To find the locus of the middle points of a system 
of parallel chords of a circle. 

Take the centre of the circle for origin, and the axis of 
x parallel to the chords. 

Let the equation of the circle be 

aP + y°- = a- .(i) ; 

and let the equation of any one of the parallel chords be 

y-c = 0 .(ii). 

Where (i) and (ii) meet we have 

x- + c= = a 3 ; 
x = + V«- — c 3 . 

Since the two values of x are equal and opposite, it 
follows that the middle point of the chord has its abscissa 
zero, that is, the middle point of the chord is always on 
the axis of y. This is true for all values of c. If c > a 
the two values of x are both imayinary, but their sum 
is still zero, and therefore the middle point of the chord is 
still on the axis of y. 

The locus of the middle points of parallel chords of a 
circle is therefore the straight line through the centre 
which is perpendicular to the chords: the locus need not 
however be supposed to be limited to that portion of this 
line which is within the circle. 


74. In the preceding Articles we have assumed no 
geometrical properties of the circle except that the distance 
from any point to the centre is constant. Some of our 
results may be obtained more readily by assuming the 
propositions proved in Euclid, Book in. For instance let 


(x, y ) be any point on the circle whose equati 
+ y s - a 2 ; the equation of the line from {x, \f) t 


ion is 
to the 


centre of the circle is =0, and the equation of a 

perpendicular line through (x, y) is [Art. 30] 

~ *)f + {>/ - f) f = 0 or xx + yy - a 3 = 0. 

And by Euclid in. this hue is the tangent at the point. 
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Acam the line y-mx-c = 0 touches the circle *= + if tlM j 

distance of tbe line from .be centre of tbe crrc.c re e„oal 

to the radius, whence the condition c = ± « s't 1 + '"*)* 

75. Two tangents can be drawn to a oirdefromang 
point-, ami these two tangents will be re a !/ «(“ ; 

outside the circle, coincident ,t the point be on the cole, 
imaginary if the point he within the ante. 

Let the equation ot the circle ho 

+ y 1 = ^ 2 > 

and let h, k be the co-ordinates 

the co-ordinates of any point on the cucie, 

equation of the tangent at (x, y) oe 

xx + yf = a '- . 

The tangent at (*', <f) "ill pass through the point 

(K k) * f KJ + kj-* .“)• 

But ( x, f) is on the circle, therefore ^ 

Equations (i) and (U) dean-nune the value.• 

x ; + (!LS±*')=a-, 

or sfi (fc* + If ) - + «*<«‘ - = 0 • 

Equation (iij) gives the abscissae, an.U.j«« 0. ( > ft 

the corresponding ordinates. ► 1,1 L . j j tangents at 
quadratic equation, there are two points the tang 

wh Thl^SWii)« cuincident - or imagiuary 

according as ^ _ ([S ( „ s _ , a) (/ , + ,=) 

is greater than, equal to, or less than zero. 

That is, according as 

is greater than, equal to, or less the circle, 

according as (h, k) is outside 
or within the circle. 
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EXAMPLES. 

1. Find the co-ordinates of the points where the line y = 2x + l cuts 

the circle x 2 + y 2 = 2. Am. ( — 1, — 1) and ( J, £). 

2. Shew that the line 3x - 2y = 0 touches the circle x 2 y 2 - 3x + 2y =0. 

3. Shew that the circles x- + y ~=2 andx 2 + y- - Gx - Gy +10 = 0 touch 
one another at the point (1, 1). 

4. Shew that the circle x- + y' 2 - 2ax- 2uy + a- = 0 touches the axes of 
.r uud y. 

5. Find the equation of the circle which touches the lines x = 0, t/ = 0, 

an«l j=c. Ans. 4x 2 + 4y 2 - 4cx±4cy + c 2 = 0. 

G. Find the equation of the circle which touches the lines x = 0,x = a, 
and 3x+1 y + 5u = 0. 

Am. x- + y--ax + 2ay + a- = 0 or x-+ iy-- ax+ tay+ \ £a 2 = 0. 

7. Shew that the line y = m(x-a) + a s /(l + m' 2 ) touches the circle 
x~ + y‘ i = 2ax, whatever the value of m may be. 

8. Two lines aro drawn through the points (a, 0), (- a, 0) respectively, 
and make an angle 0 with one unother; tiud the locus of their intersection. 

The circles x- + y 1 - a-= ± 2ay cot 0. 

9. A circle touches one given straight line and cuts off a constant 

length (2/) from another straight line perpendicular to the former ; find 
the equutiou of the locus of its centre. A its. y- - x 2 = P. 

10. A line moves so that the sum of the perpendiculars drawn to it 
from the points (u, 0), ( -a, 0) is constant; shew that it alwnys touches a 
circle. 

11. Find the equations of the two tangents to x- + y~ = 3, which make 

an angle of U0° with the axis of x. A us. y = s '3 (ri2). 

12. Find the equation of the circle inscribed in the triaugle the 
equations of whose sides are x = l, 2y — o and 3x - 4»/ = o. 

Am. (.r - 2) 2 +(y-3) 2 = 1. 

7G. Tangents are drawn to a circle from ant/ point ; to 
find the equation of the straight line joining the points of 
contact of the tangents. 

Let the co-ordinates of the point from which the tan¬ 
gents are drawn be x, y. Let the co-ordinates of the two 
points of contact be h, k and h', k’, and let or -f f — a 8 = 0 
be the equation of the circle. 
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The equations of the two tangents will he [Art. 69] 

xh + yk - « 2 = 0. 

Since both thes^\ + angents”p** 

(*', y') t therefore both equations aic sa ^ y 

ordinates af, y\ _a 3 = 0.(»)* 

afh+yt> ft ” 

, x 'k' 4- y'k' - a 2 = . ....-O 1 )- 

an( * . /-\ onf i ore the conditions that 

But the equations (i) and (> ) the liue whose 

the two points (h,k) and {h,k ) »n»> 

equation is . , . _ a .(iii)- 

Hence (hi) is the required ^^"^hlch 
through the two points of contact of the b 

pass through (x\ y )• 2 „ +2 /m + c= 0 , we can shew 

If the equation of the circle be x 1/ 70 > tUat the equation 

in a similar manner (b y —< ^ „ hi ch „a„ 

of the line joining the points of contac 

through <*, ✓) V + ^ + the tw0 tan- 

If the points (a, j/]I he and /*'. *' " iU 

gents will be real, and the c - ^ within the 

all be real. If however the pomt * but> eve,. 

circle the two tangents will M o u a rc al 

in this case, the line whose a real lino 

line when d and if are rea . nt . lc t of the two imagi- 

joining the imaginary p-*mts of ‘ infc w ithin the 

nary tangents which can be drawn iiom a 1 

*tf. The straight Bn.™ 
^^^T^cal.^ the Pdar of that pond 

with respect to the circle. tangents to a circle at 

The point of intersec, ,on of l e Ungc (iun rf the c „,, 

the (real or imaginary) po «t^ . hut l m e with 

and a straight line is called Hie poie 

respect to the circle. 
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77. Let TP, TQ be the two tangents to a circle from 
any point T. Let Q move up to and ultimately coincide 
with the point P, then T will also move up to and 
ultimately coincide with P, and the tangents TP, TQ 
will ultimately coincide with one another and with the 
chord PQ. That is to say, the polar of T, when T is on 
the circle, coincides with the tangent at that point. 



This agrees with the result of Art. 76. For the 
equation of the polar is of the same form as the equation 
of the tangent, and hence the polar of a point which is on 
the circle is the tangent at that point. 

78 If the polar of a point P pass through Q, then 
will the polar of Q pass through P. 

Let P be the point (x\ y'), and Q be the point ( x". y"). 
and let the equation of the circle be x 3 -f y 3 — a 1 = 0. 

The equations of the polars of {x, y) and (x', y") are 

nd +yy* - a> = 0.(i), 

and xx” + yy" -or = 0.(ii)[ 

If Q be on the polar of P, its co-ordinates must satisfy the 
equation (l); J 

x"x' + yy _ a 3 _ o ; 

but this is also the condition that P may be on the line 
(n), that is on the polar of Q, which proves the proposition. 

the I nole b nf a ^hJT fc 0n ,u fixed strai S hfc and P be 

roLmh P fnr l ' ' tHen the P° lar of Q pass 

t:Hfh Q.‘ by SU PP° SI “°“ “>e polar of P passes 

Conversely, if through a fixed point P any straight line 
bo drawn, and Q be the pole of that line ; then “nee P is 

stra '-hUino f Q ' I P °i Int Q '" U5t al ' va 7 3 lie on a fixed 
straight line, namely on the polar of P. 
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If the polars of two points P, Q meet in R, then R is the 
pole of the line PQ. 

For since R is on the polar of P, the polar of R goes 
through P ; similarly it goes through Q ; and thereto!e it 

must be the line PQ. 

79. To give a geometrical construction for the polar of 
a point with respect to a circle. 

Let the equation of the circle be 

+ = 

and P be any point, and let the co-ordinates of P be x',if. 
The equation of the polar of P with respect to the 

circle is ,.. 

xx + yf - 0‘ = 0 . 

The equation of the line joining P to 0 , the centre ot 
the circle, is 

£_ U. = o.(ii). 

We see from the equations (i) and (ii) that the polar of 
any point with respect to a circle is perpenc icu ar o 
line joining the point to the centre ot the cm e. 

If ON be the perpendicular from 0 on the polar, 


also 


°X=j=7T=^ : 

Wx - + >J- 

OP = f.r- + f -; 


[Art 31.] 



s. c. a. 
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We have therefore the following construction for the 
polar. Join OP and let it cut the circle in A ; take N on 
the line OP such that OP : OA :: OA : ON, and draw 
through N a line perpendicular to OP. 

Ex. 1. Write down the polars of the following points with respect to 
the circle whose equation is x* + y 2 =4, 

(i) (2,3), (ii) (3,-1), (iii) (1,-1). 

Ex. 2. Find the pole of 2x + 3y - G = 0 with respect to the circle 

x2 + i/2_5 = o. 

[If (x 7 , y ) is the pole, the given line is the same as xx 7 + yy' - 5 = 0. 

„ x' y' 5 

Hence 2 = 3 = 6‘ 

Tlius tho point is (§, ft).] 

Ex. 3. Find tho poles of the following lines with respect to the circle 
whose equation is x 2 + y 2 = 35, 

(i) 4x-fGy-7 = 0, (ii) 3x-2j/-5 = 0, (iii) az + by -1 = 0. 

Am. (i) (20, 30), (ii) (21, -14), (iii) (35a, 356). 

Ex. 4. Find the co-ordinates of the points where the lino x = l cuts 
the circle x 2 + y' 2 = i; find tho equations of the tangents at those points, and 
shew that they intersect in the point (4, 0). A ns . (1, s /3), (1, -^/3). 

Ex. 5. Find the co-ordinates of the points where the line3x + 4?/ = 25 
cuts the circle ar* + j/ 2 -50 = 0; lind the equations of tho tangents at 
those points, and shew that they intersect in the point (G, 8). Write 
down the equation of the polar of the point (G, 8) with respect to the 
circle. 

Ex. 6. If the polar of the point (x\ y ') with respect to the circle 
x- + y l — a- touch the circle (.r - a)- + j/- = a 2 , shew that (x', y r ) is on the 
curve given by y 2 -r2ax = a 2 . 

SO. To find the polar equation of a circle. 

Let C be the centre of the circle, and let its polar 
co-ordinates be p, a, and let the radius of the circle be 
equal to a. 

Let the polar co-ordinates of any point P on the curve 
be r, 0. 

Then CP- = OC- + OP- - 2 OC. OP cos COP. 

But CP = a, OC = p, OP = r, Z A' OC = a, zXOP = 0; 

a- = p- + r- — 2 rp cos ( 6 — a).(i), 

which is the required equation. 
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If the origin be on the circumference of the circle p - a, 

and we have from (i) 

r = 2a cos (0 — a).\ n 

If, in addition, the initial line pass through the centre, 
a will be zero, and the equation will be 

. . ( m) - 


r = 2a cos 



From equation (i) we see that if’V^e t^ tjwovalues 
of r corresponding to any paiticnlai \ a > 

r, r- = p' - . .' ’ 

so that r x r 3 is independent ot 0. , • . t i: no 

This proves that, if from a fixedpoint * ? )e d by 

be drawn to cut a given circle, the recta g 

the segments is constant. . . . .. r : rc j e 

From (iv) we see that if the origin >e \w different 

in which case p is less than a, ri . an ' - directions, as is 
signs, and are therefore drawn in different duectio. , 

geometrically obvious. 

OitTiioGONAL Cikcles. 

81. Tofaul the condition that the two circles 

*+f + 9a5+V.3+«-.° und f+r+^+^ +t ‘ 

may cut one another at right any les. 

The centres of the two circles am 

and (- 3 „-/ 5 ) and the squares of the radii are p, J 

and g? -f // — c c . 
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Now the circles cut at right angles if the square of the 
distance between the centres is equal to the sum of the 
squares of the radii. 

Hence the required condition is that 

- ffo)- + (/, -f 3 y = g? +/, a -c, + g? +fS - c 2 , 

which reduces to 

2(7, g 2 + 2/,/ 2 - c, - c.. = 0. 

Or thus: The tangents at a common point (x,, y x ) are 

xxi+yyi+0i(*+xi)+fi (y+]h)+c i=o, 
and xxj -f- yy x + g 2 (x + x,) +/ 2 (y + y t ) + c 2 = 0. 

These are at right angles, if 

( x i + 9 \) ( x i + 0s) + (j/i +/i) (*/i +/t) = 0» 


i.e. *i 2 + !/i 2 + *i (9i +02) + l/i (fi+h) + 9\9z+f\h=Q .(*)• 

But, since (x Jt y x ) is on both circles, 

J i 2 + J/i 2 +2<7,X| + 2/|i/i + ci = 0.(ii), 

and x 1 2 + j/, 2 +2<72 Ji+ 2/ 2 »/ 1 + C 2=0 .(iii). 


Multiply (i) by 2 and subtract the sum of (ii) and (iii); then we have, 
as above, 

2.7,02 + 2 / 1/2 — c, — c 2 =0. 

82. To find the length of the tangent drawn from a 
given point to a circle . 

If T be the given point, and TP be one of the 
tangents from T to the circle whose centre is G, then we 


know that the angle CPT is a right angle; 

.-. TP- = CT 2 — CP* .(i). 

Let the equation of the circle be 

(x - af + (y- by - c= = 0.(ii), 

and let the co-ordinates of T be x, y. 

Then CT- = {x r - «)- + (/ - by ; 

therefore from (i) we have 

tp-- = o' - 0)=+(/ - by - c-- .(iii). 


TP 2 is therefore found by substituting the co-ordinates 
x, y in the left-haud member of the equation (ii). 
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We see, therefore, that if S = 0 be the equation of a 
circle (where S is written for shortness instead of a-+ 7 
- 9 ax + 2 fv + c), and the co-ordinates of any point be sub¬ 
stituted in S, the result is equal to the square of the length 
of the tangent drawn from that point to the circle, 01 
rEuclid ill. 37] to the rectangle of the segments of chord* 
drawn through the point. If the point be within the circle 
^ rectang"! is negative, and the length of the tangent 

imaginary. 

If the equation of the circle be 

Aur + Ay- + 2 Gx + 2 Fy + C = 0, 

to find the square of the length of the tangent from a„y 
point to the circle we must divide by A and then substi 
tutc the co-ordinates of the point from which the tangent 

is drawn. 

To find the equation 0 / the pair of tangents drawn to the circle 
J -2 + y'i - a‘ 2 = 0 from any point. 

Lot TP. TO l>e tlio tangents drawn from (x\ y ). 

Then if x", > 1 " are the co-ordinates of any point Ii on either tangent, 
on Tl> suppose, and TL, RM aro perpendiculars on PQ, we h»%e from 

similar triangles 2 -/>a . RP*=TL* : HUP - .<>)• 

Now the equation of PQ is 

xx' + iji/ -a-=0. 

Hence TV/RU* = {** + V* - * i m*'*" + V'j" ~ 

And from Art. 82 

T1*IRP* = (x' i + y' 2 -a 2 )H-r - + >J " - ,j2 )- 

Hence, from (i), , „ 

(x ”2 + y" 2 _ < i-’)(jr '2 + ! /'2-a-')-(x'x + 'J >J - a*) -0. 

Thus any point on either tangent is on the locus 

( j-2 + V 2 _ at) (x'2 + J/' 2 - a 2 ) - (XX + J IU - = °- 

which is the equation required. 


Radical Axis of Two Circles. 
83. If ar + if + ^gx +2/y + c =0.... 

be the equation of one circle, 

and + f + -0 X + ' 2 f'J + c ' = 0 •" * 


(ii) 





90 


THE CIRCLE 


be the equation of another circle, the equation 
a? -f y 1 + 2 gx + 2fy + c = a? + y* + 2fx + 2 f'y + c'.. .(iii) 

will clearly be satisfied by the co-ordinates of any point 
which is on (i) and also on (ii). Equation (iii) represents 
therefore some locus passing through the points common to 
the two circles. 

But (iii) reduces to 

2 (9 - 9') * + 2 (/-/') y + c “ c ' = 0 .< iv >' 

which is of the first degree, and therefore represents a 
straight line. 

Hence (iii), or (iv), is the equation of the straight line 
through the points common to the circles (i) and (ii). 

Although the two circles (i) and (ii) may not cut oue 
another in real points, the straight line given by (iii) or by 
(iv) is in all cases real, provided that g,f c,g,f , c are 
real. We have here therefore the case of a real straight 
line which passes through the imaginary points of inter¬ 
section of two circles. 

Another geometrical meaning can however be given to 
the equation (iii). 

For if S = 0 be the equation of a circle, in which the 
coefficient of a? is unity, and the co-ordinates of any point 
be substituted in S, the result is equal to the square of the 
tangent drawn from that point to the circle S= 0. [Art. 82 ] 

Now if x, y be the co-ordinates of any point on the 
line (iii) the left side of that equation is equal to the 
square of the tangent from (x, y) to the circle (i), and the 
right side is equal to the square of the tangent from (a*, y) 
to the circle (ii). 

Hence the tangents drawn to the two circles from any 
point of the line (iii) are equal to one another. 

Def The straight line through the (real or imaginary) 
points of intersection of two circles is called the radical 
axis of the two circles. 

From the above we see that tlie radical axis of two 
circles may also be defined as the locus of the points from 
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> 


which the tangents drawn to the two circles are equal in 

^The co-ordinates of the centres of the two circles are 
-/ and respectively: the equal,on of the 

line joining them, therefore, is 

x + g __ y+J 

9-9 f-f 

which [Art. 30] is perpendicular to the line (iv). 

Hence the radical axis of two circles is perpend,cular 
to the line joining their centres. 

84. The three radical axes of three circles taken in 

nail's meet in a point. . , 

if c _ n S’' = 0 S" = 0 be the equations of three circle. 

If S — ')> ^ > a* ' f nf unity) the cquqt 

^ be 

The equation of the radt/aJ of the second and third 

wiH be S'-S' = 0. 

Aud of the third and first will be 

tf^e ttXrate^d 

Co-axal Circles. 

*85 To find the equation of system of cades eve) J 
pair of which has the sarne ^en for the axis of,, 

<* ** ***** (WnttGU m thG 



92 


THE CIRCLE 


standard form in which the coefficient of a? is unity) can 
only differ in the coefficient of tf. Thus the general equa¬ 
tion of the system of circles, such that the radical axis of 
any pair is x = 0, is 

a? + y- + 2gx 4- 2/y 4- c = 0, 

where / and c are the same for all the circles. 

If the origin is changed to (0, -/) the required equa¬ 
tion takes the form 

x? 4- if 4- Zgx 4- c = 0.(i), 

where c is the same for all the circles and g is different for 
different circles. 

The radical axis cuts the circles in real points if c is 
negative, and in imaginary points if c is positive. 

The equation (i) can be written 

(x 4- g) 2 + f = f-c. 

Hence, if g be taken equal to 4 \fc the circle will reduce 
to one of the points (+ Vc, 0). 

These point-circles are called the limiting points of 
t he system of co-axal circles. 

When c is positive, that is when the circles themselves 
cut in imaginary points, the limiting points are real, and 
conversely, when the circles cut in real points the limiting 
points are imaginary. 

It follows at once from the condition found in Art. 81 
that the two systems of co-axal circles given by the equa¬ 
tions 

a* + y- + 2 gx 4- c = 0, 

and xr + if + 2 \fy — c = 0, 

where c is the same for all the circles, ate such that anv 

* 

circle of one system cuts orthogonally all the circles of the 
other system. 

These two orthogonal systems are such that the common 
points of one system are the point-circles of the other. 
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In the figure below one system of circles is represented 
by full lines and the other by dotted lines. 


TfS = 0 and S' = 0 be the equations of two circles 
for different values of X, represent aU 
MS MpJtUrouftl« points^common to S- 0 and 

r-o. 

For, if S = 0 and S' = 0 be ^ n ^ 

a? + ty 2 + 2gx+2fg + o - .' * 

*» + if + 2 \gx + 2/y + c = 0.(“)> 

dien will £ —X»S" = 0 be ,,, , -i 

a? + y- + 2gx + 2fy + c - \ (** + T+-9 . 

Now (iii) is clearly the equation of a circle, whatever X 

TfiWirfL- «r . .. 

passing through the points common to S- 0 and 

w 5X" S 
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S — \S' = 0 represents all the circles through the inter¬ 
sections of S = 0 and S' = 0. 

The geometrical meaning of the equation S — \S' = 0 
should be noticed. From Art. 82 we see that any point 
whose co-ordinates satisfy the equation S = \S' is such that 
the square of the tangent from it to the circle S = 0 is 
equal to X times the square of the tangent from it to 
S' = 0. We have therefore the following proposition— the 
locus of a ‘point which moves so that the tangents from it 
to two given circles are in a constant ratio , is a co-axal 
circle. 

87. If 0, O' be the centres of two circles whose radii 
are a, a' respectively, the two points which divide the 
line 00' internally and externally in the ratio a : a' are 
called the centres of similitude of the two circles. 

The properties of the centres of similitude are best 
treated geometrically. 

The most important of the properties are (1) Two of 
the common tangents to two circles pass through each 
ceutre of similitude; (2) Any straight line through a 
centre of similitude of two circles is cut similarly by the 
two circles. 


EXAMPLES. 

1. Find tho length of the tangent drawn from the point (2, 5) to the 
circle x- 4 - j/- - 2x - 3?/ - 1 = 0. 

Also the length of the tangents from (1, 1) to the circle 

4x 2 4-1 ir - 3x - 1 , - 7 = 0. A ns. 3, 2 J3. 

2. Find the equation of the circle through the points (3, 01, (0, 2) and 

(-1,1); and tied the value of the constant rectangle of tho segments of 
all chords through the origin. Alls. 

3. Find the radical axis of tho circles x- 4 -j/ 2 4-2x4-3y - 7 = 0 and 

Z 3 4-J/ 2 -2x-j/4-l = 0. An*. x4-*/-2 = 0. 

4. Find the radical axis of the two circles x- 4 - xj 2 4 - lx + by - c = 0 and 

ax~ + ay* + (i*x + b-y=0. ca „ 

Ans. ax - by 4 -- = 0- 

a- b 
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5 Find the radical axis and the length of the common chord of the 

circles x* +! ,* + « + tjf + « * 0 and *• + + «y + c - . 

Ans.x- >/ = 0, + * » 

6 . Shew that the three circles ‘» J .„2 4 .i9 }/ + 24-0 

>t 2 + ^2 + 3 j- + Gy 4- I2 = 0,x 2 + j / 2 + 2x + 8 j/ + lO = 0,andx- + y 2 + l^j/ + 24 — 0. 
have a common radical axis. 

7. Find the radical centre of the three circles 

x* +■ y- + 4 .r + 7 = 0 , 2 x 2 + 2»/ 2 + 3 x + 5y + 9= 0 , and 

8 Find the common tangents of the circles 

jS + jtsl and (x-l)*+(y-3)- = 4. 

[The line /x + my + »« = 0 touches both circles if 
„ 2 n= ± (Z + 3m + n). 

e if‘z + 3 m-« = 0; then (I+ 3*)**!* + «*. — 0 or 8 l + 4»- • 

When m = 0 , Z = « and the equation is x +1-0. 

When :;/= - 4m, 3,. = 5m and the equation is 4.r-3j/ o-U. 

Again, if l + 3 m + 3n = 0 ; then 1 = 0 or 41*3*. 

When 1*0, m= -»* and the equation is y •', 4 (f _6-0 1 
And when 4Z = 3m, 4- -5m and the equation » 3x.4, - 

. r tho straicht lines which touch both the 

9. Find tho e., U « l ;o n » of th« » r « tll0 co-ordinates of the 

circles x 2 + J/- = 4 and (x-4)* + y -*• 

centre, of similitude. ii<1i ^, 1 . !) - 3=0 ; 0) , <j, »). 

10. If the length of the tangent 

twice the length of the tangent from (/. 0) to the 
then will /2 + J , 2 + 4/4 4r; + 2-0. 

n. H ...u um- - •vtsj fiit -« 

** + y 2 + 2*_0 be thu e turn, «■ that the poi ut must be ou the 

point to the circle x- + !/ 

tiou of the circles x- + y +-* + *!/ ^ x 2 + ,/ + 4x - 7y + 5*0. 

X 2 +«/'-- 4 = 0 and x 2 +»/ ^ y ^ IU . xZ + y*-X-Jy—& 
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*88. Some of the following examples are of import¬ 
ance. 

(1) The polars of any fixed point with respect to a series of co-axal 
circles past through another fixed point, and the polar of one of the 
limiting points of the system is the same for all the circles . 

The system of circles is given by the equation 

x 2 + j/ 2 +2ax + c=0.(>)> 

where c is the same for all the circles [Art. 85]. 

The limiting points of the system are (±*Jc, 

Let the co-ordinates of the fixed point be (/, g), then the equation of 
the polar with respect to (i) will be 

xf+yg + a (x+/) + c = 0.(”)• 

And, whatever the value of a may be, the straight lino (ii) always 
passes through the point given by xf+ yg + c = 0 and x+/=0. 

If/=± x /c and g = 0, equation (ii) reduces to / (x +/) + n (x +/) =0; 
and therefore x+/= 0. 

lienee the polar of one of the limiting points is the line through the 
other limiting point parallel to tho radical axis. 

(‘2) If ABC he any triangle, and A'B'C' be the triangle formed by the 
polars of the three points A, B, C with respect to a circle, so that B'C’ is 
the polar of A, C'A' is the polar of B, and A'B' is the polar of C; then will 
the three lines AA', BC, CC' meet in a point. 


Let the equation of the circle bo 

x 2 + y 2 =a 2 .(i), 

and let the co-ordinates of the points A, B, C be x', y'; x", ?/"; and x'", y"' 
respectively. 

Then the equations of the three lines B'C, C'A', A'B' will be 


xx' + yy' - «'- = 0 .(ii), 

xx" + >iy"-a- = 0 .(iii), 

and xx'" + yy'" -a- = 0 .(iv). 

AA' is a line through the intersection of (iii) and (iv), its equation is 
therefore [Art. 33] included in 

xx" + >jy" - « 2 = X (xx'" + yy"' - a 2 ). 

We find X by making tho above line pass through .1, whose co-ordinates 
are x', y ’; we get therefore 

x x" + y'y" - a- = X (x'x'" + y'y'" - a 2 ). 

Hence the equation of A A' is 

fxx" + yy"-a 2 )(x"'x' + y"'y'-a-)-(xx'" + yy'"-a 2 )(x'x" + y’y" - a 2 ) = 0...(v). 
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The other equations can not, be tvritten down (torn symmetry. 

They will be , _ a z\ = Q..Avi), 

(f x''' + /r-« 2 )(^' + ^''- a )' ( ^ + yy )( f 

(xx'+yj/ -a )(* * +J y .. when added together vanish 

Since the three equations 'M A sented by those equations 

identically, the three lines A A , BU , CO P 

,Ue torus of the middle pom, of PQ • io „ s of ,he circles be 

Let 0 be taken for origin, and let tnc eq 

[Art. 80] r = 2a C03 (0 _ a) , and r=26 cos (0 - d). 

Then, for any particular value of 0, 

OP=‘2a cos (0-a). 

, 00 = 26 cos (0-/3>. 

and n 

If R be the middle point of PQ, 

0R = k (OP+OQ) ; 

... 0 R = a cos (0-a)+ bcos(0-p)- 

The locus of R is therefore given by 

The iocu. is therefore " 

where A and D arc gi«tn by the ”‘l u B = „ sin a + h sin (!• 

1 - — 00S .“ + ‘“;l ‘ eiret . circune'crihiiKJ a ,nan,j„ ABC. 

j:L^rjrr.: -V* - ^ " ,e ;v "° / 

-r eh “ ,ni ‘“ l 

or the points A, B, C be a, * V ~»~ 
U ’te line BC is tbe line ^f 

M ttssr* i-i * „ r th “ 3 ob “ m 
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Hence <p=p+y, and p = 2 a cos p cos 7 . The equation of BC is therefore 


2a cos p cos 7 = r cos (0-/9 - 7 ) .(i)- 

Similarly, the equations of CA and of AB will be respectively 

2 a cos 7 cos a = r cos ( 0 - 7 - a) .(ii), 

and 2a cos a cos/3 = r cos (0 -a- P) .(iii). 


The co-ordinates of the feet of the perpendiculars on the lines (i), (ii), 

(iii) , from the point 0, are 2a cos p cos 7, £ + 7; 2a cos 7 cos a, 7 +a; 
and 2a cos a cos p, a + p. These three points are all on the straight line 
whose equation is 

2a cos a cos p cos 7 = r cos (0 - a - p - 7).(iv). 

The line through the feet of the perpendiculars is called the pedal line 
of the point O with respect to the triangle. 

Let D be another point on the circle, and let the angular co-ordinate 
of D be 0. The four points A, B, C, D can be taken in threes in four 
ways, and we shall have four pedal lines of O corresponding to the four 
triangles. We have found the equation of one of these pedal lines, viz. 
equation (iv). The equations of the others cun be written down by 
symmetry; they will be 

2a cos p cos 7 cos 5 = r cos (6 - p - 7 - 5).(v), 

2a cos 7 cos 5 cosa = r cos (0 - 7 - 0 - a) .(vi), 

and 2a cos 5 cos a cos p = r cos (0 - 5 - a- p) .(vii). 

The co-ordinates of the feet of the perpendiculars from 0 on the lines 

(iv) , (v), (vi) and (vii) will be 2a cos a cos p cos 7, a + p + y, and similar 
expressions. These four points are all on the line whose equation is 

2a cos a cos p cos 7 cos 5 = r cos (0 -a-p-y-S). 

This proposition can clearly be extended. 

(5) To find the equations of the lines bisecting the angles between the 
straight lines ax 2 + 2hxy + by- — 0. 

Through the intersections of the given straight lines and any circle 
x- + 2 xg cos a) + y- - r- = 0, whose centre is their point of intersection, two 
pairs of parallel straight lines can be drawn, each pair being parallel to 
one of the required bisectors. 

Now ax- + 2hxy + by- + X (j' 2 + 2xy cos w + y 2 - r 2 ) = 0 .(i), 

clearly passes through the points of intersection of the circle and tilt 
straight lines, and (i) represents two parallel straight lines parallel to 
those given by 

(a + X) x- + 2 (/< + \ cos w) xg + {b + \) y*=0 .(ii), 

provided that the left-hand member of (»i) is a perfect square, the 
condition for which is 

(a + X) (b + X) - (/»+ \ cos w)2 = 0.(iii). 
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Moreover when the condition (iii) U the peir of coincident 

lines represented by (ii) are given by 

l(a + X)* + (J» + *c° Sw m‘- 0 ’ 

or by {(h+Xcosc) * + (» + *) »>*=«■ 

Hence either of the reared bisec.ore .. g.ven b> 

ax + hy + \(x + y cos «)*«• 
or by hx + by + \( j/ + *cos a,) = 0. 

“ ;:r;'~ ^ 

e^tionoft^^^ 

U, o/^cn c„u a 

(0) A, Ii, C, D are the centra o/.oj ^ ^ ^ ^ 

, -»•» a- 1/2 - 2 GX - 22 * J/ + G — u» 

let the circle x + ^ 

be cut orthogonally by .,_ ft . 

x 2 + y ^2y i x-2Ay + h i =°> &c - 

Then we have 


Hence 


Offi + l'/\ - c ~ t i' = ®’ 

+ &C ' 
! ft. /.. i. * = 0> 

<72* /a» 11 <3 * 

03. /»• ** 

04. /<• f, ‘ 


■7,; ‘Vr;!’c7 nrc nnp/oncpoh,.. on - crefe ond 0 o„y P»« 
the plane of the circle, then will /,„* A 4 BC= 0 . 

Od*. ACCK - ob 2 . dCDd+oc 2 . ao.tc - oo . 

Deduce Ptolemy’s Theorem. 

Take 0 for origin, and let A be (*i. in) &c - 


x 2 + ])" » 

* , !/• 

X-j 2 + J/ 2 2 . 

X 2 , 1/2. 

X 3 2 + !/j 2 » 

^3. !/3* 

*4* + If* 2 i 

X|. !/«> 
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If this passes through , yi) we have 

OAS x, f y u 1 = 0 , 

! OBS x 2 , yn, 1 
| OC 2 , * 3 . J/ 3 . 1 
i OD 2 , z 4 , i/ 4 , 1 I 

i.e. 0.I-. ABCD-OB 2 . ACDA + OC 2 . ADAB - OD 2 . AABC=0. 

The above holds good for all positions of 0. Hence, if P, Q, B, S 
are any four points in the plane of the circle ABCD, we have 

PA°-. A, - PBP . A 2 + PCS. A 3 - PD 2 . A* = 0, 

QA- A, - QB 2 . Ao + QC 2 . A 3 - QD 2 . A 4 = 0, Ac. 

Hence, eliminating A,, A 2 , A 3 aud A 4 , wchave 

PA 2 , PIP, PC\ PD 2 = 0, 

QA 2 , QBS QC 2 , QD* 

BA 2 , BB 2 , BCS BD 2 
S^ 2 , SP 2 , SC 2 , SP 2 

whore -I, B, C, D are on a circle and P, Q, B, S any four points in the 
plane. 

Now suppose P to coincide with A, Q with B, Ac. 

Then 0 , ABS ACS AD 2 =0, 

PJ 2 , 0 , BCS BD 2 
CAS CB *, 0 , CD 2 

P.I 2 , DP 2 , PC 2 , 0 

i.o. JP.CP±JC.PP±^P.PC=0, 

which is Ptolemy’s Theorem. 

( 8 ) Prove that, if Oj, 0 2 , 0 3 , 0 4 are Pic centres, and rj, r 2 , r 3 , r 4 
Pic radii 0 / Pie circles PC'P, CP.l, DAB, ABC where A, B, C, D are any 
fair points in a plane, then ir ill 

(A O 2 - - (BOP - rP)~ l + (C0 3 2 - ra 2 )-' - (P0 4 2 - r 4 *)-* = 0. 

[Tr. 188G.] 


The circle BCD is x 2 + y-, 

x , 

’/ » 

1 

xP + yP , 

* 2 . 

V2, 

1 

xp+ijr. 

*3. 

1/3. 

1 

xf+mS 


1/1. 

l| 


N ow A Ur - r{- = X, 2 + ;/ , 2 , 

Xlt 

I/I. 

1 

"5" t/2, 1 

1 xP + yP, 

X-i, 

I'it 

I 

J-3. J/3. 1 

I 

xf + UsS 

X'S * 

1/3. 

1 

x*. y\, 1 1 

. xf+mS 

X t , 

*/l» 

1 
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Hence SUO^-rfl-^O provided 
| x 2 , yo, i j - x i» 1 

J-3, !/3» 1 X 3’ ^ 3 ’ 1 

J;, */4» 1 I !/<* 1 

i.eif , 11 • 

1 , x-j. !/a» 1 

i, j-3. u 3. 1 

1 , J- 1 . !/4. 1 


+ J-,. 2/1. - r '- y" 1 | 

x 2 . £/,*. i x -> *• 1 , 

,r t , 1 x 3 , 2/3. 1 I 

2 /.. 1 i = °- 


Examples on Chapter IV. 

1. A point moves so .hot .he “ £3 

a fixed point varies as its perpendicular distance 
straighUine; shew that it descries a circle. 

2. A point moves so tint the sum ot 
distances from the four sides of a s« t u 
that the locus of the point is a circle. 

3. The locus of a point, the sunt of ^ »< 
distances front n fixed points ts constant, ,s a one 

4. A. flare two fixed points, ^" 3/ ' i ,"|''’' t "sh<w alsn 

M-n. PB i shew that the locus o a 

that, for different values of «, all tut 

radical axis. . f . 

5. Find the locus of a point 

square of its distance from the “ from tlic other 

U equal to the rectangle under its d,stances 

sides. _ . 


c *u circle circumscribing 

6. Prove that the equation of t 2 * + y=**. aml 

the triangle formed by the lines x + y > 

" +22/ = 5 ^ cc 2 + — 17a;- 19y + o0 = 0. 

, • f the circle whose diameter is the 

7. Find the equation of the tire 

common chord of the circles - 

ar‘ + y 2 +2ac+3y+I=0, and + r + 4, + + - =0. 
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8. Find the equation of the straight lines joining the 
origin to the points of intersection of the line x + 2y — 3 = 0, 
and the circle a? + if - 2x - 2y = 0, and shew that the lines are 
at right angles to one another. 

O O 

9. Any straight line is drawn from a fixed point 0 meeting 
a fixed straight line in P, and a point Q is taken on the line 
such that the rectangle OQ.OP is constant; shew that the 
locus of Q is a circle. 

10. Any straight- line is drawn from a fixed point 0 
meeting a fixed circle in P , and a point Q is taken on the line 
such that the rectangle OQ . OP is constant; shew that the 
locus of Q is a circle. 

11. The equations of four straight lines are respectively 

x - y - 2 = 0, 2x—y- 3 = 0, x+4y — 6 = 0 and x + 5y — 8 = 0. 

Prove that the extremities of the three diagonals are (1, - 1) 
and (-2, 2); (2, 1) and (3, 1); and (V» j) and (f§, }£). Hence 
prove that the three circles of which the diagonals are diameters 
are co-axal. 

[The radical axis is 6x + y — 11 = 0.] 

12. Find the equations of the circles on the three diagonals 
of the quadrilateral the equations of whose sides are respect¬ 
ively y— 1=0, x — y + 1 =0, x + by — 11 = Oand 3 x + y - 13=0, 
and shew that they are co-axal. 

[The radical axis is 2a* + y - 8 = 0.] 

13. Prove that the equation of two given circles can 
always bo put in the form 

x 2 + y- + ax + 6 = 0, ar + y 1 + ax + 6 = 0, 

and that one of the circles will be within the other if aa! and 
6 are both positive. 

14. The distances of two points from the centre of a 
circle are proportional to the distances of each from the polar 
of the other. 

15. If a circle be described on the lino joining the centres 
of similitude of two given circles as diameter, prove that the 
tangents drawn from any point on it to the two circles are in 
the ratio of the corresponding radii. 
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16 Find the locus of a point which is such that tan- 
oente from it to two concentric circles arc inversely as their 

radii. 

17. The common tangents of the circles nr' + y + 2* = 0 
and ar+y--6x = 0 form an equilateral triangle. 

18 The circle ** + if + 2 <jx - V = 0 is cut by the line .r = c 

IS. 1 no circle r , luct 0 f the perpen- 

diculais from (0, 6), (0,-6) on the tangent at / o. 1 » equal 

to c” for all values of <j- 

19 A point moves so that the sum of the ' ot 

distances from the sides of a regular polygon is constant, 

that its locus is a circle. 

centre of the circle. 

21. The polar equation of the circle on («, ■*). (!>, t 3 ) “ s 
diameter is 

r= - r \a cos (0 - •) + 6 cos (0 - /})) + ab cos (a 

the^points'of MET hm 

whose equations are 

,• = 2 a cos and r cos (0 - p) -= l >• 

Deduce the value of p -hen the straight line bee .. - 

tangent. 

23. Find the co-ordinates of the centre/£ s t ^ ,,,sC 
circle of tlio triangle the equations of hus 

3x — ii/ = 0, lx - 24y = 0, and ox-V2y-^> °- 

24. Find the locus of a 

respect to two given circles make a „ 

another. 



104 


THE CIRCLE 


25. From any point on the radical axis of two circles 
tangents are drawn, and the lines joining the points of contact 
to the centres of the circles are produced to meet; find the 
equation of the locus of the point of intersection. 

2G. If the four points in which the two circles 
a? + y- + ax + by + c = 0, ar + y- + ax + b'y + c = 0 
are intersected by the straight lines 

Ax + By + C = 0, A'x + B’y + C' — 0 
respectively, lie on another circle, then will 


a - a', 

b-b\ 

c —c 

A, 


C 

A’, 


C' 


27. A system of circles is drawn through two fixed points, 
tangents are drawn to these circles parallel to a given straight 
line; find the equation of the locus of the points of contact. 

28. If A, B , C be the centres of three co-axal circles, and 
L, t 3 be the tangents to them from any point, prove the 

relation 

BCt*+CAL? + ABL- = 0. 

29. If t :i bo the lengths of the tangents from any 
point to three given circles, whose centres are not in the same 
straight line, shew that any circle or any straight line can be 
represented by an equation of the form 

Atf + Bt* + Ct 3 -= D. 

What relation will hold between .1, B , C for straight lines? 

30. The locus of the centre of a circle which cuts three 
given circles at the same angle is a straight line. 

31. The locus of the poles of the line xjh + yjk— 1=0, 
with respect to the circles which touch the rectangular axes is 
given by the equations 

(Lx - by) (hy - k.r) + hk (/, + k) (.«: ±y) = 0. 

o2. Prove that all circles touching two fixed circles are 
orthogonal to one of two other fixed circles 
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oo If two circles cut orthogonally, prove that an >"de- 

two circles. 

34. If the equations of two circles whose radii are a, a' be 
£ = 0 /S" = 0 , then the circles 

a a 

will intersect at right angles. 

A BS SrJFZriS 

touches one of the two circles 

32E££5: “ £ pother Used circles. 

, ■ n. trian"le are respectively 

36. The angular points < f a an io ‘„ of the 

(0 0) (48, *20) and (0.5, 0), P«ove 
nine-point 2/ _ 159 . r _ 5%+ 3024 =0, 

and that the equation of the inscribed circle ‘S 

ys +y-- 90x — 18y + 202o = 0. 

Prove that the two circles touch one another. 
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Miscellaneous Examples I. 

1. Shew that the origin is within the triangle whose 
angular points are (2, 1), (3, -2) and (-4, -1). 

2. One corner of a square is at the point (3, 4) and one 
diagonal is along the line 3# + 4y = 20. Prove that the centre 
is (-’g 2 -, V')» an d that the two vertices which are on the given 
diagonal are - 1 /) and (§, #)• 

3. Find the locus of the centre of a circle which passes 

through the point (0, 0) and cuts off a length 2 1 from the line 
o: = c. Ans. y- + 2 cx = c a + l 2 . 

4. Find the equation of the circle whose radius is 3 and 
which touches the circle .r 2 + y 3 — 4x— Gy — 12 = 0 internally at 
the point (—1, -1). Ans. 5ar + by 1 — §x — 14y — 32 = 0. 


5. Find the area of the triangle whose sides lie along the 
three lines whose equations are 

x-y + \ =0, x + y -7 = 0 and .r-3y+4 = 0. Ans. 2£. 

G. Find the equation of the line joining the point of 
intersection of 3* + 2y + 1 = 0 and a: + y-3 = 0 to the point 
of intersection of 3x -j- 2y — 1 = 0 and x + y — 5 = 0. 

Ans. 2.r + y+4=0. 

7. Find the equation of a circle whose radius is 5 and 

which touches the circle ar + y 3 - 2x - 4y - 20 = 0 externally at 
•he point (5, 5). Ans. ar + y*-lSx- 16y + 120 = 0. 

8. Find the equation of the circumcirclo and of the in¬ 
scribed circle of the triangle formed by the three lines given 

hv .ry (3 j; + 4y —12) = 0, and shew that their radical axis is 
2x + y + 1 = 0. 

9. Prove that the lines through the point (3, 4) which 
make an angle of 45° with .c + iy - 10 = 0 are 3x - 5y + 11 = 0 
and ox + 3y — 27 = 0. 
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10. Find the equation of the two straight lines which 
together with those given by the equation 

6x2 - xy -y 2 + * + 12y - 35 = 0 

will make a parallelogram jhose 
origin. an*. j 

11 . Prove that, if OP, OQ are the ^gents £™n, (0, 0) 

to the circle nr + if + + 1fu * c = 0 , the equatio 

circle OPQ is ar + f + gx *fy = 0 - 

12. Find the equations of the two tangents which can be 
drawn from the origin to the circle 

x 2 + y 5 + 10 (x + y) + 40 0 , 

, .i , Au8. tun 

and find the angle between them. 


,3 Find the equations of the diagonal of the rectangle 
formed by the lines whose equations are 

«(x-3) + 6 y = 0, «(*-4) + »y-0, 

bx-a(y- 3 ) = 0 and 

Am. (a-b)x+(a+b)!/=<ia, (« + »)*"(“ 

3 „ * - 0 th :*- 

5 from the origin. « 05 - 0. 

Ans. 3*+4y-25 = 0 and 4*-3y--> 

15. Prove that the two circles 

x 2 + y 2 + 2 ox + c = 0 , 
x 2 + y 2 + 26y + c = 0 , 

touch if l/a 2 +l/& 2 =l/<- 

16. Prove that the orthocentre - 
angular points are (a cos a 

(acosy, a sin y) is the poin triangle divides the 

Hence prove that the centronlofan ta ^ ^ 

join of the circumcentre and orthocentre in 
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17. The centres of the inscribed circle and of the three 
escribed circles in order of the triangle whose sides are 
Ay + 3x = 0, 12y-5x = 0 and y- 15 = 0 are the points (1, 8), 
(-24, 3), (40, -5) and (15, 120). 

18. Prove that the four straight lines given by the equa¬ 
tions 

12ar + Ixy- 12^ = 0, 1 2sr+ ixy — l2y*-x + 7y — l =0 
lie along the sides of a square. 

19. Shew that the circle of which the line joining the 
points (am 9 , 2am), («/m 2 , — 2a/m) is a diameter touches x + a= 0 
for all values of m. 

20. Prove that the four points (aw,, a/m/), ( am 2 , a/vi 2 ), 
(am,, a/m 3 ) mid (am i} a/m 4 ) lie on a circle if m l m s 7ii 3 m i = 1. 


21. Shew that the equation 

abx 1 + (a 2 + b") xy + aby 2 + ab (a — b) (x — y) — a?br = 0, 

represents two straight lines which are equidistant from the 
origin. 

22. Find the equations of the diagonals of the rectangle 
whose sides are given by the equations (3x + Ay)- — 49 = 0 and 
(4* - 3y ) 2 -36=0. 

23. Prove that the points of intersection of the two circles 
x 2 + y 2 - 2cy - a- = 0 and or + y' 2 - 2b:c + « 2 = 0 , the centres of 
the two circles and the origin are on a circle. 

24. Find the common tangents of 

•7 

3? + y 2 - Ax - 2 y +4=0 and *f + ,f + + 2y - 4 = 0. 

x =1, y = 2, 3a; + 4; = 5 and 4*- 3y - 10 = 0. 


CHAPTER V. 

THE PARABOLA- 


89. Definitions. A Conic Section « 

locus of a point which moves so ». d ; stance from a 

fixed point is m a c<) ” sta “ t > 1{ . lt • t • ca || e d a focus, 
fixed straight line, rhe fixed po di ctr [ X and the 
the fixed straight line is called a directn*, 

constant ratio is called the ® ccent ” thafc if a right 

It will be shewn be in all 

circular cone be cut by any p > ^ sec ,i ons of a cone 

cases a conic as defined above. ^ rs * investigated, 

that the properties of these curves were first. - 8 of 

We proceed to find the equal on and >hs. that 

the properties of the simplest o ie' This curve is 

in wmch the eccentricity is equal to unity. 

called a parabola. 

90. To find the equation of a parabola. 

Let S be the focus and let TV be t 0lS ' for 

SO perpendicular to TV and let OS - M. 

the axis of a, and OF for the axis A d fot the co- 
Let P he any point on the curve, 

ordinates of P be x, y. , . axe s, as in the 

Draw PN, PM, perpendicular to the axe , 

figure, and join SP. 
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Then, by definition, SP = PM; 
therefore PM 3 = SP 2 = PuV 3 + SIT *; 

that is, x 2 = y 1 + (x — 2 a) a , 

or y 2 = ka{x — a) .(i). 

This is the required equation of the curve. 



The curve cuts the axis of x at a point .4 where y = 0 
and from (i) when y = 0,x = a ; that is, 0A=a. 

The point A is called the vertex of the parabola. 

It we transfer the origin to A, the axes being un¬ 
changed in direction, equation (i) will become [Art. 49] 

!f = ± ax .(ii). 

The focus is the point (a, 0). The directrix is the line 

x + a = 0. 

Also SP = MP = 0 A + AA r ~ a + x. 

91. Since the equation of the parabola is y 2 = 4ax, 
and if is a positive quantity, .c must always be positive! 




THE PARABOLA 


111 


and therefore the curve lies wholly on the positive side of 

the axis of y. , , , 

For any particular value of x there are clearly two 

values of y equal in magnitude, one being positive and the 
other negative. Hence all chords of the curve perpen¬ 
dicular to the axis of x are bisected by it, and the portions 
of the curve on the positive and on the negative sides o 

the axis of x are in all respects equal. ,. •. 

As * increases y also increases and there is no li 
to this increase of .rand y, so that there is no limit to the 

curve on the positive side oi the axis of y. ,• 

The line through the focus perpendicular to the dire 

trix is called the axis of the parabola. . 

The chord through the focus perpendicular to the axi 

is called the latus-rectum. . 

In the figure to Art. 90, SL = KL = OS = 2n. 1 here 

fore the whole length of the latus-rectum is 

92. We have found that f- 4«r = 0 for all points 

on the parabola. „ . . 

For all points within the curve y ~ ± ax 1S nc » atl * 

For, if Q be such a point, and through Q a lmo e 

drawn perpendicular to the axis meeting t iv c \ 11 ' ^ 

„ nf i * ; s i n A 7 then Q is nearer to the axis th.u \ i 

and therefore jVQ« U less than XI”. But P being on h,. 
curve, NP‘‘ — 4a. AX = 0, and therefore XQ -iu.A 

"^Similarly we may prove that for all points o,.hide the 

CU "Het;^thTe S quaS,n of a parabola he 
and we substitute the co-ordinates of any point mOh .^ 
hand member of the equation, the rest.! "1 ]» 

if the point be outside the curve, negatnc it M 
be within the curve, and zero if the point bo upon the 

curve. 

93. The co-ordinates of the points commonto the 
straight line, whose equation is y-mx + c. 
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parabola, whose equation is t/ 2 = 4aa;, must satisfy both 
equations. 

Hence, at a common point, we have the relation, 

(mx + c) 2 = 4 ax .(i). 

Therefore the abscissae of the common points are given 
by the equation (i), which may be written in the form 

rrtx 1 + (2 me — 4a) x + c 3 = 0.(ii). 

Since (ii) is a quadratic equation, we see that every 
straight line meets a parabola in two points, which may 
be real, coincident, or imaginary. 

When m is very small, one root of the equation (ii) is 
very great; when m is equal to zero, one root is infinitely 
great. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a finite distance, 
and in another at an infinite distance from the vertex. 


' V$)4. To find the condition that the line y — mx -f c may 
touch the parabola y- — 4 ax = 0. 

As in the preceding Article, the abscissae of the points 
common to the straight line and the parabola are given 
by the equation 

(mx + c) 2 = 4 ax, 

that is m*a? + (2mc — 4a) x +. c 2 = 0. 

/j^If the line be a tangent, that is, if it cut the parabola 
f in two coincident points, the roots of the equation must 
\ lie equal to one another. The condition for this is 

\ I 4 m-C‘ = (2 me — 4a) 2 , 


a 


which reduces to me = a, or c — —. 


m 


Hence, whatever m may be, the line 


a 

y = mx H— 
17 m 


will touch the parabola y- — 4ua- = 0. 


Ex. 1. The lino y=z + 2 touches y-- 0x = O. 
Ex. 2. The lino y = 3x+ J touches y 2 -2x=0. 
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95. To find the equation of the straight line 
through two given points on a parabola , and to find the 
equation of the tangent at any point. 

Let the equation of the parabola be 

if = 4 ax, 

and let *„ y„ and .r„ y, be the co-ordinates of two points 
on it. 

The equation (y - y,) (y - yd = 4<laf . (l) 

when simplified is of the first degree, and therefore is the 

Zfifoxesasesasv* 

“ihs: ££><£»> u. 

80 H°ence th (t)Ts l “Liquation of the required chord, and 
this equation reduces to 

yiyi + yd-^ix-yty^O . (u) 

To find the tangent at (*„ y.) 'ye have only to put 

y .,= yi in (ii), and the required equation is 

2yy, — 4ax - yr = 0 .(id). 

or since y* = 4sux x , 

7/y 1 = *2«(^ + arj) .( 1V )- 

Or tbu*. The equation of the line through (*, , y,) and (x,, «/•.) 
is [Art. 24] x, y, 1 =0; and 4<,x, y , 1 =0. 

yi, 1 y 2 * y " 1 

X 2f y 9t 1 V*- 1 

Expand the last determinant and divide by y, - y,; then as before the 

equation of the chord is 

y (j/i + 1 h) - iax - y* y- 2 =°- 

Cor The tangent at (0, 0) is .r = 0; that is, the 
tangent at the vertex is perpendicular to the axis. 
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96. We have found by independent methods [Articles 94 and 95] two 
forms of the equation of a tangent to a parabola. Either of these could 
however have been found from the other. Thus, suppose wo know that 
the equation of the tangent at (x\ y') is 

yi/ = ' 2 a(x + x ') 9 
2 a 2 ax 9 

then y^x+y. 

If this be the same line as that given by 

y = mx + c 

we must have 

2.7 , 2 ax 

and c = —7- ; 

therefore me—a, as in Article 94. 

In the solution of questions we should take whichever form of the 
equation of a tangent appears the more suitable for the particular case. 

Ex. L The ordinate of the point of intersection of two tangents to a 
parabola is the arithmetic mean between the ordinates of the points of 
contact of the tangents. 

The equations of the tangents at the points (x t , t/,) and (x 2 , y.,) are 

yyi = 2 a (x + xj), 
and liy-> = 2 a (x + x 2 ). 

By subtraction, wo have for their common point, 

II (*/i -yz) = 2 axi -2uxo 

= h(yr~yr); 

••• y=h{yi+y*)- 

Then it will be found that 

^ *a* = yiy>. 

Ex. 2. To find the locus of the point of intersection of two tangents to 
a parabola which are at right angles to one another. 

Let the equations of the two tangents be 

a ... 

y = »nx + -. (i). 

in 

,J = mX+ m . (>*)• 

Then, since they are at right angles, mm’ = - 1. Hence the second 
equation can be written, 

y= ~^r~ am .(“»)• 
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To find the abscissa of their common point we have only to subtract 
(iii) from (i), and we get 

and therefore we have x + n = 0. 

The equation of the required locus is therefore z + a = 0, and this 
[Art. 90] is the equation of the directrix. 

97 To Jind the equation of the normal at any point oj 
a parabola. 

The equation of the tangent at (x lt y x ) to the parabola 

w 2 — 4 oj; = 0, is [Art. 95] 

yy x = 2a (x + •'*',).(*)• 

The normal is the perpendicular line through {x x , y x ). 

Therefore [Art. 30] its equation is 

(y - y x ) 2a + y x (x - x x ) = 0 ...('»)• 

Since 4a c x = y x \ the above equation can be written in 
the form , wn 

8a* (y - y») + y> ( 4 «* - y» > - 0 .^ 1U * 

The above equation may be written 

.;-- (iv) - 

If we pat« = -1. then * = - 2am, and — an /! 

therefore (iv) becomes 

y = mx- 2am — am 3 .v y. 

This form of the equation of a normal is sometimes 
useful. 

98. We will now prove some geometrical properties 

of a parabola. . . 

I et the tangent at the point P meet the directrix in It 
and the axis in T. Let PN PM be the perpendiculars 

from P on the axis and on the dnectiix. 

Let PG, the normal at P, meet the axis m G. 
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Then, if k u y x be the co-ordinates of P, the equation of 
the tangent at P will be 

yy x = 2a (vC + iTj).(i) [Art 95]. 



Where this meets the axis, y = 0, and at that point, we 
have from (i), 

x + Xt = 0 . 

TA=AN .(a); 

TS = AS + AN=SP .03); 

and since TS = SP, the angle STP is equal to the angle 

SP T ; so that PT bisects the angle SPM .( 7 ). 

We see also that the triangles MSP and RMP are 
equal in all respects. 

Hence £ RSP= £ RMP = a right angle .(S). 

Again, since M is the point (—a, y,), anil S is the point 
(a, 0), the equation of the line SM is 


«=? 1+2 .(ii). 

-yx '2a 

This is clearly perpendicular [Art. 30] to the tangent 

n l • 1 • • l .1 1 • ✓ • \ 


at P which is given by the equation (i), 

SM is perpendicular to PT .(e). 
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Since rr is perpendicular to SM and bisects the angle 
fiPJfTwill b\LtSU. I f then 2 1 be the point of inter- 
section of SM and P'T, SZ = Z}f. Bnt SA = A0. There¬ 
fore AZ is parallel to OM, and is therefore the tangent at 
the vertex of the parabola; so that the line through the 
focus of a parabola perpendicular to any tangent 1 l meet, 

PT on the tangent at the vertex . 

We may prove the last proposition as follows. 

Let the equation of any tangent to the parabola be 

.(ni). 


a 

y = mx + 

J m 


The equation of the line through the focus («, 0) perpeu- 
dicular to (iii) is ^ 


or 



x a 
m vi 



The lines (iii) and <iv) clearly meet where x - 0. 

The equation of the normal at P(x lt y.) is [Ar • * <J 

2a (y - y.) + y. (* - *») = °- 

At the point G wc have y = 0, and therefore 

- 2«y, + y> ( x - *«) = °> 

2 a = x - x x = AG - AN - KG. 

KG = 2a . <V)- 


examples. 

i Find the equations of the tangents and the equations of the 

1. Find me cq 1<ir _n at the ends of its latus rectum. 

normals .o the parabola t/--laJ—0 a * 

2 . Find the points "Loro the lino S> = 3*- 

Am. (a, 2u), (- » _ 5 a J • 

y2-4ux = 0. \ J r 7 


J' t h* 
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3. Shew that the tangent to the parabola y 2 -4aar=0 at the point 
(*x> J/i) is perpendicular to the tangent at the point (a 2 /*|, -4cfijy{). 

4. Shew that the line y=2x+| cuts y 3 -4ax=0 in coincident points. 
Shew that it also cuts 20x 2 + 20y 2 =a 2 in coincident points. 

5. A straight line touches both x 2 +y 2 = 2a 2 and y a =8ax; shew that 
its equation is y = ± (x + 2 a). 

6 . Shew that the line 7x + Gy = 13 is a tangent to the ourve 

y 2 - 7x - 8 y +14 = 0. 

7. Shew that the equation x 2 + 4ax-f 2ay = 0 represents a parabola, 
whoso vertex is at the point (- 2a, 2a), whose latus rectum is 2 a, and 
whose axis is parallel to the axis of y. 

8 . Shew that all parabolas whose axes are parallel to the axis of 
y have their equations of the form 

x- + 2Ax + 2By + C=0. 

9. Find the co-ordinates of tho vertex and the length of the latns 
rectum of each of the following parabolas: 

(i) y 2 =5x +10, (ii) x 2 - 4x + 2y = 0, 

(iii) (y - 2 ) 2 = 5 (x + 4), and (iv) 3x 2 + 12x - 8 y = 0. 

Am. (i) (-2,0), 5. (h) (2, 2), 2. (iii) (-4, 2), 5. (iv) (-2, -$), 3 . 

10. Find the co-ordiuates of the focus and the equation of the 
directrix of each of tho parabolas in question 9 . 

A us. (i) (-J, 0), 4x + 13 = 0. (ii) (2, $), 2y-5 = 0. 
(iii) (-V, 2), 4x + 21=0. (iv) (-2, - §), Gy + 13 = 0. 

11. Write down the equation of the parabola whose focus is the 
origin and directrix tho straight line 2x-y-l = 0. Shew that the line 
2y = 4x - 1 touches the parabola. 

12. If through a fixed point O on the axis of a parabola any chord 
POP' be drawn, shew that the rectangle of the ordinates of P and P' 

will be constant. Shew also that the product of the abscissro will be 
constant. 

13. Find the co-ordinates of the point of intersection of the tangents 

y=mx + —, y= m’x + . Shew that the locus of their intersection is a 

straight line whenever mm' is constant; and that, when mm' + l = 0 , this 
line is the directrix. * 
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14 . Shew that, for all values of »», the line j, = m(i + «) + £ Will 
touch the parabola i/ 2 = 4u (x + u). 

15 Two lines are at right angles to one another, and one of them 
touches i/ 2 = 4<i (* + «.). and the other if- = 4a' (x + *); shew that the point 

of intersection of the lines will be on the line x + u + « -0. 

' 10. If perpendiculars be let fall on any tangent to a parabola from 
two given points on the axis equidistant from the focus, the difference of 
their squares will be constant. 

J 17. Two straight lines AP. AQ are drawn through the vertex of a 
parabola at right angles to one another, meeting the eurve m P. 9; shew 
that the line PQ cuts the axis in a fixed point. 

18 If the circle **+ f+Ax + By +C=0 cut the parabola y-- 4« - 0 
in four points, the algebraic sun, of the ordinates of those points will 

'"[Multiply by Wat and thou substitute ,/■ for 4u*; then the ordinates 

are given by , + 4 »dyt+Wu=Cy + lC«tC=0. 

The sum of the four ordinates is aero, sinee there is no term in yM 

, * i •> i , r — () meet tliG uxis in 1 unci 

the tangent at the rectangle^ PA YQ be completed, 

“vr rr:: -—- : 

leometrical progresBion, shew that the tangents at P, Ji «U meet on the 
° 5 lT l °Shet that the area of tho triangle inscribed in the parabola 

y- - 4ar = 0 is i (»,-»=> <*-*> «>>“* *'• »«’ » 

ordinates of the angular points. 

99 Two tangents can be drawn to a 

• ; M, will be real, coincident , or imaginaiy, ac 
TJd^Tt^isoutsi^, upon, or wWnn tbe curve. 


The line whose e'|Uation is 


(( 


It = Vl.c + 

J m 


•(i) 


will touch the parabola whatever the value of *. 

may be [Art. 91]. 
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The line (i) will pass through the particular point 

W, y'\ if 

771 

that is if mV — mf -f a = 0.(ii). 

Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the parabola which pass 
through the point (x\ f). Since a quadratic equation has 
two roots, two tangents will pass through any point (x, y). 

The roots of (ii) are real, coincident, or imaginary, ac¬ 
cording as y ,2 — 4ax is positive, zero, or negative. That 
is [Art. 92] according as (x, y') is outside the parabola, 
upon the parabola, or within it. 

X : 100. To find the equation of the line through the 
points of contact of the two tangents which can be drawn to 
a parabola from any point. 


Let x', rf be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan¬ 
gents be h, k and h\ k' respectively. 

The equations of the tangents at (h, k) and (h\ k') are 

yk = 2a (x + h) 
and yk' = 2a (x -f h'). 

We know that (x\ y) is on both these lines; 

.-. yk = 2a(x + h) .(i) 

and yk ' = 2a(x l .(ii). 

But the equations (i) and (ii) are the conditions that 
the points (It, k) and (h\ k') may lie on the straight line 
whose equation is 


y'y = 2a(x +x) .(iii). 

Hence (iii) is the required equation of the line through 
the points of contact of the tangents from (x, y'). 

The line joining the points of contact of the two 
tangents from any point T to a parabola is called the 
polar of P with respect to the parabola. [See Art. 76.] 







THE PARABOLA 


121 


101 . If the polar of the point P with respect to a 
parabola pass through the point Q, then will the polar of Q 

pass th rough P. 

Let the co-ordinates of P be x, f, and the co-ordinates 
of 0 be x", if. 

The equation of the polar of P with respect to the 

parabola if — 4 ax = 0 is 

ijxf = 2a (x + x). 

If this line pass through Q iff we must have 

xj"\j = 2 a {x" + & )• 

The symmetry of this result shews that it is also the 
condition that the polar of Q should pass through-/ . 

It can be shewn, exactly as in Art, 78, that if tin 
polars of two points P, Q meet in II, then R is the pole of 

tllG The equation of the polar of the focus («, 0) is x + a = 0. 

So that the polar of the focus is the directrix. 

If Q be any point on the directrix, Q is on the polar ot 

the focus S, therefore the polar of Q wil pass tl.iouj t h S, 
so that if tangents be drawn to a parabola from an> p m 
on the directrix the line joining the points of contact 

pass through the locus. 

<VVY02 The locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 

the axis of the parabola. 

The equation of the Btraight line joining the two 

points (*,. ?/,), (*,. »,) <>“ thc P arabola ?/- fea ' = ° ls 

[Art 95, (iii)J r , 

y (!Ji + ?/•-•) - tax - //,y 2 = o .•'• • ■• t 1 )• 

Now, if the line (i) make an angle 6 with the axis ot the 
[ parabola 

tan 0 - .(")■ 

But, if the co-ordinates of the middle point of the 

chord be ( x , if), then will 

2x=x l + x. it and 2 y = y l + y 2 . 
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Hence, from (ii), 
or 



y = 2a cot 6 



so thaty is constant so long as 9 is constant. 

Hence the locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the axis of the parabola. 


Or thus. The lino y = mx + c cuts y 1 - 4 ax — 0 where 4a y = my- + 4ac •, 
and yi + y.,=-ialm. 

Hence, if y is the ordinate of the middle point of the chord, y=2a/m, 
for all values of c. 


Def The locus of the middle points of a system of 
parallel chords of a conic is called a diameter, and the 
chords it bisects are called the ordinates of that diameter. 

We have seen in Art. 93 that a diameter of a parabola 
only meets the curve in one point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the extremity of that diameter. 

103. The tangent at the extremity of a diameter is 
parallel to the chords which are bisected by that diameter. 

All the middle points of a system of parallel chords of 
a parabola are on a diameter. Hence, by considering the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the point of con¬ 
tact of the tangent which is parallel to the chords. 

• 

v' 104. To find the equation of a parabola when the axes 
are any diameter and the tangent at the extremity of that 
diameter. 


Let P be the extremity of the diameter, and let the 
tangent at P make an angle 6 with the axis. 

Then XP = 2a cot 6 [Art. 102 (iii)], 

py* 

A X = —f— = a cot- 6. 

4ft 
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Let the co-ordinates of Q referred to the new axes be 
x, y respectively, and draw QM perpendicular to the axis 
of the parabola, cutting the diameter 1 \ m K. 



, ^* ICn 3/Q — NP + KQ = 2a cot 6 + y sin 0 .(i)> 

am=an + nm=an+pv+ VK 

= a cot 2 0 + x + y cos 0 .(“)• 

But QM* = • A M • 

therefore, from (i) and (ii), 

(2a cot e + y sin 0f = (a cot* 0 + x + y cos fl). 

y 2 sin 2 0 = 4a® .\ ,u ^ 

Rut 4 iV = a cot 2 0 ; therefore SP = « + ^ = a/sin 2 0. 
Therflfre, putting a' for SP or «/sin*d, the cpnition 

of the curve is y--4aa . 

Tt should be noticed that however the axes may bo 

changed the equation *-4«.-0 will [See Chapter III.] 
become of the form # , 

(te + twy + n^ + ^ + my + n =b, 

res sxtsaws sr. 

perfect square. 
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Conversely, any equation of the form 

(lx + my + n) 2 + (I'x -f m'y + n') = 0, 

in which the terms of the second degree form a perfect 
square, represents a parabola; and we see that the square 
of the perpendicular on lx + my + n = 0 from any point on 
the curve varies as the perpendicular on Vx + m'y + n' — 0 
from the same point, whence it follows that if these lines 
are taken for new axes of x and y, the equation becomes 
of the form y 2 =px. 

Thus (lx + my + n) 2 + Vx + my + ri = 0 represents a 
parabola of which lx + my -f n = 0 is a diameter and 
Vx + my + n' = 0 is the tangent at its extremity. 

If the equation of a parabola, referred to any 
diameter and the tangent at the extremity of that diameter 

as axes, be if — 4a# = 0; the line y=mx +^ will be a 

tangent fur all values of m; the equation of the tangent 
at any point (x\ y’) will be yy — 2 a(.r + x) = 0 ; the 
equation of the polar of (x\ if) with respect to the 
parabola will be yy' — 2 a (x + x) = 0 ; and the locus of the 
middle points of chords parallel to the line y = mx will 

be y = 


2 a 
m 


These propositions require no fresh investigations; for 
Articles 94, 95, 100 and 102 hold good equally whether 
the axes are at right angles or not. 


(1) To find the locus of the point of intersection of two tangents to a 
parabola xclnch make a given angle with one another. 

The line y=mx + ^ is n tangent to the parabola j/ 3 -4or=0, whatever 
the value of m may be. [Art. 94.] 

If (x, y) bo supposed known, the equation will give the directions of 
the tangents which pass through that point. 

The equation giving the directions will be 

»i 2 x - my + a = 0. 
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And, if the roots of this quadratic equation be »/«, and m 8 . then will 

V ^ 

imj + nio = ^ a n d tninio=-', 

o ,/-* - 4nx 
(mi-m. 2 )- = -—• 

But, if the two tangents make an angle a with one another, 

w l -• in o 

tan a= . . ; 

1 //i j ///*> 

V 2 - 

tan2a= ( -- x) .j. 

So that the equation of the required locus is 

y 2 - 4ux - (x + «) 2 tan- a = 0. 

(2 Y'to find the locu, of the foot of the perpendicular drown front 

a fixed point to any tangent ton puraMa. 

Lot the equation to a parabola bo ,/--ias = 0. and let h, 

co-ordinates of the fixed point 0. 

The equation of any tangent to the parabola is 

. " .(i). 

y = MX + —. 

The equation ot a lino tbrou e » (/., t) perpendicular to (1) is 

. (U) - 

To find the locus « hare to el,minute ,,, between the equal,one (,) 
and (ii). x _ /| 

From (ii) we have w= _ Jf- k ’ 

therefore, by substituting in (>). we got 

x h ,y- ,: - 0 

y + 9 zi x+tt x-k ' 

or y <!/ - *) (x-h) + x(x -/.)- + n {y-k)- = 0 .(*»)• 

The locus is therefore a curve of the - ^ ^ 

From (ii.) we see that the po. t 0 rtrif ^ fof tvvo 

the point O be oui«deti»ejp« ^ ^ 0> aild the feet of the 

real tangents can in wiU bo 0 itse if. When the point O is 

perpendiculars from O 0 ar0 ilU aginnry. and the perpeu- 

ar; also ... but JW all P« 

the real point O, and therefore O i> a point on the locus. 
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When 7t=a, ft=0, that is when 0 is the focus of the parabola, (iii) 
reduces to x{t/ 2 + (x-a) 2 } = 0; so that the cubio reduces to the point 
circle y 2 + (x - a) 2 = 0, and the straight line x = 0. [See Art. 98 f]. 

>>/(3) The orthocentre of the triangle formed by three tangents to a 
parabola is on the directrix. 

Let the equations of the sides of the triangle be 

y=mlx + — 9% y=m"x+— f and y=ro'"a:+— 

The point of intersection of the second and third sides is 


(SL- 

\77l m 


a a 
m" + ri" 


)• 


The line through this point perpendicular to the first side has for 
equation 

a 


a a — ’ 1 / a \ 
y " w" “ m'" “ " n? V X " ) ' 


Now this line cuts the directrix, whose equation is x= - a, in the 
point whose ordinate is equal to 


(i 2 _L i \ 

\m' + hi" + m'" + m'm"m”'J 


The symmetry of this result shews that the other perpendiculars cut 
the directrix iu the same point, which proves the theorem. 

, | f 

\ V <4J To find the locus of the point of intersection of two normals which 
j are at right angles to one another. 

The liue whose equation is 

y=mx-2am-am z .(i) 

is a normal to the parabola y 2 - 4ax = 0, whatever the value of m may be. 

If the point (x, y) be supposed known, the equation (i) gives the direc¬ 
tions of the normals which pass through that point. 

If the roots of the equation (i) be m t , m>, m 3 , we have 

Hi 1 Hi 2 m 3 = -yja . (ii). 

But if two of the normals, given by m,, m 3 suppose, are at right 
angles, we have 

m l m 2 = -1; and .*. from (ii), ni 3 =r//a. 

But ni 3 is a root of (i); 

s. y=xyla-2y-y3J u s 


whence y 2 =a(x-3a). 
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106 Co-normal points. The equation of the 
normal at any point (*', y) of the parabola f-4ax-0 is 

2 a(y-y') + y'(x-x) = 0 . (l) - 

If the line (i) pass through the point (h, k) we have 
Sa-(k-y') + y' — y'') = ° .;^ 11 ^ 

The equation (ii) gives the ordinates of the points the 

s“s™... <»i-!“* •“ “ kt 

real) can be drawn to a paiabola. 

Since there is no term containing y- we have, if y„ 
w, be the three roots of the equation (n), 

y *+*+*-<> . 

Now, for a system of ^rallel chords 0 ^ 0 ,parabola, the^sum 

:: p"i~ —>!■(*.*< ih * 

of p 0 R are the roots ot 

y3 + 4 a ( 2 a -h)y — 8tf2 ^ = 0 .^ v ’ 

Now let the circle PQP 

a? + y* + 2<jz +-f'/+ c = 0. 
parabola are the roots ot 

^ + 16 aY + «W J + 32a ^ +lbaC= t 

Hence y, + * + * + * = «• ** <Wm. (W) « - that 

* + He2V. = 0, r so ’that I "circle PQR passes throuyh the 
vertex of the parabola, tor all values of h, L 
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Hence c = 0 , and then from (v) the ordinates of P, Q, R 
are the roots of 

y 3 + 8a(g + 2a) y + 32af= 0 .(vi). 

Comparing (iv) and (vi) we see that 

2 g = — (h -f 2 a) and 4 f= — k. 

Thus the circle through the three points the normals 
at which meet in (h, Ic) is 

.-c 3 + y- — (h + 2a) x — \ky = 0. 

107. It is often useful to express both the co-ordi¬ 
nates of a point on the parabola y 3 - 4 ax = 0 in terms of 
one variable. 

The simplest method is to express x in terms of y. 

The point (yr/4a, y?) is clearly on y 3 — 4ax= 0, and if it 
be called the point y lt we have already found the following 
equations for ( 1 ) the chord y,, y 2 , ( 2 ) the tangent at y, and 
(3) the point of intersection of the tangents at y x and y 3 , 
namely:— 

(!) y(i/i+y 1 .)-4a,r-y 1 y 2 = 0, 

( 2 ) 2yy, - 4a.c - y , 3 = 0, 

(3) ±ax = y,y s and 2y = y, + y a . 

Another method often used is to put x = ap 3 and 
y=2ap. 

The point ( ap 3 , 2a p) is clearly on y 3 -4az = 0, and if 
it be called the point p, we can find the equations of the 
chord p 1} p,, &c. in the same manner as in Articles 95, &c. 
(or by substituting 2 ap l for y, in the above). These 
equations are 

(!) V (Pi +P-) ~ ’2x-2ap 1 p 3 = 0, 

( 2 ) ypi — x — ap? = 0, 

^V<3) x = apjDa and y = a(p l +p.,). 

^ Ex.'l. Prove that the circle whose diameter is a chord of a parabola , 
such that the dijTcrence of the ordinates of its extremities is twice the 
leiiyth of the latus-rectum, will touch the parabola. 

Letj/o be the extremities of the chord; then wo have i /,~t/ 2 =8a. 




THE PARABOLA 


129 


The equation of the circle is [Art. G6, Ex. 2] ^ 

0/ - yi)(y - I/s) + ( x - x iH x - *a) =°‘ 'd* -- 

This cuts the parabola in points whose ordinates are given by 

16a2 (y - »/i) (!/ - »/-_•) + ( V 2 - i/i-H V 2 “ . 

Thus the ordinates of the other two points of intersection are given 

by the equation 1Ca2 + (y+y , )(i/ + !/ ,) = 0. 

i.e. y*+ y(vi+ i/ 2 ) + y 1 i/2+ 10 " 2= °- 

The roots of the last equation will be equal, if 

(»/l + 1J2)- = 1 II\ i/2 + 

;.e. if (j/i-!/2) 2 =( 8a ) 2 * 

E«. 2. An infinite number of triable, can be imeriheJ in either of t ,e 
parabolas p 2 - 4az = 0 and x 1 - 4by — Q whose sides touch the other. 

Let be „ three Foiu‘, on prlvl 

lines J„ y* and y„ p, may touch x--iby-0. 
that the line y 2 , y 3 also touches 1 - - 4<>y-U. 

The join of j/i, J /2 is 

y (i/i + ya) --lux-!/,«/■> = °- 

This line touches the other parabola, and .*. the roots, o 

(P. + Fr)**- 16 nbn-ilnjtytf 

are equal, ••• f.f»<»‘ + *> + ;;;;;;;;;; 

We have also !/i 1/3 (Vi + ' t zero wo have 

By subtraction and division by 1/1 " *“ ’ 

. . . . . . . . 

Eliminating yi from (i) and (in) we have 

y.>yA>J’ + y 3 )+ 1Ga ' il, = 0 ’ t _ 

which shews that the join of y>, y 3 also touches J- - V»J- 

Ex. 3. The locus of the centres of equiltiteral triangle* interlin'd «« < 

Now the centroid of the triangle whose vertices 
is given by teasaSpi **« (2,.)*- 

and 3 j/ = 2o-Pi. . 

Two of the perpendiculars of the triangle arc 8 *'® n 

2 ( 1 / - 2qpi) + (Pi + /’s) ( x _ _ ’ 

2 (u - 2ap 2 ) + (P 3 +P 1 ) ( x - "P- 2 > = °- 
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By subtraction 

4«+x+a2j)2P3=0* 

Hence as the centroid and orthocentre coincide 

3x = a(Zp 1 ) 2 + 8a + 2x, 

4.ax - 32a 2 =4a 2 (Zpj) 2 =9 y-. 

Ex. 4. The sides of a triangle touch y--iax=0 and two of its 
angular point* are on y 2 - 46(.t + c) = 0; find the locus of the third 
angular point. 

Let the three tangents be 

yp l -x-ap l *= 0.(i), 

ypi-x-ap£=0 .(ii), 

aud VPs opr=0 . (iii). 

Then the three angular points are 

{ap>p 3 , u(jm+p 3 )J, {ap 3 p lt a(p 3 + Pl )} and {apip. it a (p x +^ 2 )}. 

Let the last two be on the second parabola; then 

a- (P 3 +P 1 )- - 4fc<ip 3 pi - 4ic=0, 
and <i~(pi+p>)' i -ibap l p 3 -ibc=0. 

Hence « (p 2 +p 3 ) = (46-20)^,, 

ftnd ai PzP3 = a-p 1 2 --ibc 

a* 

= r ( 2 b - a )°- {p * +P3) ' 2 ~ ibc - 

But for the third angular point we have x = ap 2 p 3 and y = a (pa+ft)- 
Hence the locus required is the parabola 

o 

‘ ,r = 4l2 

or y-=4('2l>/a - l)‘-(«ix+ •!/„•), which is the second parabola itself if a = 4b. 


Envelopes. 

108. If the co-ordinates of a point are connected by 
any algebraical relation the point is not free to move in 
any manner, but it can take up an infinite number of 

positions on a certain curve, which is called the locus of 
the moving point. 

So also it the two constants in the equation of a 
straight line are connected by any algebraical relation the 





ENVELOPES 


131 


line is not free to move in any manner, but it can take up 
an infinite number of positions which are all tangents to 
a certain curve, which is called the envelope of the 

moving line. 

For example, if the constants l and m in the 
lx 4 . my — 1 = 0 are connected by the relation a l- + a m - 1 , 
th<Tstraight line lx + - 1 - 0 moves so that .ts perpen- 

dicular distance from ( 0 , 0 ) is equal to a and thereI ic 
the line in all its possible positions must touch the 
ar + y t — a- = 0. 

The figure below shews different positions of a straigh 
line which cuts off intercepts from the axes whose sun * 

constant. 



Now if TP, rQ are two ^jacent ^tangents toa certam 

curve, and if the tangent TQ g intersection of the 

coincidence with TP , the pom 0 *i po i u t P and 
tangents will move nearer and nearer to the point 
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will ultimately coincide with it. Thus the point of inter¬ 
section of two coincident tangents is on the curve which 
they all touch; also two of the tangents which can be 
drawn to a curve from any point will coincide when that 
point is on the curve. 



Now consider the system of straight lines given by 
the equation 

lil-h A * 

or k* + h(y-x-l) + lx = 0.(i), 

where l is a constant. 

Since (i) is a quadratic equation there are two values 
of h which correspond to any particular given values of x 
and y. Tims two straight lines of the system can be 
drawn through any given point. When these two lines 
coincide the point (x, y) must be on the curve which all 
the lines touch. 

Hence we shall obtain the equation of the curve 
touched by all the lines of the system by writing down 
the condition that the two roots of the quadratic (i) are 
equal, which condition is that 

4 lx = {y-x~ly .(ii), 

which [Art. 104] is the equation of a parabola. 

It is easily seen that the parabola given by (ii) touches 
the axes at the points (/, 0 ) and ( 0 , l). 

Thus all the lines drawn in the figure on page 131 
touch a parabola. r 6 
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Ex. 1. Find the envelope of the straight line y = mx + «K 
The equation may be written 

ni 2 x-my + a = 0 .' 

Since ( i) , 

pi. (*T When the two vah.es of . are egoal the lines coinc.de, and 

(x, v) is on the required envelope. 

The condition that the roots of (i) may be equal >s 

y -- 4<IX = 0, 

which is the equation required. 

Ex. 2. Find the envelope of the line a.r cos 0 + hj sin 0 + c = 0. 

The equation may be written 

(cos 2 l - sin 2 1) + 2% sin * J + - («* 2 + «»* 2) = °’ 
or rtx + c + 2fci/t + (c-«-r)‘ 2 = °. 

0 

where t = tan ^ • 

erstein through any point (r, y). 
Thus there are two lines of the system 

These lines will coincide if j-,,2-0 

(ax + c)[c - ax) - l-ij — 

Hence the envelope is ? o j,2, 2 = c 2 

El . 3. find «;.« rare ujof L L lx- -r + > = ° 

aP + bnfl + c = 0. 

From lx + my + 1 = 0 and of 2 + 6* 2 + < = <> wc hftV ° 

a f 2 + 6m 2 + c(Lr + my)- = 0- 

The two values of I/m give the directions of the two lines 

system which pass through any P oint # . enuul roots, the 

The two lines will coincide if the quadratic in I/m has , 

condition for which is + „ 2)( fc + cy 2 ) = <*V- 

Hence tho required envelope is 

x 2 /u + y 2 /f» + l/ c = 0. 

Ex. 4. P.V is the ordinate at any point F on the P ira ^ p that 
whoso vortex is A. a..d the reclame ASP* » completed. 

the envelope of J/N is the parabola r + 10ux- . . 

Ex. 5. Provo that, if the difference of .he 
OX, 01- by a moving line is constant, tl.e hue mil cmloi 
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Ex. 6. Find the envelope of a straight line which cats the axes OX, 
OY in P, Q respectively so that the triangle OPQ is of constant area. 

Ans. xy=coustant. 

Ex. 7. A chord of a parabola the difference of the ordinates at 
whose extremities is constant envelopes an equal parabola. 

Ex. 8. The chords PQ, PR of a parabola are parallel to given 
straight lines. Prove that QR envelopes an equal parabola. 

Ex. 9. A polygon is inscribed in a parabola and all its sides but one 
are parallel to given straight lines. Prove that, if the number of sides is 
even, the remaining side will also be parallel to a fixed straight line; and 
that, if the number of sides is odd, the remaining side will envelope a 
parabola. 

Ex. 10. Provo that, if the difference of the squares of the perpen¬ 
diculars on a moving line from two fixed points is constant, the line will 
envelope a parabola. 

Ex. 11. The normal at any point P to the parabola y--4ax=0 cuts 
the axis in G. Prove that the lino through G parallel to the tangent at P 
envelopes the confocal parabola y- + 4a (x - 2u) = 0. 

Ex. 12. Prove that the envelope of a line PQ drawn through any point 
P of a parabola so that the diameter through P bisects the angle between 
PQ and the tangent at P is another parabola. 

Ex. 13. The middle point of a chord of a circle is on a fixed straight 
line. Prove that the chord envelopes a parabola. 

Ex. 14. A variable tangent to a parabola cuts a fixed tangent at the 
point P. Prove that the line through P perpendicular to the variable 
tangent envelopes a parabola. 

Ex. 15. Through anv point P on a given straight line a line PQ is 
drawn parallel to the polar of P with respect to a given parabola. Prove 
that the envelope of PQ is another parabola. 

Ex. 1(1. Through any point P on a given straight line a line PQ is 
drawn perpendicular to the polar of P with respect to a parabola. Prove 
that the envelope of PQ is another parabola. 

Ex. 17. Find tho envelope of a lino which moves so that the smn of 
the squares of the perpendiculars upon it from the two points (« 0) 

( - u, 0) is equal to 2c=. Aiu. x^(c n - - a*) + y^= 1. 

Ex. 18. Provo that a straight line which cuts two given circles so 
that tho chorda of the circles arc equal envelopes a parabula. 
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Ex 19. OX, OY are two fixed lines and A is a fixed point. Any 
circt through 0 and .1 cuts OX, OY in P. 4> respectively. Prove that 

PQ is a tangent to a fixed parabola. 

Ex. 20. The line through a point P perpendicular to the polar of P 
with respect to the parabola y°-4ax = 0 passcc through the bred pent 
(a, p). Prove that the polar of P envelopes the parabola 

(x - 2 a + a) 2 + = 0. 

Ex. 21. The polar of a given point with respect to a circle which 
touches two given straight lines touches one or other of two parabo ... 

Ex. 22. A straight line cuts the given lines OX OP in the points 
P, Q, and the middle point of PQ is on a given straight line, 
that PQ envelopes a parabola. 

E v 03 PQ PR are chords of y*-4ax = 0 which cut y = 0 in the 
point (c? 0). Z 0, repeat,ve.y. Prove that Q « envelopes the parabola 

(cj + c>) 2 j/2 = 16aciC-kT. 

Ex. 24. A chord of = 4u (x + a) i. * time, the length of the para 1 
focal chord, prove that the chord touche, the parabola y-ia (*+ I, 
where a' = a (1 - k-). 

the parabola x 1 -2kij = 0. 


J 


Examples os Ciiaptku V. 


1. The perpendicular from a point Oon its P^r willi j™!™' 

to a parabola meets the pelar in t >e poi - « through 0 

in C the Polar cuts the axu m j and tl.or ts 6 - 

cuts the curve in 1 , l , SI,ew 1 

are all on a circle whose centre is 

2. Prove that the two parabolas y -ax, . J 
cut one another at an angle 

3 ah 1 


tail 


2 (a 3 + 0 *) 

3. If PSQ be a focal chord of a P in ^ 
the directrix in M, shew that M «. " 1 1’ 

of the parabola. 



136 


THE PARABOLA 


/" 


4. Shew that the locus of the point of intersection of two 
tangents to a parabola at points on the curve whose ordinates 
are ip a constant ratio is a parabola. 

\ n The two tangents from a point P to the parabola 
y-— 4a.r = 0 make angles 0,, 6., with the axis of x; find the 
locus of P (i) when tan 0, + tan 0, is constant, and (ii) when 
tan 2 0 1 + tan'-0 2 is constant. 

6. Find the equation of the locus of the point of inter¬ 
section of two tangents to a parabola which make an angle 
of 45° with one another. 

7. Shew that if two tangents to a parabola intercept a 
constant length on any fixed tangent, the locus of their 

intersection is another equal parabola. 

. ^ 

8. Shew that two tangents to a parabola which make equal 
angles respectively with the axis and directrix but are not at 
right angles, intersect on the latus rectum. 

9. From any point on the latus rectum of a parabola 
perpendiculais are drawn to the tangents at its extremities; 
shew that the line joining the feet of these perpendiculars 
touches the parabola. 

v4o. Shew that if tangents be drawn to the parabola 
y- - 4«x = 0 from a point on the line x + 4a = 0, their chord of 
contact will subtend a right angle at the vertex. 

11. T he perpendicular 1'N from any point T on its polar 
with respect to a parabola meets the axis in M ; shew that if 
T.\ . TM is constant the locus of T is a parabola ; shew also 
that if the ratio TX : TM is constant the locus is a parabola. 

12. Two equal parabolas have their axes parallel and 
a common tangent at their vertices : straight lines are drawn 
parallel to the direction of either axis ; shew that the locus of 
the middle points of the parts of the lines intercepted between 
the curves is an equal parabola. 

13. Two parabolas touch one another and have their axes 
parallel; shew that, if the tangents at two points of these 
parabolas intersect in any point on their common tangent, the 
line joining their points of contact will bo parallel to the 
axis. 
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14. Two parabolas have the same axis; tangents are drawn 
from points on the first to the second ; prove that the middle 
points of the chords of contact with the second lie on a fixed 

parabola. 

J/ 15. Shew that the locus of the middle point of a chord ot 
a parabola which passes through a fixed point is a parabola. 

16. The middle point of a chord PF is on a ^d st raight 
line perpendicular to the axis of a parabola; she* that 
locus of the pole of the chord is another parabola. 

'- / 17. If TP, TQ be tangents to a parabola whose 

A, and if the lines AP, AT, AQ, produced if necessa ), cut 
directrix in p, t, and q respectively; shew that pt-iq. 

v/ 18. If the diameter through any point 0 of a | 

meet any chord in />, and the tangents at ^e emls ot that 

chord meet the diameter in Q, Q' ; shew that 0I- = 0(J. 

19. The vertex of a triangle is fixed, the base 

constant length and moves along a tix« < - s » circle is a 
that the locus of the centre of its circun.serib.ng cole 

parabola. 

j 20. Shew that the polar of any point on the circle 
•1 ‘ 2 ax - 3«- = 0, 

with respect to the circle 

.'«r + y 1 + 2ax - 3a- - 0, 

will touch the parabola 

y- + 4 ax - 0 . 

21. I‘SF is a focal chord of a -Zl cuts*he-!xis 

point of PF, and VO is perpcndiculni toll a „ t . oin( .,ric 
in 0; prove that SO, VO are the arithmetic and D t 

means between SF and SP. 

22. PSp, 

QR meets the 

through q in U, and „ stl , ligll t line 

shew that the three points A, L < 


,, QSq, lifSr are t ‘' reo . f « a, / “^ t " f t h e I “Ihuncter 
j diameter through p in A, /■ / »>ec ^ jn c . 

H. and PQ meets the diameter throw 


through S. 
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23. PF is any one of a system of parallel chords of a 
parabola, 0 is a point on PF such that the rectangle PO.OF 
is constant; shew that the locus of 0 is a parabola. 

24. On the diameter through a point 0 of a parabola two 
points P , F are taken so that OP .OF is constant; prove that 
the four points of intersection of the tangents drawn from P, F 
to the parabola will lie on two fixed straight lines parallel to 
the tangent at 0 and equidistant from it. 

25. If a quadrilateral circumscribe a parabola the line 
through the middle points of its diagonals will be parallel 
to the axis of the parabola. 

26. If from any point on a focal chord of a parabola two 
tangents be drawn, these two tangents are equally inclined 
to the tangents at the extremities of the focal chord. 

27. If two tangents to a parabola make equal angles with 
a fixed straight line, shew that the chord of contact must 
pass through a fixed point. 

28. Two parabolas have a common focus and their axes in 
opposite directions; prove that the locus of the middle points of 
chords of either which touch the other is another parabola. 

». * 

v/ -9. hind the locus of the middle point of a chord of 
a parabola which subtends a right angle at the vertex. 

30. The locus of the middle points of normal chords of 

o 4 3 

the parabola if — 4o.r=0 is + -- =.r-2«. 

2a if 

31. PQ is a chord of a parabola normal at P, AQ is 
drawn from the vertex A, and through P a line is drawn 
parallel to AQ meeting the axis in R. Shew that AR is 
double the focal distance of P. 

32. Parallel chords are drawn to a parabola; shew that the 
locus of the intersection of tangents at the ends of the chords 
is a straight line, also the locus of the intersection of the 
normals is a straight line, and the locus of the intersection of 

these two lines, for different directions of the chords is a 
parabola. 
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A 


•/</> 
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normals at two points on a parabola intersect 
on the7urve, the line joining the points will pass through 
a fixed point on the axis. 

34 If the normals at two points of a parabola be inclined 
l^the axis at angles * such that tan * tan * = 2, shew that 
they intersect on the parabola. 

\ '35. The locus of a point from which two nonnabc.nl, 
drawn making complementary angle s " ‘ 
parabola. 

1 36. Two of the normals drawn to a paraMa tronx* pou^ 
P make equal angles with a given straight 
the locus of V is a parabola. 

V 37. The normal at a point V of a parabola 

' in G, PG is produced to II , so that (.11- » P p , ;/ ar0 

other two normals to the parabola, which pass throu 0 , 

at right angles to each other. 

b . • t-a P f) R of a parabola 

dvS8. The normals at three points . C . s f 20J/ 

'meet in the point 0. Prove that SP+ SQ + Wf + *•* 
where S is the focus and Oil the perpendicular from u 

tangent at the vertex. 

39. Any three tangents to a 
whose inclinations to the axis are m an » 
progression, will form a triangle of constant area. 

40. Shew that the area of the triangle formed by three 
normals to a parabola will be 

% (m. - m.j) (m,- mj (*» - "'■) ("'■ + + VhY - 


of 

al 


41 

strai 
of the 


41 . U a tangent to . pataWa Jt two 

" m b< * ^i;: 

42. If an equilateral triangle circun.scM 'bo 't 
shew that the lines from any vertex to »c 

through the point of contact ot the oppoM - . 

43. From any point on f = « (* + c) .'a the points 

y 1 = 4ax; shew that the normals to this pa « 

of contact intersect on a fixed sti.ug »t llie# 
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44. Chords of the parabola y- — 4 ax = 0 are drawn through 
the fixed point (#,, y x ) on the curve and are at right angles. 
Prove that the join of their other extremities passes through 
the fixed point (-c, + 4a, - »/,). 

45. If through a fixed point any chord of a parabola be 
drawn, and normals be drasvn at the ends of the chord, shew 
that the locus of the point of intersection of the normals is 
another parabola. 

\ v 46. If three normals from a point to the parabola y 3 = 4a# 
cut the axis in points whose distances from the vertex are in 
arithmetical progression, shew that the point lies on the curve 
-lay- = 2 (# — 2a) 3 . 

47. The locus of the poles of normal chords of y 2 — 4a# = 0 
is (.e + 2a) if + 4a 3 = 0. 

48. Circles .are described on any two focal chords of a 
parabola as diameters. Prove that their common chord passes 
through the vertex of the parabola. 

49. I wo tangents to a given parabola make angles with 
the axis such that the product of the tangents of their halves 
is constant; prove that the locus of the point of intersection 
of the tangents is a confocal parabola. 

50. Tf the circle described on the chord PQ of a parabola 
as diameter cut the parabola again in the points 77, S, then 
will PQ and PH intercept a constant length on the axis of the 
parabola. 


, , If tl ) e n °»™als at P, Q, P meet in a point 0, and 
Pl\ QQ\ 7.7.’' be lines through P, Q, P making with the axis 
angles equal to those made by PO, QO, PO respectively, then 
will 77', QQ\ pp' pass through another point O', and the line 
00' will be perpendicular to the polar of O'. 


52. The normals to a parabola at P, Q, P meet in 0 • 
•shew that UP . OQ . OP = a. OP . 0.)f } where OL and OM are 
tangents from O to the parabola, and 4a is the length of the 
latus rectum. 
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53 If from any point in a straight line perpendicular to 
the axis of aparabola normals be drawn to the curve prove 
that the sum of the squares of the sides of the tnang e urine, 
by joining the feet of these normals is constant. 

54 \ triangle ABC is formed by three tangents to a 

parabola^inother triangle DEF is c 

in which the chords through two points , ot U , 
diameter through the third. Shew that.l, Ji, t ure the 

point of the sides of DEF. 

55 If ABC be a triangle inscribed in a parabola and 
A'ISC be a triangle formed by three tangents pai.i^e <> >' 
sides of the triangle ABC, shew that the sulcs of ALL 

four times the corresponding sides ot A is t . 

56. If four straight lines touch a P a, f al, ° la ’ shew 
product of the squares of the abscissa* o> 1 £ intersection 

section of two of these tangents and of the p<> f the 

of the other two is equal to the continued Induct 
abscissie of the four points of contact. 

57 T/> TO are tangents to a parabola, and />,, Jh, 7' 

o/. 11, /V /' T O respectiveh 

are the lengths of the perpendiculars fiom / , » <> J a 

on any other tangent to the curve ; shew that ihPi - /, • ^ 

58. OA, OB are tangents to a * fi’ x cd line 

the corresponding normals; shew tha , { lin(1 

perpendicular to the axis, 0 describes a pa.al.ou, 

the locus of 0, if P lies on a fixed diametei. 

59. PG is the normal at /Mo the Parabola y - W ^ 

G being on 

PQ = OP 

the locus_ 

parabolas on which they lie is 

y- (:c + -I'l) + 1 = 0. 

60. A chord of the pan.lK.Ia f- 4«-Op-."tu"t 

the lixed point («, /?), and tlnou i < a „jty. Prove 

drawn parallel to the tangent at io o > two lines is 

that the locus of the point ot intersection of tin 

the parabola , „ v 


PO is the normal ai / «•« v "“ * , /, so that 

>n the axis; CP is produced outwanls to </«> ^ 

; shew that the locus ot J is a P* j y to th 

oi the intersection of the tangents at / an . 
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61. If the normals at the points P, Q, R on y 1 — \ax = Q 
meet in the point (a, /?), then the orthocentre of the triangle 

PQR will be - Get, - . Prove also that the centroid of 

PQR is {| (a — 2a), 0}. 


62. From any point (a, /3) three normals are drawn to 
y" - 4ax* = 0, and the tangents at their feet are drawn. Prove 
that the coordinates of the vertices of the triangle formed by 
these tangents are given by 


ar* + ar (o - 2a) - a/?’ = 0, 
n»d y 3 - ay (a - 2a) + a 2 /? = 0. 

63. P , Q, R are any three points on a parabola. The 
diameters through P, Q, R meet QR, RP, PQ respectively in 
P, Q, R. Prove that Q'R', RPPQ' are parallel to the 
tangents at P, Q, R respectively. 

64. The normal at P to a parabola cuts the axis in G , 
and the normals at Q, R pass through the middle point of PG 
Prove that QR passes through the foot of the directrix. 

6j. I rom a point l* on a parabola two normals are drawn 
to the curve. Prove that the bisectors of the angles between 
these normals with the diameter through P and tlie normal at 
P form a harmonic pencil. 


66. Any line through the point (—3a, 0) cuts the para¬ 
bola y- - 4oj; = 0 in the points P, Q. Prove that the circle 
through P, Q and the focus touches the parabola. 

67. I he normals at P, Q } R are concurrent and PQ meets 
the diameter through R on the directrix. Prove that PQ 
touches the parabola y 1 + 16a (x + a.) = 0. 


68. The normals at l\ Q, R on the parabola y n - - 4ax = 0 
meet at a point on the line .r = o. Prove that the sides of the 
triangle PQR touch the parabola y 2 = 10a(a;-!- 2a - a). 

69. A triangle is inscribed in y- - 4 ax = 0 and two of its 

sides touch y- - 4 b (x + c) - 0. Find the envelope of the third 
side. 


THE PARABOLA 


143 


70. The normals at the points Q Ji on if - 4 -ax - 0 meet 
the parabola at the point P. Prove (1) that the locus of the 

orthocentre of the triangle PQR is the paratio^ 
and (2) that the locus of the circumcentre is the parabola 

2 y 1 — ax + or = 0. 

71 If taiments be drawn to y : -4a.r = 0 from any point 
on ir — 4a'a; = 0,°the normals at the points of contact will met* 

on the curve y- {a — 4a') J + 4a« (x — 2a) - . 

70 Anv chord of the parabola y- - iax = 0 passes through 

»£& 4 : 

extremities is the parabola 2 y fiy ux 

73. The triangle PQR is inscribed in the I-arabola 

^t« -c^hi W 

x 2 + y 2 — 4aa: = 0. 

74. Any tangent to y»-4«*=0 cuts the lines *-»(*"<) *«• 

^ U,e* S parabola intt4cc^on the 
other tangents from i, v to u,e I 

curve whose equation is 

a 2 (m -mj (x + c) 2 = {cam - af (y-- 4«*). 

75. Prove that an infinite number of ^ 

P%Zt £ tlm t^of^-e^ids of the triangles 

is 3y 2 = 4oa:. 



CHAPTER VI. 


THE ELLIPSE. 


Definition. An Ellipse is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, bears a constant ratio, which is less than unity, to 
its distance from a fixed line, called the directrix. 


/ 


v 


/ 


109. To find the equation of an ellipse. 


~V) 



1 ^-1_. v 

K 1 ( Oy b) 

Let /S' be the focus and KT the directrix. 

Draw SZ perpendicular to the directrix. 

Divide ZS in A so that jShl : AZ =given ratio = e : 1 
suppose. 

^ here will bo a point A' in ZS produced such that 

SA'zZA' 
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Let C be the middle point of A A' and let A A - 2«. 

Then AS = e.ZA, and SA' = e.ZA'\ 

AS + SA' = e (Z A + ZA '); 

2AC= 2e.ZC\ 

/. ZC-1 .^ 

€ 

Also &A' - A S =c ' - ZA ); 

or AA'-2AS = e.AA': 

SC = e.AC=ue .(“)• 

Now let C be taken as origin. OA' as the axis of a, 
and a line perpendicular to CA as the axis o J. 

Let P be any point on the curve, and let its co- 

ordinates be a, y. 

Then, in the figure, 

SI» = e*PM*] 

... SN* + KP~ = e-XS". 

Now SN = SC+CN = ««+■'". 

and ZN-ZC+CN^ + * i 

( a y 

/. (ae + x) t + 2/ 3 =** ! l a:+ e) ’ 

or f + 

a? _ f_ _ =1 .(id;. 

or a a + «" (1 “ e ') . , . 

'/i • winch ltivcs 

Putting * = 0, we get y=±a\{ lengths bo 

us the intercepts on the axis of j. 

called ± b, we have • n 

= ..' 

and the equation (iii) takes the fonn 

*L 2 + ? 2 = 1 .( v >- 
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The latus rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 
x — — ae in equation (v). 

b l 

Then y 2 = b 7 (l — e : ) = —, from (iv), 


a■ 


b* 

so that the length of the semi-latus rectum is —. 


110. In equation (v) [Art. 109] the value of y cannot 
be greater than b, for otherwise ar 1 would be negative; and 
similarly x cannot be greater than a. Hence an ellipse is 
a curve which is limited in all directions. 

If x be numerically less than a, if will be positive; 
and for any particular value of x there will be two equal 
and opposite values of y. The axis of x therefore divides 
the curve into two similar and equal parts. 

So also, if y be numerically less than b, x 3 will be 
positive, and for any particular value of y there will be two 
values of x which will be equal and opposite. The axis 
of y therefore divides the curve into two similar and equal 
parts. From this it follows that if on the axis of x the 
points S', Z' be taken such that CS’ = SC , and CZ' = ZC, 
the point S' will also be a focus of the curve, and the line 
through Z' perpendicular to CZ'will be the corresponding 
directrix. 


If (.v, f) be any point on the curve, the co-ordinates 

y will satisfy the equation — -I- — — 1 = 0; and ib is 

clear that in that case the co-ordinates — x, — y will also 
satisfy the equation, so that the point (— x, —y) will also 
be on the curve. But the poiuts (x, y') and — y) are 
on a straight line through the origin and are equidistant 
from the origin. Hence the origin bisects every chord 
which passes through it, and is therefore called the centre 
of the curve. 


The chord through the foci is called the major axis, 
and the chord through the centre perpendicular to this 

the minor axis. 
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111. To find the focal distances of any point on an 
ellipse. 

In the figure to Art. 109, since SP = ePM, we have 

SP = eZN=e{ZC+C2T) = e(^ + x) = a + ex; 

also S'P = e. NZ' — e (CZ' — CN) = a — ex\ 

SP + S'P — 2a. 

An ellipse is sometime* 'defined as the locus of a point which moves 
so that the sum of Usances from two fixed points is constant. 

To find the equation of the curve from this definition. 

Let the constant sum be 2a, and the distance between the two fixed 

point o, tint lino joining tho te.^nng^ 
and this line and a line perpendicular to it for axes, then we have 

the given condition __ 

J(x - aejt+y* + J(* + “0 s + r = 2,1 

which, when rationalized, becomes 

y 2 +x 2 (1 - < 2 ) = a 2 1 1 “ c *)» 

which is the equation previously obtained. 

X 112 The polar equation of the ellipse referred to the 
centre as pole will 1*^found by writing rcosO for and 
rein 0 for y in the equation 

& . it = l 

d* + \y 

The equation will therefore be 

y 3 cos 2 6 , r*sin 3 0__, 

-r-H • ' 


or 


a J b- 

1 _ cos- 6 sin 3 0 
^ ~ a : + b* 


•(i). 


The equation (i) can be written in ibe form 

I_ 1 .<“)• 

r 2 u 3 + 

Since 1 _ I, S, positive, we see from (ii) that the least 
b 3 a- 
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i i j 

value of - is — , and that — increases as 6 increases from 


a- 


0to£, the greatest value of ^ being — . Hence the 
radius vector diminishes from a to b as 0 increases from 

Oto r 

We have found that for all points on the ellipse 


or 


We can shew in a manner similar to that adopted in 
Art. 92 that, if x, y be the co-ordinates of any point within 

ct? y 2 y* 

the curve, — + j:- -1 will be negative and that — + ^ ~ 1 

will be positive if x, y be the co-ordinates of any point 
outside the curve. 

-•'114. To find the points of intersection of a given 
straight line and an ellipse , and to find the condition that 
a given straight line may touch the ellipse. 

[Note. We shall henceforth always take — + ~ = 1 as 

Ct 0 

the equation of the ellipse , unless it is otherwise expressed.] 
Let the equation of the straight line be 

y = mx -f c.(i). 

At points which are common to the straight line and 
the ellipse both these relations are satisfied. Hence at 
the common points we have 

x 2 (mx + c) s 


T; + 


= 1 , 


or 


a* b- 

xr (b- + a-m 2 ) + 2mca-x + a- (c- - b-) = 0.(ii). 

This is a quadratic equation, and every quadratic 
equation has two roots, real, coincident, or imaginary. 

Hence there are two values of .r, and the two corre¬ 
sponding values of y are given by the equation (i). 
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The roots of the equation (ii) will be equal to one 
another, if ^ ^ + a 2 m 2 ) = 7 / 1 W, 

that is, if c - = a-m- + 1f. 

If the two values of * are equal to one another the two 
values of y must also be equal to one another front (>). 

Therefore the two points in which the elhpse ts cut by 
the line will be coincident it c =/(«;”*• + 0 ). 

Hence the line whose equation is 

y = mx + V(a’m a + V) .< m> 

will touch the ellipse for all values ot m. 

Since either sign may be given to the ^l/njm), 
it follows that there are tangents parallel 

.- 

at any point. 

Let x', ✓ and f be the co-ordinates of two points 
on the ellipse. 

The equation 

, . 

is, when simplified, of the first deg^, and is therefore the 

equation of a straight line. , f t ], e 

But. if we substitute x for ^ s id e 'al,o 

left side vanishes identical!) ar t | ie 0 e |lLpse. 

vanishes since the point (x, y ) 

Hence .he point (*', y) is on (L); and so also • , y • 

Hence (i, is the required equation of the .me through 

(#', y )» l,( l ( x/, > V )• o 


s. c. s. 
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The equation is 


* {x + x")la?+ y (J + y")/b* = 1 + x'x"/a? + y'f/b\ . .(ii). 

In order to find the equation of the tangent at (a/, y') 
we must put x" = x\ and y" = y > m equation (ii), and we 
obtain 


xx' 

a- 




Cor. 1. The co-ordinates of the extremities of the 
major axis are a, 0 and — a, 0 respectively, and, from (iii), 
the tangents at these points are x — a and x=—u. 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis. 

Similarly the tangents at the extremities of the minor 
axis are parallel to the major axis. 


Cor. 2. The tangent at the point ( a /, y') is parallel 
to the tangent at the point (—x, — y), and these two 
points are on a straight line through the centre of the 
curve. 

Hence the Umyents at the extremities of any chord 
through the centre of an ellipse are purallel to one another. 

1 ^) vV ^’ 116. To find the condition that the line lx + my + n = 0 
may touch the ellipse. 


The equation of the lines joining the origin to the 
points where the ellipse 


.r 3 if 

= 1 


a- 


lr 


(i). 


is cut by the straight line 

lx + my + n = 0 .(ii), 


is [Ait. 3s] .(ii* 

If the line (ii) cut the ellipse in coincident points, 
the equation (iii) will represent coincident straight lines. 
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Therefore the left-hand member of (ni) must he a perfect 
square : the condition for this is 

f ! _ ilVi. _ —1 = — ■ 

ll 2 / \b' 2 n-J n * 

whence a* + b'm'=>r .(»v). 

Cor. The line a; cos a + y sin a -p = 0 will touch the 

ellipse, if .... , 

a- cos-a + b- sin-a = p~ .( v >• 


117. To find 
of an ellipse. 

The equation 
of the ellipse is 


the equation of the normal at any point 


of the tangent at any point (x, if) 


xx yn _ 1 

o’ + IF 


The normal is the line through (.< f) perpendicular 
to the tangent; its equation is therefore [Art. dOJ 

x - x y - y 
x/a 3 y'/b* 


EXAMPLES. 

1. Find the eccentricities, and the co-ordinates of tho foci of the 
following ellipses: 

(i) 2.r- + 'Ay- -1=0, (ii) 8(x-l) 2 + fi(y-» 1 ) 2- 1=0 - 

Am. (i) ( ± °) ’ (») 4. I 1 - 

2 Find tho lengths of the latcra recta of the ellipses in question I. 

Jus. js^iandK' 0 - 

3. Shew that tho line y = x + v /^ touches tho ellipse 2x- + 3ij- = 1. 
^4. Shew that the lino 3>j=x-3 cuts the curve 4x= - - 2x = 0 in 

two points equidistant from tho axis of ij. 

5. Is the point (2, 1) within or without tho ellipse 2x? + 3y-' - 12 =0 
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^2 |/2 

6. Find the equations of the tangents to -. + rr. = l which make an 

a z b- 

angle of 60° with an axis of x. 

7. Find (i) the equations of the tangents and (ii) the equations of the 
normals at the ends of the latera recta of 2x + 3// 2 = C. 

The four points are (±1, ±| % /3). 

x 2 y'2 

8. Find the equations of the tangents to + = l which make 

equal intercepts on the axes. A ns. i±y± J.u- + b-= 0. 

9. Shew that the equation 4x 2 + 2i/ 2 = 6x represents an ellipse whose 

eccentricity is , and shew that the origin is at an extremity of the 
minor axis. 

10. Find the equation of the ellipse which has the point (-1, 1) for 
focus, the line 4x-3// = 0 for directrix, and whose eccentricity is j}. 

A nt. 20x 2 + 24 xy + 27t/ 2 + 72 (x - y +1) = 0. 
If the normal at the eud of a latus rectum of an ellipse pass 
through one extremity of the minor axis, shew that the eccentricity of 
the curve is given by the equation <r*+* 2 -1 = 0. 

12. If any ordinate MP be produced to meet the tangent at the end 
of the latus rectum through the focus S in Q, shew that the ordinate of 
Q is equal to the distance SP . 

13. A straight lino AH of given length has its extremities on two 
fixed straight lines 0-1, OP which are at right angles; shew that the locus 
of any point C on the line is an ellipse whose semi-axes are equal to CA 
and Cli respectively. 

14. Any tangent to on ellipse is cut by the tangents at the ends of 
the major axis in the points T\ Prove that the circle whose diameter 
is TT' will pass through the foci. 

l For +-£> -1=0 cuts x = a where y = and cuts 

l-( x'\ V ^ 

x = - a where y = - ( 1 h— ). 

V \ 

Hence the circlo whose diameter is TT is 

(•' + »)+ {, - £(l -5)} {* -£(l + £)} =0, 

whicli cuts j/ = 0 where 

i-e. x- - a- + b-= 0, since (x', ij') is on the ellipse.] 
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118 Two tangents can be drawn to an ellipse from 
any point, which will be real, coincident, or> xmagxnary* 
according as the point is outside, upon, or within the curie. 

The line whose equation is 

y = nix + \J(a"nc + b : ) . O' 

will touch the ellipse, whatever the value of m may be 
[Art. 114]. 

The line (i) will pass through the particular point 

(X ' y) ‘ ^ y ' _ MX ' + ,/(« = ,»= + 4’), 

tHat ' S ’ ‘‘ (y - mxj - a’m» - b : = 0, 

m* {x x - a*) - 2mxy + y- -b 2 = 0 .(nj. 

Fnuation (ii) is a quadratic equation which gives the 

direction of those tangents to the ellipse which pass 
direct loi b quadra lie equation lias 

The roots of (ii) are real, coincident, or imaginary 

according as } (y „ _ ^ _ x , XJ , 


or 


a'- y : 


is negative, zero, or positive ; or according as -+' ff 1 i» 

an ellipse from any point. 

Let y, y' be the co-ordinates of the point from which 
the tangents are drawn. 

Lot the co-ordinates of the points of contact of the 
tangents he k. k and It. <J respectively. 
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The equations of the tangents at (h, k) and (/*', k') are 

x h yk , 


a- 


arid 


xK ylf _ , 
a 2 + b- 


We know that (x\ y) is on both these lines; 

x'h ifh 

— + 7T =1 . 

«* 6 - 


(i), 


and 


x'h' y'k' 
a? + b 2 


= 1 


(ii). 


But (i) and (ii) shew that the points ( h , k) and (Ii, V) 
are both on the straight line whose equation is 


^ , .vV_ i 

a 2 6 2 


(iii). 


Hence (iii) is the required equation of the line through 
the points of contact of the tangents from (x\ y'). 

The line joining the points of contact of the two 
tangents from any point P to an ellipse is called the polar 
of P with respect to the ellipse. [See Art. 76.] 

L 120. If the polar of a point P with respect to an ellipse 
pass through the point Q, then will the polar of Q pass 
through P. 

This may be proved exactly as in Ai t. 7S. 


121. To find the locus of the point of intersection of 
two tangents to an ellipse which are at right angles to 
one another. 

The line whose equation is 

y = nrc + \Urni- + lr .(i) 

will touch the ellipse, whatever the value of m may be. 

If we suppose x and y to be known, the equation gives 
us the directions of the tangents which pass through the 
point (x, y). 
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The equation, when rationalized, becomes 

m- (or - a") - 2 mxy + y--b' = 0.(“)• 

Let vii and m, be the roots of (ii); then, if the tangents 
are at right angles, = — 1 > 

*> 7 * 


• 1 , 

• • •» _ •> ' 

a- — a- 


^ a * 2 + y 2 ” .(ii). 

The required locus is therefore a circle. 

The circle is called the director circle of the ellipse. 

:' l22. The circle described on the major .axis of an 
ellipse as diameter is called the auxiliary circle. 



If the equation of the ellipse be 

orj a- + y*/b* =1. 

the equation of the auxiliary circle will be 

* a?/a* + fl a 2 = 1 . 
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If therefore any ordinate NP of the ellipse be produced 
to meet the auxiliary circle in p, we have from (i) and (ii) 

NP'jb'- = 1 - CN-ja- = Np-/a >; 

NP/Np = b/a. 

Hence the ordinates of the ellipse and of the circle are 
in a constant ratio to one another. 

The angle A'Cp is called the eccentric angle of the 
point P. The point p on the auxiliary circle is said 
to correspond to the point P on the ellipse. 

If the angle A'Cp be t£, the co-ordinates of p will be 
a cos cp, a sin cf >; and those of P will be a cos <f), b sin <£. 


123. To find the equation of the line joining tvjo points 
whose eccentnc angles are given. 

Let 0 X , 9« be the eccentric angles of the two points; 
then the co-ordinates are acos#,, &sin#,, aud ncos0 2 , 
b sin 0., respectively. 

Hence the equation of the line joining them is 

| x, y t 1 | = 0; [Art. 24.] 

a. cos 9 X , b sin 0 lt 1 
a cos 0.., b sin 0. 2 , 1 

• • % t 

- (sin 0 X — sin 0j) + ? (cos 0~ — cos 0 X ) — sin (0 X — 9?) = 0. 

(I 0 

Dividing by sin h (0 X — 0»), we have 


x 

a 


cos J, (0, + 9.) + r sin 4 (0 X + 0 2 ) = cos \(0 X — 0- 2 ) • • .(i)> 


which is the required equation. 

To find the tangent at the point 0 X , we have to put 
0..= 0, in equation (i), and we obtain 


x „ 

- cos 9 X -f 
a 

124. From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of'two points on an 


sin 9 X = 1 


(ii). 
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ellipse is constant and equal to la, the chord joining those 
points is always parallel to the line 

x y • i 

- cos a + f- sin a = 1; 
a o 

that is, the chord is always parallel to the tangent at the 
point whose eccentric angle is a. 

Conversely, for a system of parallel chords of an ellipse 
the sum of the eccentric angles of the extremities oj any 

chord is constant 

fZ&llo. To find the equation of the normal at any point 
of an ellipse in terms of the eccentric angle oj the point. 

Let 6 be the eccentric angle of * P 01 ^ t,U ‘ 

ellipse ; the equation of the tangent at 1 is (Ait. - J 

- cos 0 + j sili 0 = 1- 
a o 

The equation of the line through <« cos 0, b sin 0) 
perpendicular to the tangent is L Art - JU J 

(a? — a cos 0 ) — (y “ ^ sin 6) “ °* 

ax a 1 - b'-. 

cos 6 sin 0 


If (X', r/) is the point of intersection of tho tangents at 0 ,. 0,. wo have 


and 


— cos 6\ + £>'> 0\ ~ 1 =°. 

a u 

— cos 0 ., + y 0* - 1 = 0. 

a * ^ 


pin 0 > - sin 0 \ __ cos * 

Hence x'/a = gj|1 ^ _ #,) ~ cod 4 (0| - 

Cns ", - COS 02 __ ^ (0| + Q-) 

and V ! h = „ „ ^7- 0 ,) ““ cui 4 i0i - 0>) 

[Or, since .he chard *, i‘. Iho polar of (r. ,1 tho elation (i) of 
Art. 123 ia the sauie as 1=0 , 

whancc tho above results can be written down at once.] 
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The intersection of the normals at 0 lt 0j will be found to b& 

a- - b- 

X- ---COS 01 COS 0 2 COS £ (0i + 0o)/CO8 J.(0 X - 0 2 ), 

b 2 -n 2 

and y = —-— sin 0 X sin 0 2 sin 4 (0 X + 0^/coa £ (0 X - 0 2 ). 

V^Ex. To find the locus of the point of intersection of the normals at the 
ends of a system of parallel chords. 

We have 0 l + 6->= const.=2a. 

Hence from the above equations, 

ax/cos a + by/ sin a = (a 2 - b 2 ) cos 2a/cos £ (0, - 0 2 ).(i), 

and ax/cos a - by lain a = (a 2 - b 2 ) cos (0 X - O^/coa £ (0 X - 0-) 

= (a 2 - b 2 ) {2 cosi (0 X - 0o) - l/cos $ (0 X - 0...)}. 

Substitute for cos £ (0 X - 02) from the first equation, and after some 

reduction we obtain the equation 

a 2 x 2 + 2 abxy cosec 2a + Ifcy 2 =(a 2 - b 2 ) 2 cos 2 2a. 

^126. We will now prove some geometrical properties 
of an ellipse. 

Let the taugent at P meet the axes of x and y in 
T, t respectively, and let the normal meet the axes in G,g. 
Draw SZ, S'Z', CK perpendicular to the tangent at P; 
draw also CE parallel to the tangent at P, meeting 
the normal in F, and the focal distance SP in E. 

Then if x\ y be the co-ordinates of the point P, 
thy equation of the tangent at P will be 

a 2 6 9 . 

Where this cuts the axis of x, y = 0, and at that point 
we have from (i), 

xx' , 

7F" 1; 

n .y n r p 

= or CN ‘ CT=CA ' a .( a )- 

Similarly NP . Ct = C& .(£). 
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The equation of the normal at P is 

x — x y - }( 


(ii). 


Where the normal cuts the axis of x, we ha\e y 0, 
and therefore from (ii), 

, b- , / ( i _ !L ' = e-x-'; 

=- - a *> or / a-) 

... CG = r.C.V.(-/)■ 



Also, since 

SG = SC+C(? = a« + «V, and GS -ae 


we have , , , op 

SG _ ae + #x = a + e* = . 

(/'iS' ae-e-x a-ex' o l ^ 

therefore PG bisects the angle BPS' . ''''''""yjl. 

Again, since P<? - GN- + *P- = «*- «* + A ^ 
we have PG* = /> + *■(! 

or pg =6 2 v(/v&*+* 'i a >• 

Similarly Pi/ - «* V(*>‘ + ^ 
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And PF—KG= 


[Art 31]; 


\/(#' a / a< + y' 2 fb 4 ) 

PF.PG = b and PF.Pg = a? .(e). 

The line whose equation is 

y = mx + V (arm* -f & s ).(iii) 

will touch the ellipse whatever the value of m may be. 

Hence, if SZ, S'Z' be the perpendiculars from the foci 
on the line (iii), then [Art. 31] 

- mae + V(a a m 3 + b-) and ^ y, _ mae + s /(aW + P) 
V( 1 + 1U-) ’ y(l + 7/i 2 ) ’ 

sz.s'Z' == i*"" (?) 

l+m 2 . 


Again, the equation of the line through >$ perpendicular 
to (iii) is 

my+x + ae = 0.(iv). 

To find the locus of Z the point of intersection of (iii) 
and (iv), we must eliminate m from the two equations. 
The equations may be written in the form 

y mx = + b"), and my + x = — ae. 

Square both sides of these equations and add, we thus 
obtain 



(P + y*) (1 + m-) = arm 5 + b- + a*e= = a a (1 + m=); 

therefore the locus of Z is the auxiliary circle whose 
equation is 


p + f = « n - . (v\ 

■\\e should have arrived at the same result if we had 
supposed the perpendicular to have been drawn from S'. 

127. Let P be any point, and let QQ' be the polar of 
P. Let QQ’ meet the axes in T, t. Draw SZ, S'Z', CK 
and PO perpendicular to QQ'; and let PO meet the axes 
in (t, ft. 1 hen, it x’, y be (he co-ordinates of P, the 
equation of QQ' will be [Art. 119] 
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The equation of POG will therefore be [Art. 30] 



From (i) and (ii) we can prove, exactly as in the 
preceding Article, 

(a) CN.CT=CA\ {{3) KP.Ct = CB\ 

( 7 ) CG = e-CX, and (8) KC.PG = b\ 



EXAMPLES. 

1. Shew that the focus of an ellipse is the pole of the corresponding 
directrix. 

2. She* that the equation of tho locus of tho foot of the ra¬ 
dicular from the centre of an ellipse on a tangent is r- = o-co+ t am 0. 

. 6 Shew that the sum of tho reciprocals of the squares of any two 

S Imeters of an ellipse which are at right angles to one another is 

constant. [Sec Art. 112.] 

4 If an equilateral triangle be inscribed in an ellipse the sum of the 
squares of the reciprocal, of tho diameters parallel to the sides will 

be constant. 
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5. An ellipse slides between two straight lines at right angles to one 
another; shew that the locus of its centre is a circle. [See Art. 121.] 

6. If the points S', II' be taken on the minor axis of an ellipse such 
that S'C=CH’ = CS, where C is the centre and S is a focus; shew that 
the sum of the squares of the perpendiculars from S' and H’ on any 
tangent to the ellipse is constant. 

7. Shew that the locus of the point of intersection of tangents to an 
ellipse at two points whose eccentric angles differ by a constant is an 
ellipse. 

[If tho tangents at <p + a and <p - a meet at (x', y '); then ^=cos tp sec a, 
~ = sin <p sec a. Eliminate <p for the locus. ] 

8. The polar of a poiut P cuts the miuor axis in t, and the perpen¬ 
dicular from P to its polar cuts the polar in the point O and the minor 
axis in g ; shew that the circle through tho points t, O, g will pass through 
the foci. [Prove that tC.Cg = SC. CS’.] 

9. Prove that the line lx -f my + » = 0 is a normal to 

*V--i ifi 8 .£_(« 2 -^ 2 

a 2+ i>- ’ j- + Jit- “ n- • 

[Compare with ---= a 2 — b 2 ; we have — ° S - 

cos 0 sin 0 ' a 

= — n , : then eliminate 0.1 

rt- - o- 


m sin 6 
b 


10. The perpendicular from the focus of an ellipse whose centre is C 
on the polar of any point P will meet the line CP on tho directrix. 

11. If Q be the point on the auxiliary circle corresponding to the 
point P on an ellipse, shew that the normals at P and Q meet on a fixed 
circle. 

12. If Q be the point on the auxiliary circlo corresponding to the 
point P on an ellipse, shew that tho perpendicular distances of tho foci 
S, II from tho tangent at Q are equal to SP and IIP respectively. 

13. Shew that the area of a triangle inscribed in an ellipse is 
t. ah {sin (£ - y) + sin (y - a) + sin (a - B )} 

= - lab sin i - y) sin $ ( 7 - a) sin $ (a - £), 
where a, ,3, 7 arc the eccentric angles of the angular points 
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^28. To find the locus of the middle points of a system 
of parallel chords of an ellipse. 

The equation of the chord joining the points 0 l and 6, is 

- cos h (0i + 0-) + f s'm b(0i + 0?) = cos i " e ^ 
a “ 0 

If this chord is parallel to y - mx = 0, we have 

b 


tn 


=-cot h ( 61 + 0*) 

a 


.(i). 


But, if (a:, y) is the middle point of the chord 
2x = a (cos ft + cos ft) = 2a cos i (ft + ft) cos i (ft - ft), 
and 2y = 6 (sin ft + sin ft) = 26 sin 1 (ft + ft) cos i (ft - ft'- 


Hence 


yjx = - tan h (0i + Oi) 
Jl a 

b* 

--, from (i;. 

(I'M 


Hence the locus of the middle points of all chords 
which arc parallel to the line y = mx is the straight 

whose equation is /j:\ 

1 ,j = _ b-.r/a-m .< u '* 

From (ii) we see that all diameters of an ellipse [Art. 
102, ])cf] pass through the centre. 

Writing (ii) in the form y = m'x t we see that 

mm' — WaP . (iii) - 

It is clear from the symmetry of the relation (in) that 
all chords parallel to y — mx aie bisec i« 

Hence, if one diameter of an ellipse^ecM paral^ 
lei to a second, the second diametei 
parallel to the first. 

J)ef Two diameters arc said to he conjugate "hen 
each bisects chords parallel to the ot ler. 
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\V> 


129. The tangent at an extremity of any diameter is 
parallel to the chords bisected by that diameter. 

All the middle points of a system of parallel chords of 
an ellipse are on a diameter. Hence, by considering the 
parallel tangents, that is the parallel chor.ds which cut the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the points of 
contact of the tangents which are parallel to the chords. 

v/ Ex. 1. The polar of any point on a diameter of an ellipse is parallel 
to the conjugate diameter. 

For the diameter through (x 7 , y’) is 

xff -yx! = 0, 

and tho polar of (x\ y') is 


xx j a- + yy'/b 2 -1 = 0. 

These satisfy the condition mm'= -b 2 /u 2 , for 


m=y'lx’ and in'= - b-xja-y’. 

It follows that, if (x', y') is the middle point of a chord of an ellipse, 
the chord is parallel to the polar of (x', y'). 

Hence the equation of the chord whoso middle point is (x', y') is 


(x - x') x'/a 2 +(y-y') yjb 2 = 0. 


Ex. 2. If chords of an ellipse pass through a fixed point , their middle 
points are on another ellipse. 

For the chord whose middle point iB (x' t y') is from Ex. 1 

(x - x') x’/a- +(y- y') yjb- = 0. 

If this passes through the given point (h, A), we have 

(h - x') xja 2 + (k-y‘) yjb 2 =0. 

Thus (x', y") is on the ellipse 

x 2 /a 2 + y-jb- - hx/a 2 - ky/b 2 = 0. 

Ex. 3. The line joining tico points on an ellipse , the difference of 
whose eccentric angles is constant, envelopes another ellipse. 

The equation of the join of the points 6 X and 0- 2 when 0 l -0„ = 2a is 


^cos ^ (Oi + OJ + y sin J (0i + 0o)= cos a. 

And the envelope of this line, for different values of 0 x + 6 j is 
[Ex. 2, p. 133] 

x-/a- + y~/b‘ = cos 2 a. 

Ex. 4. If a triangle is inscribed in an ellipse and two of its sides are 
parallel to given straight lines, the envelope of the third side is another 
ellipse. 



THE ELLIPSE 


165 


Let the eccentric angles of P, Q, X he t„ » 3 - Then, if PQ and 

PR are parallel to given straight lines, we have 

0 j + $.,= const. = 2 a, and 0 , + 0 3 - const- /3. 

Hence 0. 2 -O 3 =2(a-p).. 

Hence, from Ex. 2, the envelope of QIl is 

x-la 2 + >j-lb 2 = cos 2 (a - 0). 

^ ISO Let P D be extremities of a pair of conjugate 
CD are 

11 X y y _ x . 

, and -7. - -7/ > 

y .r y x 

^ h' 2 

yy _. 

hence from (v) Art. 12S we have -,-y, - > 

x'x'Ja- + y'y'i^ = . . 


(i)- 



<*>' 


or 


9 * 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters 
of an ellipse is a right angle. 

If pCp', dCd! be the diameters of the auxiliary circle 
corresponding to the diameters PCP', DCD' of the ellipse, 
then pCp, dCd ' will be at right angles to one another. 
Hence the co-ordinates of D and of D' can be at once 
' expressed in terms of those of P or of P'. 

Y' 131. To shew that the sum oj the squares of two con¬ 
jugate semi-diameters is constant. 


Let P, D be extremities of two conjugate diameters of 
the ellipse. 

Let the eccentric angle of P be (p, then the eccentric 
angle of D will be <£ ± £ [Art. 130]. 


I he co-ordinates of P will be a cos (f> , b sin <p , and those 
of D will be a cos (^<p ± ~J , b sin (V ± ^j • 

. *. CP- = a- cos 2 <p + b* sin 5 <p, 
and CD* =a* cos 5 U±?)+fr sin 5 (<f> ± ; 


CP* + CD 3 = a 1 + b\ 

... ^ >e ave:l of the parallelogram which touches an 

ellipse at the ends oj conjugate diameters is constant. 

Lrt PCP\ DCD' be the conjugate diameters. The 
jirea of the parallelogram which touches the ellipse at 
D, I) is P. CD sin PCD , or 4 CD. CF where CF is 
the perpendicular from Con the tangent at P. 

Now if the eccentric angle of P be <f>, the eccentric 
angle of D will be <p ± 


or 


•. ( ID* = a 5 cos 5 f <p ± + b* sin- (4> ± , 

CD 5 = a* sin 5 <p + b* cos 2 <f>.(i). 
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(ii )• 


The equation of the tangent at P will he [Art. 123] 

x v • i i 

- cos <f> + V sin <P= J- 

a u 

. (']?- — ----.- , [Art. 31], 

•• ^ cos- + sin 2 <PI0- 

i (I'h- 

or CF ' = a- sin 2 (f> + If cos-' </>"' 

From (i) and (ii) we see that the area of the parallelo¬ 
gram is equal to 4 ah. 

1/133 If r , r be the lengths of a pair of conjugate 

semi-diameters, and 6 he the angle between them, then 

rr siu 0 = [Art. 1*$2]. 

Hence sin Q is least when rr is greatest. 

Now the sum of the squares of .j. w ® L ?°'^atest then the 
is constant; hence the product will ^ o 

diameters are equal to one another. 

Hence the acute angle between ual 

of an ellipse is least when the conjugate dian 

to one another. 

x/ 134. Let the ecccntl ie angles of the extremita s 1 ,D 
of two conjugate diameters be + t + ±\ respectively ; then 

CP- = « 2 cos 2 </> + b- sin 2 <p, 
and CD- = a 2 sin 2 <j> + If cos’ $'» 

.*. CP- - CD 2 = (« 2 - If) cos -$• 

Hence CP = CD when </> is ~ or • 

The equations of the «,uul conjugate diameter are 
therefore 

• r _ , u 

-" J ' 

Hence the eqni-conjugate diameters oj an cU<jnc 
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coincident in direction with the diagonals of the rectangle 
foimiedby the tangents at the ends of its axes. 

-^135. Def The two straight lines drawn from any 
point on an ellipse to the extremities of any diameter are 
called supplemental chords. 

Any two supplemental chords of an ellipse are parallel 
to a pair of conjugate diameters. 

Let the chords be formed by joining the point Q to the 
extremities P, F of the diameter PCF. Let Fbe the 
middle point of QP, and V' the middle point of QF. 
Then Cl ' and CV are conjugate, for each bisects a chord 
parallel to the other; and CV', CV are parallel respec¬ 
tively to QP and QF. 

Hence QP and QP' are parallel to a pair of conjugate 
diameters. J 


130. Concyclic Points. The equation 

iP/a? + f{b> - 1 + \ (x> + if + 2gx + 2fy +c) = 0 .. .(i) 

represents a curve which passes through the common 
points of the ellipse 

.rV« 2 + if/b- -1=0 

ami the circle 

^ + if + 2 gx + 2 fy -hc = 0 . 

Now (i) will represent two straight lines if \ be 
properly chosen so that the condition found in Art. 37 is 
satisfied. Also when (i) represents straight lines they are 
parallel to the lines 


:P/a* + if/b' + \(a? + f) = 0, 

and are therefore parallel to straight lines of the form 


V = + mx. 


Hence two straight lines through the points of intersec¬ 
tion og an ellipse and any circle make equal angles with 
the axes . J 
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(A). 


Now let a circle cut an ellipse in the points whose 
eccentric angles are a, ft, 7 , B ; then the two lines 

- cos £ (a 4-/3) 4-y sin i(a + ^) = c °s^(a-^) ) 

a 0 

and - cos ^ (7 + 3 ) 4-r sin ^ (7 + S) = cos i (7 5), 

a ° 

will make equal angles with the axes, and therefore 

tan t (a + /3) = - tan h (7 4- B). 

Hence h(a + /3) + k( 7 + = ,,7r > 

or a + /3 + 7 + 8 = 2 " 7r - 

Now at a point where any circle 

a* + if + 2 gx + 2fy + c = 0 

cuts the ellipse, the eccentric angle siitisf.es the relation 
a 1 cos" e + b' sin" 6 + 2 </« cos 6 + 2/6 sin 0 + c = 0 . 

Hence 

((a* - 6 2 ) cos 2 0 4- 2 ga cos 0 4- c 4- ft "} 3 = 4 ./ w,r ^ 
lV — 4/'-'6 2 — 4/ '0 s cos 2 0. 

Hence cos a 4 - cos /9 4- cos 7 4- cos B = - ( <r “ ^ 

Similarly sin a 4 - sin £ 4- sin 7 4- sin 5 = - 4/ 6 /( 6 - “ “ V 
But, since a 4 -^ 4 - 74 -S = 2 /itt, 
cos 8 = cos (a 4- /3 4- 7 ) and sin 5 = - «*» ( a + + 7 ' 

Also the centre of the circle is (- 0 . -/)• 

The co-ordinates of the centre of the cl ^ e 
the points whose eccentric angles me a, fi, / 
given hy 


x = “L --1 1V C«s a 4- COS (a 4- P 4- 7)l> 
4(t 


y 


“ 3 j V s i„ a - sin (a 4- ft 4- 7 )! 

46 ( 


(B). 
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Ex. The locus of the centroid of an equilateral triangle inscribed in 
x?]a 2 + J/ 2/&2 -1 = 0 is x 2 (a 2 + 3b?) 2 [a 2 + y? (b 2 + 3a?) 2 jV 2 = (a 2 - b 2 ) 2 . 

If the angular points of the triangle are a, /3, y the centroid is 
given by 

3x = a (cos a + cos {} + cos y ), 

3 tj = b (sin a + sin /3 + ein y). 

Now in an equilateral triangle the centroid coincides with the 
circum-centre. 

Hence we have 

a = C ° S ( a + 0 + 7)» 

and b^—~a 2 1/ " 3 f = ~ siu (“ + -8 + 7)- 

Square and add; then 

(a 2 + 362)2 x 2 ja 2 + (62 + 3a?) 2 y?Jb 2 =(a? - b?) 2 . 


137. To find the equation of an ellipse referred to any 
pair of conjugate diameters as axes. 

Let the equation of the ellipse referred to its major 
and minor axes be 


;rr 




1 



Since the origin is unaltered we substitute for x, y 
expressions of the form Ix + tny, I'x + m'y in order to 
obtain the transformed equation [Art. 51]. 

lhe equation of the ellipse will therefore be of the 
form 

Aa? + 2Hxy + Ihf = 1 .(ii). 

By supposition the axis of x bisects all chords parallel 
to the axis ot y. Therefore for any particular value of x 
the two values of y found from (ii) must be equal and of 

opposite sign. Hence H = 0 ; the equation will therefore 
be of the form 

Ax=+By?=l .(iii). 

To obtain the lengths (a, b') of the intercepts on the 
axes ot x, y, we must put y = 0 and x=0 in (iii); we 
thus obtain 


,1 a' 2 = 1 = Bb\ 
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Hence the equation of an ellipse referred to conjugate 
diameters is 


or r i 


V) 


where a', V are the lengths of the semi-diameters. 

138. By the preceding Article we see that when an 
ellipse is referred to any pair of conjupte dmme ere 
axes of co-ordinates, its equation is ot the same form 
as when its major and minor axes arc 

ordinates. _ „ „ _, A n0 o 

It will be seen that Articles 114 115, 
hold good when the axes of coordinates are any pair ot 

conjugate diameters. 

Co-normal Points. To find the condition that 

the normals at three ponds on an ellipse may meet 
point. 

The normals at the points a, 0, 7 are [Art. 1->J 

cue sin a —by eos a = (a 2 — b") sin a cos a, &c. 

The condition that the three normals at a, 0, 7 s ,oU 1 
meet in a point is therefore 

sin a, cos a, sin 2 a 1 = 0 , 

sin/ 3 , cos/?, sin 2/3 
sin 7 , cos 7 , sin 2 7 

La sin 2 a sin (^- 7 )+sm 2 ^sin ( 7 -'^) 

+ siu 2 7 sin (a- P) = 0 . {l) ‘ 

Now form the product of 

sin (0 + 7 )+ sin (7 + «) + sin + /3) 
and sin (0-y) + sin (7 “ a ) + sin (a “ /?) ' 

The product is 

2 sin (0 + 7 ) sin (0 — 7 ) Q\ a : n {~ — all 

+ 2 {sin (7 + a) sin (a-^) +sin (a + 0)* / ’ 
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But 2 S sin (ft 4- 7 ) sin (ft — 7 ) = (cos 27 — cos 2/9) 

4- (cos 2a - cos 27 ) 4 - cos (2/9 — cos 2a) = 0. 

Also S {sin (7 4 - a) sin (a — /9) 4 - sin (a + /9) sin (7 — a)) 
= 4 2 {cos (/9 4- 7 ) — cos (2a 4- 7 — /9) 4- cos (2a 4* /9 — 7 ) 

- cos (£ 4 - 7 )) 

= S sin 2 a sin (7 — /9). 

And S sin (/ 9 ~ 7 ) = -4 sin —^ sin sin . 

Hence the left side of (i) is 

4 sin / sin sin . 2 sin (/9 4- 7 )*. 


Thus the condition required is 

sin (/9 4- 7 ) 4- sin (7 4- a) 4- sin (a 4- /9) = 0.(A). 

Now if we suppose that a and /9 are known, the 
relation (A) will give two values of 7 , say 7 and 8. 

And from 

sin (ft 4 - 7 ) 4- sin (7 4- a) 4 - sin (a 4- ft) = 0, 
and sin (/9 4- 8) + sin (8 4 - a) 4- sin (a 4- ft) = 0, 

we have, after subtracting and dividing bv sin 4 (7 — 8 ), 

cos A (2ft 4- 7 4- 8) 4- cos 4 (2a 4 - 7 4- 8) = 0, 

whence cos 4 (a 4 - ft 4- 7 4 - 8) = 0. 

Hence, it the normals at a, ft, 7 , 8 meet in a point, 

a +ft+ y + 8 — (2 n 4- l)7r.(B). 

It will be seen that the condition B is necessary but 
not sufficient to ensure that the normals at a, ft, 7 , 8 are 
concurrent. [See also Art. 199.] 


Ex. 1. 


great eat. 


Jo find when the area of a triangle inscribed in an ellipse is 


l.ct the eccentric angles of P, Q y R, the angular points of the triangle, 
he , fa, <fr A ; let ji, , r be the three corresponding points on the auxiliary 
circle. 

* The above method is duo to Prof. Anglin. 
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The areas of the triangles •?<?«• “" J '"' r are lAtt ' 61 

... 1 nrul rt COS 0i , tf Sin 01 » 1 » 

i 1 a cos <#>i, fcsin^i, 1 ,» ana i v\> 

^ .. . 1 1 a cos 02 , flsin 02 » 1 

a COS d). 6 Sill 02* A I ; . 1 

I * lc - . 1 * a cos 03 , <i sin tot 1 

i a cos 03 , o bin 03 , l 

/. aPQR : A/»I r :: ^ : rt# 

Hence the triangles PQR and M r are to on ® ^ 
ratio » : a. Therefore PQU is neatest when M r u grea.e t. 

Now a „r is greatest when it is an eg,.i,a,era, tnangie; and 

2ir 

case 0 i ^ = 02 ^ 03 = ^3 ^ ^ 3 

Hence when a triangie inscribed in an eiUj.se is^nrarin.u., the 
eccentric angles of its angular points are «, o + — . a + 3 ■ 

Ex. 2. If any pair of conjugate T,t 

at a point P in T, ft ‘hen, that 11 - U 

“ Tc?SJL,.« ..—- “—- 

ag-S- . 

The equation of the tangent at V («.<») e . te diameters. 

If y = y = m'x be the equations of any pa.r of con,u 0 

then ,« in. 


mm'=- 2 [ArL W 

a- 


But 


pT=ma, anil PT=m "> 

... pj <, pT' = . . 

... tp . PT' = b', from (■)• 




ellipse Melt are at right angle, to one another 

circlt. . t,, one another, 

Let CP, CQ be two diameters winch are a »‘g > 

and let the equation of the line IV bc 

x co* a + y sin a=/>« 

, . *. fjt ( ij will he [Alt. 38] 

The equation of the lines C /. C V 

x 2 j r /xco** + y*}H?\ m .0/ - 

«* + b- = \ P ' 
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But, sinco the lines CP, CQ are at right angles to one another, the 
sum of the coefficients of x- and y 2 in (i) is zero [Art. 36]; 

• 2+i-I 

'* a 2 + & 2_ p 2 ’ 

which shews that the perpendicular distance of the line PQ from the 
centre is constant. 

Hence the line PQ always touches a fixed circle. 

Ex. 4. To find the locus of the poles of normal chords of an ellipse. 
The equation of the normal at any point 0 is 


_?£_ - h,J i- 

cos 0 sin d 


(i)- 


The equation of the polar of nnv point (x', y') is 

• r - r ' . in/ 


-h * ‘ =r 1 

•# * . •> *■ 

a- 0- 


(ii>. 


The equations (i) and (ii) will represent the same straight line, if 


or ("- - h-) cos 0 = %, and (a-- //-’) sin (?=- — ; 

• r / 

therefore, by squaring and ad ling the two last equations, we havi 


(a- — b-)-~ — 4 - - 
' 1 J' 2 y' 2 * 


Henco the equation of the locus is 


Ex. 5. If a quadrilateral circumscribe an ellipse, the line through the 
middle points of its diagonals mil pass through the centre of the ellipse. 

Let the eccentric angles of the four points of contact of tho tangents 
be a, p, 7 , 5. 


The equations of the tangents at the points a, p are 

•'/ • - - »/ . 


x 


- cos a + sin a = 1 , and -cos/9 + ^sin/? = 1 . 
These meet in tho point 

cos *(« + £) Pin h{a+P)\ 

cos A (a -p)’ cos i(a->)/‘ 

Th»> tangents at y and 5 will meet in the point 

rt cnM(7 + 3) 6 s nJ(7 + S)\ 
coa A ( •, - 6 ) * cos A (7 - d) J ■ 
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The co-ordinates of the nriddie point ot the hoc joining these points 
of intersection are given by 

1 / 5\ j. pAq 1 4- o) COS n I & PI 

a cos \ (a + ft) cos U7 ~ °> + S221A LLf*---. 

cos i (> - o) cos A «a - p) 


x- 


l, sin 4 (a + £)_COS * (7 - +J R,n * <7 4 • 

y = o- CO* A (7-8)cosi ( tt “W . , 

Therefore the Hue joining the centre of ellipse to tins po« 

makes xvith the major axis an angle the tangent of * Inch 

l »i„ 4 (» + « COBJ> - J)_ + «n !^ £ . 

a c'oT^ft) cos A (7 - 5) + “> s 4 <7 + *) cos H ? 
which is equal to . , 

<7 cos (7—a) 7 cos ( S - p) + cos (, - 7 ) + (• > 

where 2* = o + /3 + 7 + «- , lino joining the 

The symmetry of the above re8U * of the diagonals of the 
centre of the ellipse to one of the mi ' P middlo Thig proves 

quadrilateral will pass through the otli 1 (l qut „lril<Uenil 

to centre <• on the line through the m>Wcpent, oj 
also Arts. 210, 244.] „ 2= 

Ex. G. PQR «« « trmn';/e inscribed <n the cnce f/«.t 

pg, P«pn„ re. r ^,j 

QR touches the come x-+ !/“(“ b ‘ 

Let P, Q, n be (acosfl,, « sin<M. Ac. 

Then the equation of PQ is „ % 

xco 8 H^ + ^ + I/ 6in '- (<?I + ^ )=:aC0 ^ 

end we have, putting f, for tan h0\.& c - 

b cn8j(*i-Ps)_!±l!!L*. 

7 _ COS i t</l + 0-’) 1 “ 1,12 

c _1+JV?. 

Hence * nd ' l '» < » +c >''_“"' = 0 ’ 


So also 


• t.Jt 3 =(a + c)(a-m^- c ^ a + b)) ' X 
Now the equation of QR » b . . 

xcosjf^^ + pinM^W-^ ( ^ CJ ' 

i<& fl-X + (rt + x)^ f 3'-Jf (£ - + <3) " 


(i) 
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Hence, from (i) 

(a-x)\ + (a + x) tf-y (X+l) t«=0, 
the envelope of which for different values of t-, is 

4X (n + x) (a - z) = (\ + l) 2 y-, 
where \ = (a + c) (a - b)] {(a - c) (a + &)}. 


Examples on Chapter YI. 


1. If SP, S'P be the focal distances of a point P on an 
ellipse whose centre is C, and CD be the seini-diameter conju¬ 
gate to CP) shew that SP. S'P = CD-. 

2. The tangent at a point P of an ellipse meets the 
tangent at A, one extremity of the axis AC A', in the point Y ; 
shew that CY is parallel to A'P, C being the centre of the 
curve. 


3. A point moves so that the sum of the squares of its 
distances from two intersecting straight lines is constant. 
Prove that its locus is an ellipse, and tind the eccentricity in 
terms <>f the angle between the lines. 

4. P, Q are fixed points on an ellipse and R any other 
point on the curve; I', 1” are the middle points of PR, QR, 
and VO, VO' are perpendicular to PR, QR respectively and 
meet the axis in O, O'. Shew that 00' is constant. 


o. .V series of ellipses are described with a given focus and 
corresponding directrix ; shew that the locus of the extremities 
of their minor axes is a parabola. 

f>. P.\ P is a double ordinate of an ellipse, and Q is any 

point on the curve: shew that, if QP, QP' meet the major axis 
in M, M' respectively, CM. CM’ - CM-. 

i. Lines are drawn through the foci of an ellipse perpen¬ 
dicular respectively to a pair of conjugate diameters and 
intersect in Q ; shew that the locus of Q is a concentric ellipse. 

8 . The tangent at any point P of an ellipse cuts the 
equi-conjugate diameters in T, 7”; shew that the triangles 
T< P, T CP are in the ratio of CT- ; CT~ 
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9. If CQ be conjugate to the normal at l\ then will CP 

hp coniu ,r ate to the normal at Q • 

' 10 °If P D bo extremities of conjugate diameters ot an 

A PP' DU be chords parallel to an axis of the 
dlsp ; "3ii thafw and I'D are parallel to the equi- 

'U. If 1\ D are extremities of tliTtang^nt at 

the tangent at P cut the nnyor axi^ ^ ^ wiU be parallel to 
D cut the minor axis in 1 , su 

one of the equi-conjugates. 

12 . QQ‘ is any chord of an ellipse pm a e s l M *w 

equheopj^md tlmtongemtoat Q.Q«~ 

13. In the ellipse .^'on thehuigent from 

fourth proportional to the \ I 

the centre and from the two foci. 

1 4 . Two conjugate ^ on a given'ckcle 

their four extremities me jmni ^ . s he\v that the sum 

whose centre is at the cell . j ur lines is constant, 

of the squares of the lengths of these our ^ 

15. rxr is a double ordinate of mi ill j ; ^ ((KW 

is C, and the normal at P meets tl ml >, 

of 0 is an ellipse. dlc nw j or „ x is in G, 

w 16. If the normal at any poi 0 f the middle 

shew that, for ditlerent positions of 

point of PG will he an ellipse. ^ Iiny po i n t 

17. A, A' are the v ertices of an e to j /> and 

on the curve; shew that 1 A f ( ‘ n lhe axis A A , then 

PM perpendicular to A 1, M> ' ® f the ellipse, 

will J/iV be equal to the latus let noint from which 

• ^8. Find the equation of angles 0, 

two tangents can be diuwn t . \ + t;Ul 0 is constant, 

with the axis-major such j ‘ & 0 is constant. 

(2) cot d, + cot 0, is constant, and (3) bin d 

19. The line joining two ' 1 te to \l.e line joining 
of an ellipse is edher pam 
two extremities ot their conju 0 
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^ 20. If P and D are extremities of conjugate diameters of 
an ellipse, shew that the tangents at P and D meet on the 

o •> 

ellipse ~ a + = 2, and that the locus of the middle point of 


a* b 2 
x* 


PD is + £ = *. 


a- 


b- 


v* 21. A line is drawn parallel to the axis-minor of an ellipse 
midway between a focus and the corresponding directrix; prove 
that the product of the perpendiculars on it from the extremi¬ 
ties of any chord passing through that focus is constant. 

\/22. If the chord joining two points whose eccentric angles 
are a, ft cut the major axis of an ellipse at a distance d from the 

centre, shew that tan ^ tan ^ where 2 a is the length 

J J* cL + a 

of the major axis. 

23. If any two chords be drawn through two points on the 
axis-major of an ellipse equidistant from the centre, shew that 

B § 

tan ^ tan ^ tan ^ tan - = 1, where a, ft, y, 8 are the eccentric 

mJ *5 W 

angles of the extremities of the chords. 

24. If S, H be the foci of an ellipse and any point A be 

taken on the curve and the chords ASH, Ji/IC, CSD , DIIE... be 
drawn and the eccentric angles of A,H,C,D,... be 0 ly 0n,0 it , 

, 0. 0., H. 0 3 6, 0. 

prove that tan tan = cot ~ cot -- = tan — tan - = .... 

25. Shew that the area of the triangle formed by the 
tangents at the points whose eccentric angles are a, ft, y respec¬ 
tively is ab tan h {ft — y) tan i (y — a) tan i (a — ft). 

23. Prove that, if tangents be drawn to an ellipse at 
points whose eccentric angles are </>,, </>.., the radius of the 
circle circumscribing the triangle so formed is 

PTL sec " 03 sec ~ sec “ ** ■ 

3 ’lab 2 2 MC 2 ’ 

q, r being the length of the diameters of the ellipse parallel 
to the sides of the triangle, and a, b the semi-axes of the ellipse. 
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»• »-■-T 

S h WSiw> ■>- *•» ° f the 1,01,11 ° £ 

•riectiua of QH and ICS is an ellipse. 

28. If. I*. „ be conresponding.poinU « t 

auxiliary circle, centre t, an tal ,„ ant at the point Q on 

*? * *■ p^ ,cular t0 c * attd t,wl 

it cuts off from C> a length equal to CP. 

9 Q Tf P 0 be the points of contact of perpendicular tan- 
- 9 ; „ pUiose and )>, n be the corresponding points on the 

auxiliarj^circle^^hew Li C P , C, are conjure diameters of 

the ellipse. 

i *. „ C nf two concentric circles two 

30. From the Z a lixed straight line. 

’rrf <*»«>°° i to tho 

diameter conjugate to CP. 

«• ™ - ^‘e Urn tmn-enU atwhlehareat "rigid angl'™ 

points on the ellipse the < - aro t | ie semi-diameters 

s» p° in ^ “ ,,d 6 a,e ti,e sL " ,,iaxL ' s 

of the ellipse. 

. 4 , 33A‘Se£=Z&~ “ 1 

to the two circles is constant. 

33 . Prove that the 

diculars from the t*° < * ™ ellipse is equal to the square of 

- •»- 

34 . Q is a point on the normal 

IX 5SS. of the ellipse; shew that PQ is proportional 
to' the diameter conjugate to U . 
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35. If a pair of tangents to a conic be at right angles to 
one another, the product of the perpendiculars from the centre 
and the intersection of the tangents on the chord of contact is 
constant. 

3G. Tangents at right angles are drawn to an ellipse; find 
the locus of the middle point of the chord of contact. 

37. If P he any point on an ellipse and any chord PQ cut 
the diameter conjugate to CP in R, then will PQ. PR be equal 
to half the square on the diameter parallel to PQ. 

38. Find the locus of the middle points of all chords of 
an ellipse which are of constant length. 

39. If three of the sides of a quadrilateral inscribed in an 
ellipse are parallel respectively to three given straight lines, 
shew that the fourth side will also be parallel to a fixed straight 
line. 

40. If a polygon is inscribed in an ellipse and all its 
sides but one are parallel to given straight lines; then, if the 
number of the sides is even, the remaining side will be parallel 
to a given straight line; and, if the number of the sides is 
odd, the remaining side will envelope an ellipse. 

41. The area of the parallelogram formed by the tangents 
at the ends of any pair of diameters of an ellipse varies inversely 
as the area of the parallelogram formed by joining the points of 
contact. 

42. If at the extremities P, Q of any two diameters 
CP, CQ of an ellipse, two tangents P/>, Qq be drawn cutting 
each other in T and the diameters produced in p , and q , then 
the arens of the triangles TQp, TPq will be equal. 

43. From the point 0 two tangents OP, OQ are drawn to 

•l *» 

•Xs“ ?/" 

the ellipse = 1 : shew that the area of the triangle CPQ 

a- 6 * ° 4 

is equal to 

a-lr jtrlr + ir/r - arb- 
b-C^Tu-fc 1 

and the area of the quadrilateral OPCQ is equal to 

(bVr + ark- - arl-)\ 

C being tho centre of the ellipse, and h, k • the co-ordinates of 0. 
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44 TI\ TQ are tangents to an ellipse 'vlmse centre isC. 

Shew that the area of the quadrilateral C TQ » - i Un H+- <M; 
where o, 6 are the semi-axes of the ellipse, and 4> are 

eccentric angles of i* and (?. . 

i r ) PCI y is a diameter of an ellipse and Q( Q is ( 
corresponding diameter of the auxiliary circle ; shew tot tl, 
arlTtheparallelogram formed by the tangents *U,F,Q,Q 

. _where d> is the eccentric angle of P. 

1S (« - 6) sin 2</> ’ 

40. an. 

angular points are on h. ° . siie J that the other two 

is the minor auxiha.y 

circle 

47. Two fixed conjugate diameters of an ^ 
the points 1\ Q respectively by two 'Z\\o ,u .y other pair of 

diameters ^ shew tot the locus of the middle point 

o£ z b ; *.. - z k 

the diagonal of .fie parallelogram MO A , 

will be perpendicular to the polar o • 

. , , r, n ftro taken on an ellipse whose 
49. Three romU >i, /. o a at A an d B drawn 

“Cl Vmeefc/] a,u. CA re-pectively in the l-nts «?and A. 
Prove*that (y/f is parallel to the tangent at 1. 

T— - - -»7 JS1S* SSK 

C^r e on 0 a diameter pellicular to the 
other equi-conjugate. 

choref of 2 ^ " 

the uxi, inajor will bisect the chord. , 

B. C. S. 
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53. If a length PQ be taken in the normal at any point P 
of an ellipse whose centre is C, equal in length to the semi¬ 
diameter which is conjugate to CP, shew that Q lies on one or 
other of two circles. 


54. Shew that, if be the angle between the tangents to 
the ellipse - 7 + ^-l = 0 drawn from the point (a.-', y), then 
will (x 2 + y' 2 - a 3 - b 1 ) tan <f> = 2 A /(6V 3 + a 2 y' 2 -a 2 lr). 

55. TP, TQ are the tangents drawn from an external 

‘ £ 

U 1 

ST 2 x 3 
SP . SO ~ a- + b- ’ 


point (x, y ) to the ellipse ^+^—1=0; shew that, if S be a 

r \i 

focus, 


56. If two tangents to an ellipse from a point T intersect 
at an angle <£, shew that ST. UTcos<f>=CT 2 -cf-b 2 , where 
C is the centre of the ellipse and S, 11 the foci. 


57. If the perpendicular from the centre C of an ellipse 
on the tangent at any point P meet the focal distance SP, 
produced if necessary, in K', the locus of R will be a circle. 


5S. If two concentric ellipses be such that the foci of one 
lie on the other, and if e, e be their eccentricities, shew that 

• / o #2 1 

their axes are inclined at an ando cos” 1 —— 1 


ce 


<j 9. Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-major is supplementary to 

that which the conjugate diameter subtends at the end of the 
axis-minor. 


GO. If 0, O' be the angles subtended by the axis major of 
an ellipse at the extremities of a pair of conjugate diameters, 
shew that cot-0 + cot 1 O' is constant. 

the distance between the foci of an ellipse subtend 
.angles -0,20 at the ends of a pair of conjugate diameters, shew 
that taii'tf -f tan" O’ is constant. 
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G2. It' A, /V be the angles which any two conjugate diaine 
ters "subtend at any lixed point on an ellipse, prove that 
cot 2 A. + cot- X' is constant. 

u^G 3. Shew that pairs of conjugate diameters of an ellipse 
are cut in involution by any straight line. 

G4 The locus of the centre of a circle which cuts the 
ellipse ar/a- + 2 T/ 6 -- 1 = 0 in the fixed pint (a, ft) and in two 
other points at the extremities of a diameter is the ellipse 

2«V + 2b-tf = («■- - &) - ft!))- 

t / ^ 65. The normals at four points on ar/tr + if lr = 1 J ne '^ 
the point (a, ft). Prove that the mean position of the tou. 

points is 

' {Wal(a--b% \b-fti(Jr-a-)\. 

G6 A II C,D are four fixed points on an ellipse, and/' 
anv other point on the curve; shew that the product of the 
perpendiculars front V on -I B and CD bears a constant rat,o to 
ll,/product of the perpend,culars from 1 on J.C and DA. 

67 Find the locus of the point of intersection of two 
normals to an ellipse which are perpendicular to one another 

68 Find the equation of the locus of the point of inter, 
section of the tangent at one end of a focal chord of an clhpse 
with the normal at the other end. 

G9 Two straight lines are drawn parallel to tl.e axis-major 

of an ellipse at a distance fro,,, it; prove that the part 

poin/o/contact into" tw/pirts^whicli sudltend equal angles at 

the centre. 

70 PG is the normal to an ellipse at P. G being in the 

/ew''tl,at’tt, locus of Q is an ellipse whose eccentricity ,s 
o ’ ~ * arl(i ti „d the equation of the locus of the intersection of 

d- + b' 1 ' 

the tangents at /’ and \ . 
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71. The perpendicular from the point P on its polar with 
respect to an ellipse cuts the axis major in G. and any circle is 
drawn with G as centre so as to cut the ellipse in four points. 
Prove that P is equidistant from the two parallel lines through 
the four points. 

72. Prove that the circle whose diameter is the chord 


- cos 1 (0, + 0 ; ) + j sin 1 ( 6 l + 0n) — cos i (6 1 - 0 2 ) = 0 

Cl ~ 0 


cuts the ellipse or jar + if/b~ — 1 — 0 in two other points whose 
join is the line 


^ cos Jr (0, 0 .) - ^ sin h (0, + 0o) - ~cos J (0, — 0 2 ) = 0. 


cr + 6 2 


73. Prove that any tangent to either of the conics 
.ir/a 3 + y‘jb 3 = 1 j(a + b) and a.- 2 /a 3 — ifjb 3 = 1 j{a — b) will meet 
xr /(r + y 2 //> 2 —1=0 in two points the normals at which are 
equidistant from the centre. 


74. A parallelogram circumscribes the ellipso 

o / O O'M 1 A 

xrjar + yjb- — 1 =0 

and two of its angular points are on the lines ar—A 3 =0; prove 
that the other two are on the conic 

a?/tr Ty(l- a-!h-)/b- -1=0. 


7b. The sides of a triangle touch the circle ctr + i / 2 — a- = 0 
and two of the vertices are on the lines y i — lr = 0. Prove 
that the locus of the third vertex is 

ar ->f- a- - 4a 2 & 5 ar/(« 2 - b-f = 0. 



CHAPTER VII. 

the hyperbola. 


Definition. The Hyperbola, is the locus of a point 
which moves so that its distance from a fixed point,“ 
the focus, bears a constant ratio, winch is grcatc_ than 
unity “o i‘» distance from a fixed straight line, called the 

directrix. 

140. To find the equation of an hyperbola. 

Let S be the focus and ZM the directrix. 

Draw SZ perpendicular to the directrix. 

Divide ZS in A so that SA : AZ = given ratio-• : 1 
suppose. Then A is a point on the curve 

There will also be a point A’ in SZ produced such that 

SA': ZA ':: e : 1. 

Let 0 be the middle point of A A’, and let AA’ = 2o. 

- 1 O A 1 7 -1 ' • 


Then 


Also 


or 


or 


SA=e. AZ, and SA' = e.ZA ; 

... SA + SA' = e(AZ + ZA ); 

... 2SC=2e.AC] 

CS = ae . (n - 

SA' - SA = e ( ZA ' - A Z), 

AA' = e(AA' ~iAZ)\ 

... AC=e.ZC, 

CZ = a,'e . 
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Now let G be taken as origin, CA as the axis of x, and 
a line perpendicular to CA as the axis of y. 

Let P be any point on the curve, and let its co¬ 
ordinates be x, y. 



Then, 

in the figure 




SN* + NP*-*ZN\ 

Now 

c 

1 

II 

§ 

1 

& 

II 

^2 

and 

ZN — CN —CZ = x — a/e; 
(.r — iief + ])' = e- (x — a/e) 2 , 

or 

y- + x 2 ( 1 — e 2 ) = a- ( 1 — e 2 ), 

or 

x " q- ;,/3 - 1 

a- a-(l — c‘) 



Since c is greater than unity « 3 (1 — e 3 ) is negative', if 
we put — b- for a a (l — e : ), the equation takes the form 
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The latus rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 

x = ae in equation (iv). 

Then if = l) = & 4 /« 2 » since b n = a(e-- 1); 

so that the length of the semi-latus rectum is b'-ja. 

141. In equation (iv) [Art. 140] cannot be less than 

a- for otherwise if would be negative. 

Hence no part of the curve lies between 

x = — a and x = a. 

If x be Greater than a, f "ill be positive; and for any 

-bttf ; al 

' nt0 Foi°any value of positive; and for any particular 

and equal parts. I ‘ hat C S’-SC, and 

corresponding directi lx. , it is clear that the 

• J } 1 will also be on the curve. But the points 

point ( X >J } , straight line through the 

iSSSlSSSisXi- *• «• “■ 

° f t 7q i; Ts'ea e iM tbe iransverse axis of the hyperbola 

The line through 0 Fta S poin^'an 

the curve m real points, but, j>, 
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this line such that BC = GR = b, the line BR is called 
the conjugate axis. 

142. To find the focal distances of any point on an 
hyperbola. 

In the figure to Art. 140, since SP = ePM, we have 
SP = eZN = e (Cl V— CZ ) = e (x — a/e) = ex — a: 
also S'P = e. M'P = e (CN + Z'C) = e {x + a/e) = ex + a; 

S'P — SP = 2a. 


143. The polar equation of the hyperbola referred to 
the centre as pule will be found by writing rcosd for x, 
and r sin 6 for y in the equation 


a? 


* 1 

i . li 


a 


The equation will therefore be 

r- cos 2 0 ?•“ sin 2 0 


a 


= 1 , 


or 


J^_cos 2 d sin 2 # 
r 2 a 2 b* 

The equation (i) can be written in the form 


(i). 


^ = “ & + S») sin ’ 6 . (ii >- 


We see from (ii) that — is greatest, and therefore r is 

} I 

least, when 6 is zero. As 6 increases, — diminishes, and 

b 2 1 

is zero when sin- 8 = -5-; so that for this value of 0, 


a- + b- 


b 


r is infinite. If sin 2 6 be greater than-— — will be 

a 2 + b 2 P 

negative, so that a radius vector which makes with the 
axis an angle greater than sin" 1 — A does not meet 


the curve in real points. 


V (« 3 + b 2 ) 
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144 Most of the results obtained in the preceding 
chapter hold good for the hyperbola, and m the proofs 
there <nven it is only necessary to change the sign ot b. 
We shall therefore only enumerate them. 

Let the equation of the hyperbola be 

** 'f =1 

a 3 " 6* * 

(i) The line y = m* + is * ta!1 S enfc for al1 

values of vi [Art. 114]. 

(ii) The equation of the tangent at (.»;, 'J ) l5J 

X JL __ yj. = 1 . [Art. 115.] 
tt 2 b- 

(iii) The equation of the polar of (x\ y) is 

xx _ yy = j r Art . 119.] 

a- b : 

(iv) The equation of the normal at (x , y ) is 

x — x y — if 


/ • 


X 

a 


•j 


y 

b- 


[Art. 117.] 


(V) The line t, + «y— «« the C " rVe> if 

a?l 2 — b'm 1 = n 2 [ Art. 110]. 

(Vi) The line *co Sa + ysin« = , will touch the curve. 

if «* = a 2 cos 2 a — 6 8 sin 2 a [Art. lib]. 

^(vii) The equation of the director-circle of the hype.- 

whc “ “ is ,ess 

than b , and reduces to a pent when a -5. 

(viii) The geometrical propositions proved m Ait. 1- 

are also true for the hyperbola. 

/• \ The locus of the middle points of all chotds of 
the hyperbola which are panrl.el to , - the strarght 

line y = mx. where min= - 2 [Art. 128]. 
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145. The lines y = mx, y = mx are conjugate if 

, & 2 
mm — —. 
a- 

These two diameters meet the curve in points whose 
absciss® are given by the equations 

,. 1 in-\ . „ /1 m'*\ 

& I — - tt = 1 » and #-—--^1 = 1. 


a- 


b 1 


w 


The first equation gives real values of x if m be less 
than -, and the second gives real values if m be less than 

b b 2 

-. But. since mm = —„, m and in cannot both be less 
a a- 

than nor both be greater. 

Therefore, of two conjugate diameters of an hyperbola 
one meets the curve in real points, and the other in 
imaginary points. 

The two conjugate diameters are coincident if m = + -. 


146. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be x, y\ and the 
co-ordinates of I) be x", y '. We know from Art. 145 that 
if one of these two points be real the other will be 
imaginary. 

O v 

The equations of CP and CD are 


y 

/ — / 
y x 



Hence, from (ix) Art. 144, we have 


' // 
X X 



• If 



X-X - 

a* ~~t~ y 



whence 
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or, siuce 



or 


n** 

X • 




// (It / -1 

.-.a- = ± y ' -1 


(ii>. 


y=±-x'V-i 

J a 


and from (i) 

From (ii) nod (iii) we have 


(in). 


(/* 

CP- + CD- = X * + i/' 2 - y- - - 2 J 8 


Ac 3 r , y''\ 

" a w 6 V 


,-i;c-"iS- fttf “ 7 

is not altogether at infinity. 

To /hicZ the asymptotes of an hyperbola. 

Jgss&ztt&sz* 

x- (mx + c)- 
a 3 6 J 


= 1 , 


//i 


or 


a; 


* -t-7 -- 


2//ic 


_ .x — -- — 1=0.(i). 

x a‘ 6'7 6" 6* . .. 

Both roots of the equation (i) will be infinite it the 

coict,rof7and of2.« both zero; that ». if 


1 __ VC = o, and me =- 0. 

<1 I •» 




b 1 
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Hence we must have c = 0, and m = 



The hyperbola 


o 

or 

«» 

«- 



i 


has therefore two real asymptotes whose equations are 
y=±-x', or, expressed in one equation, 


or y- 
ii- ~ b~- 



Draw lines through B, B' parallel to the transverse 
axis, and through A, A' parallel to the conjugate axis; 
then we see from (ii) that the asymptotes are the diagonals 
of the rectangle so formed. 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginary. 

From Art. 145 we see that each asymptote lies along a 
pair of coincident conjugate diameter's. 


148. Any straight line parallel to an asymptote will 
meet the curve in one point at infinity. 

For, one root of the equation (i) Art. 147 will be in¬ 
finite, if the cuefiicieut of a.- 3 is zero. This will be the case 

if m = ±~. So that the line v= + -x + c meets the 
a J ~ a 

curve in one point at infinity, whatever the value of c maybe. 
\ ^ 

^ • 149. 1 he equation of the hyperbola which has BB' tor 

its transverse axis and A A' for its conjugate axis is 


■■ ■? 

~ +'^ = 1 
« 3 + tr 


(i). 


This hyperbola and the original hyperbola, whose 
equation is 

xf _ 


J_«V _ -1 

a- \? 


(ii). 


are said t,o be conjugate to one another. 
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We append some properties of a pair of conjugate 
hyperbolas. 



m The two hyperbolas have the same asymptotes. 

I" 

fort, 143] be written m the forms 
L 1 cos -0 sin a _v 


r 3 

1 


(r 
cos 1 0 
a 7 


b- 

sin 3 6 
b- 


It is clear that if, for »ny value of 6, f U posrtrve for one 

curves are, for all values of *. 
connected by the relation ty — U 

_ . • ___ 1/li^inAi.PrS 

(*) 

(ijinP , 

Let cc, „ 

co-ordinates of u. 


diameters 

ir^S^utthecu^Oond 
^/re^ttes of P. and f the 
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gives 


or 


Then the equations of CP and Cd are 

x/x -y/y = 0, and x/x'-y\y" = 0. 

The condition for conjugate diameters, viz. mm =lrfa 2 , 

x'x'ja- — y'y'Ib- = 0.(iii), 

x 2 x"-/a* = y'~y" 2 jb*. 

And, since (x, y) is on (ii), and ( x ", y") on (i), we 


have 


*• an 


in (* 


/2 


svir^ -V j- 1 )- 


or 


/«* / _o //.2 . 

x-\(P-y -Jo 2 , 

/. y"b = ±x'la .(iv), 

and .*. from (iii), *•"/« = ± .( v )* 

Hence CP 2 - CVO = *' a + y ' a - *" a - t/" 2 


y\ 






... C'P 2 - Cd- = a 2 - 6 2 *. 


^ (5) The parallelogram formed by the tangents at 

P, P\ d , (/' is of constant area. 

The parallelogram is equal to 4CP. Cd sin PCd, or 
equal to 4 Cd.CF, where CF is the perpendicular from C 
on the tangent at P. i j 

Now the equation of the tangent at P is v'-'T/'p 

»/.'/ , . • ! 


a 2 ft* “ ’ 


• rp- =_ 

• • - 1 /» , 

A* ■ # ff ■ 


1 


S 

K. 


Jt'i 


X-, a* + /-'/ft 4 ' 


* CP and Cd must not bo looked upon as conjugate semi-diameters, 
since the points P and d are not on the same hyperbola. The line dCd f 
cuts the original hyperbola, in two imaginary points; and if these points 
bo l>, l)\ we see from (3) th.tt CD* = - Cd'K 
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And 


CW* - E y"' + ^ = (a* + \\ 


Hence Cd.CF=ub. 

(G) The asymptotes bisect Pd and Pd . 

If*. y be the co-ordinates of the middle point ot Pd, 

then „ , _ . , >■. 

2x = x' 4- x , and 2y = y +'J > 

_ a- + x" _ rf±l[a_ h = + l l ; 

y ' y + /' y ± xb ' a b 

therefore the middle points of P<* and of 7 </ al ° ou one 
or other of the lines 


* x.1 

a' ± V 


Also since CPKd is a parallelogram CK bisects Pd 

z&ttsissxrassfe 

(7) The equations of the polars ot (•» ll 1 

to the hyperbolas (ii) and (i) respectively are 

/ r v Ull 


xx_ __ y// = 

a* 


. JUf 

1, and - -j + 


1. 


Hence the polars of any point with 
curves are parallel to one another anti equnhstant 

centre. . 7> /;:\ then its polar with 

If (*', y') be any point 1 on (n), ™ U1 I 

respect to (i) is 

_^ + W:=l,„r^-^= 1 - 

But the last equation is the tangent to (ii)I at the j«.nt 
(_*•', -y'), which is the other extren.it) ot the 

tl,r HcncCr/ from any pah* on an hyperbola the ta*e*U, 
PQ, pq hi drawn to the conju,jute of 

Q(f will touch the original hyperbola (K 
the diameter through P. 
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150. To find the equation of an hyperbola refei'red tc 
any pair of conjugate diameters as axes. 

The equation of the hyperbola referred to its transverse 
and conjugate axes is 

CL * h 2 “ 

Since the origin is unaltered we substitute for x,y ex¬ 
pressions of the form lx + my, Vx + my iu order to obtain 
the transformed equation [Art. 51]. 

The equation of the hyperbola will therefore be of the 
form 

Aa? + 2Hxy + Bf=l .(i). 

By supposition the axis of x bisects the chords parallel 
to the axis of y. Therefore for any particular value of x 
the two values of y found from (i) must be equal and 
opposite. Hence H = 0; the equation will therefore be 
of the form 

Hr 2 -f By- =1.(ii). 

Of the two semi-conjugate diameters one is real and 
the other imaginary. If their lengths be a' and V ; 
since these are the intercepts on the axes of x and y 
respectively, we obtain from (ii) 

Aa-=l = - Bb'\ 

Hence the required equation is 

X s y- 

( 7 ^ ~if- =l . 


lol. Since the equation of the curve is of the same form 
ns befhre, all investigations in which it was not assumed 
that the axes were at right angles to one another still hold 
good. For example (i), (ii), (iii), ( v ) and (ix) of Art. 144 
require no change. Art. 147 will also apply without change, 
so that the equation of the asymptotes of the hyperbola 


:rr 



.r* 


y . .. 
//-•= 1 is 

o- a J 
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, , • . -Sf/iSj. >| 2 /li 2 — 1 = 0 with respect to 

Ex. 1. The polar of any point on **/«* + !/ /«* 

x lj a i _ j/ 2 /fc 2 = l will touch J 2 /a 2 + jr/b 2 = *• 

Ex. 2. If the polars of (xi. */i). (* 2 . 1 / 2 ) vritil rei P' ;ct to r >J ,l 
are at right angles, then will x,x 2 /f/, </ 2 + « 1 / l, = 0 - 

Ex. 3. If the polar of («, * ** -p-t 
x 2 + I/ 2_4a2 = 0, the point (a, 0) is on 

* *Tv“: r t,o a d 

intercept is of given lenj-tn. no 
circle is a rectangular hyperbola. 

Ex. 5. The poles with respect to ,/-iox = 0 of tangen s 

x 2 + v 2_ fl 2 = o are on the hyperbola 4x--r-,, ,, are 

Also the poles with respect to y* - Ux of tangen so- . 
on the circle x 1 + y l = a 2 . 

152 . To find the equation of an hyperbola when retei > e d 

to its asymptotes as axes of co-ordinates. 

Let the asymptotes be the lines C k, Ck >n 1 lc 
figure, and let the angle AC1C = a, so that tan a - ^. 

Let P be any point (x y) «f ^ 

be the co-ordinates of P when referred toCKA k 

PM parallel to CK to meet CK in ,1/, and 
perpendicular to the transverse axl! '- 
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Then 

CM=x', M P = y, CN = x, NP = y. 


Now 

CN = CM cos a -f MP cos a. 


or 

x — (x* -f //) cos a . 

...(i). 

Also 

NP = MP sin a — CM sin c;, 


or 

V = W - x) sin a . 

..(H). 


Hence, by substituting in tlie equation 

& _ f _ I 
a 3 b 3 

we obtain 


cos 2 a (x + y'Y sin 3 a (?/ — xf 1 
a 2 1? =1 


(Hi). 


But tan a = -, therefore “2l a = = _J_ 

a 6 3 a 3 a*+b n -’ 


Hence, suppressing the accents, we have from (iii) 

4xi/ = a 3 + b\ 

wliich is the required equation. 

I he equation of the conjugate hyperbola, when referred 
to the asymptotes, will be 

4xi/ = - ( a 2 + J0 

lo3. The equations of an hyperbola, of the asymptotes, 
and of the conjugate hyperbola are 



>■ . 



respectively. 

If the axes of co-ordinates be changed in any manner, 
we should, in order to obtain the new equations, have 
to make the same substitutions in all three cases. 

Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hvperbola 
will only differ from the equation of the asymptotes by 
constants, and the two constants will be equal and opposite 
tor the two hyperbolas. 1 r 
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- . 4 , wiien the ancle between the asymptotes of an 

hyperbola L a" right ^ngle it , called a rectangular 

hyperbola. I, 

The angle between the asymptotes is equal to 2 tan- - . 

equilateral hyperbola. 

155 To find the equation of the tangent at any point 
of the hyperbola whose equation is xy - c-. 

The point (cp, c/p) is clear y on xy c 
values of p. Call this the point p. 

Then the join of the two points y»,. }>■ is 

1 * . U > 1 ' = °’ 

| cp u clpi, 1 i 

! cp,, c/p.- 1 ' 

u Ki-f)-0'-i"* c (?.-S)- a 

Whence, after division by }h ~P-- w ® ,1!l ' u • 

aj + ypi^-cCp'+p.)- 0 --.' , 

Now put ,, = P, in (i) and we have the ccpiation 

the tangent at p x , namely ^ (1 ;^ 

* + ypi - 2c P> = . . 

From (ii) we have 

xelp, + yep,-if, ( . ih 

Nsing equation (iST^ - S- - 

polar of(x x , y x ), wM respect to x<j c 

From equation (ii) we see that, if the come is a act- 
annular hyperbola the normal at p, 

• (x-cpdpf-Ol-'l*)-*- iv) 

i.e. xpf-M~ t P‘ , + e ~ 0 . 
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Ex. 1. A triangle is inscribed in xy=c- and two of the sides are 
parallel to y + m x x=0, y + m^x-O respectively. Prove that the third 
side envelopes the hyperbola ■im x m 3 xy=c- (nii + nj 2 ) 2 . 

The join olpi, P 2 is 

x+W\Pl-c(p x +p») = 0. 

This is parallel to t/ + m 1 x = 0 I if m 1 p 1 p 2 = l. 

The join of p lt p 3 is parallel to j/ + m 2 x=0, if ni 3 p,p 3 =l. 

Hence we have ”> l p 2 = «'« 2>3 .(i). 

Now the join of p x , p 3 is 

x + yP2P3-c{p*+p 3 ) = 0, 

or, from (i), viyx + ynupf-c {m i + m l )p 3 =Q, 

the envelope of which for different values of p 3 is 
'i 4 m x vuxy = c 2 (/»i + m 2 ) 2 . 

l J Ex. 2. Any straight line cuts a hyperbola in the points Q, Q 7 and its 
asymptotes in the points R, R\ Prove that QQ ' and RR' have the same 
middle points. 

Ex. 3. The portion of any tangent to a hyperbola intercepted by the 
asymptotes is bisected at the point of contact. 

Ex. 1. Any tangent to a hyperbola cuts off from the asymptotes a 
triaugle of constant area. 

Ex. 5. Provo that y - mx=0 and j/ + mjj = 0 are conjugate diameters 
of xy = c for all values of m. 

Lx. C. Shew that the lino x = 0 is an asymptote of the hyperbola 
2xi/ + 3x- + 4x = 9. 

What is the equation of the other asymptote? 

Ex. 7. Find the asymptotes of xy-3x-2y = 0 . 

^hat i-< the equation of the conjugate hyperbola? 

Ex. 8. The locus of the centre of a circle which circumscribes the 
triangle formed by the asymptotes and any tangent to a given hyperbola, 
:s another hyperbola whoso asymptotes are perpendicular to those of the 
given hyperbola. 

Ex. 9. If the polar of (a, p) with respect to j/--4ax = 0 touches 
r- - lbi/ = 0, then (a, /3) must be on the rectangular hyperbola xy + 2ab = 0. 

Ex. 10. If tangents are drawn to a system of coaxal circles parallel 
to a given straight line, their points of contact are on a rectangular 
hyperbola. 
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Ex 11 Prove that the locus of the poles of a given straight line 
other asymptote is perpendicular to the given strarght line. 

156 The asymptotes and any pait of conjugate 
meters of an hyperbola form a harmonic penal. 

The asymptotes are 

.r/a 2 - ffl* = 0. 

Any pair of conjugate diameters are 

b-P + 2 kxij + = °- 

The condition of Art. 58 is clearly satisfied. 

l *7 We may as in the case of the ellipse, express the 

co-ordinates of any point on the hyperhola m termsi o • 

single parameter. We may put x = ascc0, an,l j 

since for all values of 0, sec ,l . ,, t j e curve, and 

If PX be the ordinate of an) point 1 on t 

NO be the tangent from N to tl.o aux.Uary c.rcle, 

CnI a sec ACQ. Hence ACQ is the angle 6. 

The equation of the chord through the point. «., <h “ 

— I u / .a If ill 


x , y » 1 - 0; 

«sec(?i, fctanflj, 1 
<t sec 0-j, 6 tan 02 , 1 


x/-j, <jl b i 1 | °‘ 

1 , sin 0i, cost?, 

1 , sin 0a, cos 0-j 


"Whence, ns in Art. 123, 

* cos 1(4'- *> = l ei " * + * s) + «* * l* + ^. 


a - b 

The equation of the tangent at 0, is therefore 


•5 = cos 0, + r 
<1 0 


,(liU 


The normal at 0i is given t>> . n 

+ Oy/nin 0, = (r.= + 0 =)/co» </,. > 

EX. Prove if.* -voir .. .*/-H- <« - d,. Men d,) 

meet in a point; then ,C ‘J^ 0 „ + (i a + (h = ( 2 . + i) r, 

a „ d sin («. + Or) + sh. (9, + «,) + sin («s + <h) =»• 

[Aa in Art. 139.] 
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158. The equation of an ellipse or hyperbola referred 
to a vertex as origin is found by writing x — a for x in 
the equation referred to the centre as origin. The equation 
will therefore be 


{x-af y- 
a- 



or 




a 



Now, if the distance from the vertex to the nearer focus 
remain fixed (d suppose), and the eccentricity become 
unity, the curve will become a parabola of latus rectum 4 d. 

The equation of the parabola can be deduced from (i). 
For, since a(l— e) = d, a must be infinite when e = l. 

Also a (1 — e 2 ) = d (1 + e) = 2d; therefore — = 2 d. 

Qj 

Hence, from (i) 

or, since a is infinite, 

y n ' = ± 4 dx. 

1 he parabola therefore is a limiting form of an ellipse 
or of an hyperbola, the latus rectum of which is finite, but 
the major and minor axes are infinite. The centre and 
the second focus are at infinity. 

It is a very instructive exercise for the student to 
deduce the properties of a parabola from those of an ellipse 
or hyperbola. 


150. Let the focus of a conic be on the directrix. 

Take the focus as origin, and let the directrix be the 
axis of y ; then the equation of the conic will be 

x?+y- = e-x 1 , 

.•^(1 - e : ) + if = 0 . 


or 




THE HYPERBOLA 


203 


This equation represents two ^ ra ^ l i n ^at\Z 
real if e be greater than unity, coincident if e be equal 

unity, and imaginary if e be less than uni y. 

Hence we must not only consider as comes an ellipse 

a parabola, and an hyperbola, but also two rea or im g , 

St 1fshl«U be noticed that the directrix of a circle is at 
an infinite distance; also that the foe, and directrices o. 
two parallel straight lines are all at infinity. 


Examples on Chapter VII. 

1. AOB, CO/) are two straig 

another at nght d rucUngu la r hyperbola. 

2 . Through a fixed point i> ■•"f 

which cuts the faxed straig i ^ line ;,*/>/ 1 " such that 

Uvely ; r a„d locus of Fit a hyperbola of whicb 

OX, OY are the asymptotes. 

. A straight line has its extremities on two tad*might 
lines and passes through a fixed point; find the 

middle point of the line. 

4. A straight lino ha, its extremities ontwofixod ■ J 

lines and ™ts Sff from them a triangle of constant , 
the locus of the middle point of the line. ^ 

5. OA, OB are fixed straight lines, , ocU s'of 

pv the perpendiculars from P on OA, , I,nu 

y> if the trilateral OMPX is of constant area. 

6. The distance of any point from 1 ^tilicuiar distance 
angular hyperbola varies inversely as the perpcnd.cu 

of its polar fr«»m the centre. 

7. PX is the ordinate of a ^ produced to 

is the normal meeting the axis m , t angles to 

meet the asymptote in Q, prove that QO is ut 

the asymptote. 
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S. If e, e be the eccentricities of an hyperbola and of the 
conjugate hyperbola, then will — + —, = 1. 

€ C 


9. The two straight lines joining the points in which any 
two tangents to an hyperbola meet the asymptotes are parallel 
to the chord of contact of the tangents and are equidistant 
from it. 


10. Provo that the part of the tangent at any point of an 
hyperbola intercepted between the point of contact and the 
transverse axis is a harmonic mean between the lengths of the 
perpendiculars drawn from the foci on the normal at the same 
point. 

11. If through any point 0 a line OPQ be drawn parallel 
to an asymptote of an hyperbola cutting the curve in P and 
the polar of 0 in Q, shew that P is the middle point of OQ. 

12. A parallelogram is constructed with its sides parallel 
to the asymptotes of an hyperbola, and one of its diagonals is 
a chord of the hyperbola; shew that the direction of the other 
will pass through the centre. 

13. A, A' are the vertices of a rectangular hyperbola, and 
P i s any point on the curve; shew that the internal and external 
bisectors of the angle A PA' are parallel to the asymptotes. 

I I. A y A' are the extremities of a fixed diameter of a 
circle and P, P' are the extremities of any chord perpen¬ 
dicular to this diameter; shew that the locus of the point of 
intersection of AP and A'P' is a rectangular hyperbola. 

1 •>. Shew that the co-ordinates of the point of intersection 
of two tangents to an hyperbola referred to its asymptotes as 
axes are harmonic means between the co-ordinates of the points 
of contact. 

1G. From any point of one hyperbola tangents are drawn 
to another which has the same asymptotes; shew that the 
chord of contact cuts otl’a constant area from the asymptotes. 

17. 1 lie straight lines drawn from any point of an equi¬ 

lateral hyperbola to the extremities of any diameter are 
equally inclined to the asymptotes. 



THE HYPERBOLA 


205 


0 \ 


^18. The locus of the middle points of normalehor<ls of 
the rectangular hyperbola r - y = a-is (y!S ■ 

19 A system of conics have their principal axes along 

r X - 

respect to the conics are on a rectangular hype, bo <. 

on A. system of conics have their principal axes along 
two'glven straight lines and they all touch a B««n 

line. Ptove that the 

with respect to the comes of the s\sttm i. i 

_ V _n w — fl = 0 are conjugate with 

21. The two lines *-«-<>> » P to cach line passes 
respect to the hyperbola xy ( h J m is on the 

through the pole of the other). Fro\c that [a, / , 

. hyperbola xrj - 2c 2 = 0. 

T> 22. A circle intersects an hyperbola in fourpoints; prove 

that the product of the distances of i ' , t u £ tlicir 

section from one asymptote is equal to the p.ou 

.distances from the other. . 

^ 23. Shew that if a rectangular hyperlmla cut a arc e m 

four points the centre of mean position of the 1 

midway between the centres of the two curves. 

'WO 24. If four points be taken on a J^^dkul^t^The 
such that the chord joining any NNO * g \ )C the inclinations 

chord joining the other two, ant ) a \r’ - • : n „ these points 
to either asymptote of the 1 

respectively to the centre; prove that tan a tan p 7 _ 

95 a series of chords of the hyperbola \, - ^ 1 al " 

"tangents to the circle described on the flight 

the foci of tlie hyperbola as diameter; shew tha^lh ( 

their poles with respect to the hyperbola is “ , r . I, 

26. If two straight lines pass through hsed ^ ^ 

the bisector of the angle between ici ■ ■ intersection of 
fixed line, prove that the locus of the point 

the lines is a rectangular hyperbola. 
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27. Shew that pairs of conjugate diameters of an hyper¬ 
bola are cut in involution by any straight lina 

28. The locus of the intersection of two equal circles, 
which are described on two sides AB, AC of a triangle as 
chords, is a rectangular hyperbola, whose centre is the middle 
point of BC , and which passes through A, B, C. 

29. A rectangular hyperbola whose centre is C is cut by 
any circle of radius r in the four points 1\ Q, Ji, S; prove 

^hat Cl” + CQ 1 + Cir- + CS> = 4ri. 

^.. 30. If the normals at {x u y t ), (x.,, y,), (x 3 , y,) and (x t , y 4 ) 
on the rectangular hyperbola xy = c 2 meet in the point (a, /3); 
then will 

a = x, + X, + x, + x 4 and (S = + y 2 + y 3 + y 4 . 

Also Xi x 3 x 3 x i = y, y,i h y x = -c*. 

S'. The normals at the three points P, Q, Ii on a rect¬ 
angular hyperbola intersect at a point B on the curve. Prove 
that the centre of the hyperbola is the centroid of the triangle 

PQR. 


32. Prove that, if the normals at P, Q, Ji, B on a rect¬ 
angular hyperbola intersect in a point, then will the circle PQR 
go through the other extremity of the diameter through S. 

33. A series of rectangular hyperbolas whose asymptotes 
are xy = 0 are cut by the line y = k in the points’ P u 

I*,, Q,; «fce. Prove that the normals at />,,<?,, £c. touch the 
parabola .r - 4k (y - k) = 0. 


o4. An infinite number of triangles can bo inscribed in 
the rectangular hyperbola ay-<r = 0 whose sides all touch the 
parabola y 1 - 4<u: = 0. 


Also an infinite number of triangles can be inscribed in 
the parabola whose sides touch the rectangular hyperbola. 

35. A point /’ moves so that the length of the tangent 

drawn from P to a circle varies as the perpendicular from P 

oil a fixed tangent to the circle. Prove that the locus of P is 

a come whose latus rectum is equal to the diameter of the 
circle. 
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36. Prove that the circle whose centre is at any P“ n ‘ f 
on a rectangular hyperbola andwta- rad.us ts , e^ U>^ 

« vertices ot an e q ui,atera, 

triangle. 

37 A B C, r are four points on a hyperbola and 
through P two lines are drawn prrallel to th^aayrnp^, 
meeting the sides of the triangle -f >' * 11 ^y 

A' respectively. Prove that Ut : M = 7 " 

oq shew that any straight line which cuts y -- 4 r/x = 0 
and = 0 in points whfch are harmonically conjugate, 

will touch the hyperbola xy + 2ab- 0. 

on Shew that any tangent to the circle ./ -t y - 
is divided harmonically by the two hyperbolas *(*+*)-« - 
and y(y — *) — 3« 2 = 0* 

40. A system of concentric conics ha\e ?‘' en )i, u » 

prove (1) that the locus of the poles ot a gr\ « l *‘ * J; t the 

with respect to the conics » a P“^ it h to the 

envelope of the polar of a given point *»th res* 

conics is n parabola. 
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Miscellaneous Examples II. 



Find the bisectors of the angles between the lines 
« 2 + b- 

z? + —^— xy + y°-ab + (a-b) (x - y) = 0. 

Ans. (x + y) {(« - b) (x —y) — 2 ab\ = 0. 


o 

are 


Find the common chord of the circles whose equations 
r= 2a sin# and r 2 — 2crcos 6 — b*= 0. 


Am. 2r (asin# —ccos0) —& 2 = 0. 

3. Prove that the locus of the centre of a circle which 
cuts a given circle orthogonally, and also touches a given 
straight line, is a parabola. 


4. Through a fixed point (f g) a line is drawn perpen¬ 
dicular to any diameter of ar/a 3 + y 2 /6 2 - 1=0 to meet the 
conjugate diameter in Q. Prove that the locus of Q is the 
rectangular hyperbola 

(a- - L-) xy - ar/y + b-gx = 0. 

o. bind the equation of the asymptotes of the conic of 
eccentricity J2 whose focus is (0, 0) and whose directrix is 
•t + y + 1 = 0. day. (x +!)(//+ 1)=0. 


G. If /,, M are the feet of the perpendiculars from a 
fixed point (e, 0) on the lines ax- + '21>xy + by- = 0, shew that 
the equation uf /..)/ is (a - b) x + 2hy + be = 0.' Deduce that if 
the lines arc rotated about the origin so that the angle be¬ 
tween them remains constant, the distance of I.2[ from the 
point (T-, 0) is constant. 

i. I - ind the equation of the circle whose diameter is the 
common chord of the circles 

x- + if - 4 = 0 and ur + y- + 2x + 4y - G = 0. 

A ns. 5a- + 5y- - 2x - 4 y - 18 = 0. 
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8 If the chord PQ of the parabola y-~ Aax - 0 sub e 
a right angle at the vertex of the parabola, the noimals 
P, Q will meet on the parabola 

y- — 1 G« (x — 6«) = 0. 

o p r ove that the common tangents of an ellipse and of the 
circle through the extremities of its equi-conjugate diameters 

form a square. 

10. Find the equation of the conic 

(P - wr) .'«r - I X 'J ~ ( /: “ ~ ° 

when referred to its asymptotes as axes. 

A ns. .ry = l (-« +-«*;• 

11. Shew that”the feet of the perpendicuh.rs from tin- 
origin to the straight lines 

rr + v/ - 4 = 0 , *+ 5 y — 2 G =0 and 15a-- 2 ,- 1-4 -0 

all lie on the straight line 3 c + y - 8 = 0. 

, ‘o 2 - &&A Ht ST o^i SJttZ 

unity j,^then tire points at which the circles subtend equal 
uncles aro on the circle 

If this circle " hose diameter is the join of the centuw ul 

similitude* of'Vlle given circles, is called « 

tude’; then prove that the three circles of s.milituuc 

three circles when taken in pairs are consul. 

13. Tangents drawn at two 1 -oints^ 0 " - 0. 'J 1 ' 

sum of whose focal distances is - , 

parabola y l — 2 a (x + c — «')• 

14. Prove that, if the normals at the point" /j\ 
<*„ y 8 ), (*„ y,)»nd <**, u<) on the ell,,.^y< 

meet in a point; then will • - 7 ^ ~' /l ' “ y, 

1 5 . The circles whose ^ 

chords of a rectangular hyperbola 1 . 1 U. set t, 

on the hyperbola. 
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1G. Shew that the bisectors of the angles between the 
lines 

ar — '2xy cosec 2a + if = 0 

are x- — if = 0 whatever may be the angle between the axes. 


17. A system of eo-axal circles are cut by a given straight 
line in the points P u <?,; P 2 , Q 2) «fcc. Prove that the circles 
whose diameters are P^Q,, P»Q S , ... are co-axal, the common 
radical axis being perpendicular to the given straight line. 


IS. If a circle whose centre is (a, /3) cuts f—\ax=0 in 
four points three of which are the vertices of an equilateral 
triangle, prove (1) that the co-ordinates of the fourth point are 
(a - 8a, — 3/3) and (2) that the centre of the circle is on the 
parabola ( Jf — \ax — 32a 2 . 


19. Tangents from T to the ellipse or/a 1 + f/b- —1=0 cut 
off a length equal to the minor axis from the tangent at (a, 0). 
Prove that T is on the parabola f/b 1 = 2 x/a + 2. 


20. A circle passes through the ends of a diameter of the 
ellipse ar/Vr + f/b- — 1 = 0, and also touches the curve. Prove 
that the centre of the circle is on the ellipse 

4 a 8 .** + U-f = (<r - Irf. 

21. The co-ordinates of the feet of the perpendiculars 
from the vertices of a triangle on the opposite sides are 
(20, 25), (8, 1G) and (8, 9). Find the co-ordinates of the 
vertices of the triangle. 

-his. Any three of the four points (10, 15), (5, 10), 

(50, -5) and (15, 30). 

22. The circles of the co-axnl system or + if + 2gx - c 2 = 0 
are taken in pairs which cut one another orthogonally. Prove 
that, if j>\, j>._ are the perpendiculars from (0, c), (0, — c) on 
a common tangent of any such pair of circles, then will 
Vilh = *."*• 

23. P is any point on the parabola if - 4ax* = 0, and Q is 
the point on the axis such that PQ = PA , where A is the 
vertex of the parabola. Prove that PQ envelopes the parabola 
y + 32a.r = 0. 
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oi The tan-ent at (x' r/) to *>= + y=/&* -1 = 0, meets 

the "circle *= + jr - = 0 in the points <?, 0 • “ 

lines through the centre and <3, Q are x,j = !/(* ±ae). 

«■ / V* Clines “ h + : rbu-Ids* alright 

..# •» , *. 2//,.2 _ /% 2 \ = 1 
conic r/ <i+y/v l c ) 


oa Shew that the nine-point circle of the triangle forint<1 
Jb Mic* in * a ._ 4l/ _ 3G =0ancla;«0is 

by the lines 3 x + 4 y - 1 - - c, ox *./ 

4x 2 + 4y 2 - 2">x + 24y + 3G = 0. 

Shew also (1) that the inscribed circle of the triangle is 

ir = + y --G.r + Gy + 9 = 0, 

and (2) that the circle which touches the fiwt lino and the 
other two sides produced is 

ar + y‘- lGx-— 14y + 49 = 0. 

Prove that the nine-point circle touches the two other 
circles. 

o 7 . Find the equation <**.*.£ »«•»*■^-ch oi 
t he circle^ ar * = Q ot t ’ he extreloi tie S of a diameter. 

+ 2/ " An s. ar + y 2 -4x--6y-4 = 0. 

28. Tangents IT. 

^ £ $ ^.r-m U^ine ^ + *-,+ * «■ * - 0. for a„ values 
of a. 

OQ Fouilateral triangles are circumscrilied to the parabola 
y_ Llo rrove that their angular points are on the come 

▼ (3x + «) (3 a + x ) = V ' 

o n If P Q ar0 p ° int9 on **/ aa+ y'! ,r ~]. =0 '! ll0 q 

3 °/ ir an"les 0 and j satisfy the relation sec 0 + sec <£- 
eccentric angles v an v , »# 2 , ,/■*//, J — ix a - 0. 

prove that /'<? envelopes the ellipse 4x /« + J / I 



CHAPTER VIII. 

POLAR EQUATION OF A CONIC, THE FOCUS BEING 

THE POLE. 


1G0. To find the polar equation of a conic, the focus 
being the pole. 

Let $ be the focus and ZM the directrix of the conic, 
and let the eccentricity be e. 



Draw SZ perpendicular to the directrix, ami let SZbe 
taken for initial line. 

Let LSI/ be the latus rectum, then e.SZ=SL = l 
suppuse. 
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Let the co-ordinates of any point P on the curve j> e 
r, 6. Let PM, PiV be perpendicular respectively to the 

directrix and to SZ. 

Then we have 

SP = e. PM=e. NZ= e.XS + e. SZ, 
or r = — er cos 6+1] 

.•.-=1 +ecos 6. 

If the axis of the conic make an angle a with the 
initial line the equation of the curve will be 

- = 1 + e cos (6 — a). 

V 

For in this case SP makes with SZ an angle 6-a. 

101. If r, 6 be the co-ordinates of any point on the 
directrix, then rQQS 0 = sz = l/e , 

therefore the equation of the directrix is 

l/r = e cos 6. 

The equation of the directrix of l - = 1 + e cos 6 - a is 

l/r = e cos (6 — a). 

If PSP' he the focal chord, and the vectorial angle of P he 0, that of 
P’ will be 0 + 7T. 

Hence, if.9P=r, and SP' = r\ we have 

- = l + ccos0, and p = l + <• cos (0 +7T); 
r r 

• i + i = 2 . 

r r 


Henco 


1 1 2 
r + P = T- 


Jfence In any conic Ik 
the aeymentt of any focal chonl. g 

S. C. s. 
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162. To trace the conic -= 1 + e cos 6 from its equation. 

(1) Let e=l, then the curve is a parabola, and the 
equation becomes 



At the point A, where the curve cuts the axis, 

0 = 0 and r — 4 1. 


As the angle 9 increases, (1 + cos 9) decreases, that is 
(!r decreases, and therefore r increases: and r increases 
without limit until 9 — rr, when r is infinite. As 9 in¬ 


creases beyond tt, 1 -f cos 9 increases continuously, and 
therefore r decreases continuously until when 0=2-7 t it 


again becomes equal to ll. The curve therefore is as in 
the figure going to an infinite distance in the direction A& 


(-) Let c be less than unity, then the curve is an 
ellipse. 


At the point A, 9= 0, and r = 1 (1 -f 0 ). 
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As 0 increases cos 0 decreases, and therefore l/r de¬ 
creases, that is r increases, until 0 = tt when r -</(l e). 

[Since e<l, this value of r is positive.] 



The curve therefore cuts the axis agaiu at some point 

A' such that = f/(l “ e )* . 

As 0 passes from tt to 2tt, cos 0 increases continuously 

from - 1 to 1 ; hence l - increases continuously, and r de¬ 
creases continuously from If(l - e) to //(1 + e). 

Since, for any value of 0, cos 0 = cos (2tt - 0), the cmve 

is symmetrical about the axis. 

Therefore when e is less than unity, the equation repic- 
sents a closed curve, symmetrical about the initial line. 

(3) Let e be greater than unity, then the curve is an 

hyperbola. 

At the point A, 0 = 0 and r = 1/(1 + e). 

ca“lU (the angle ASK in the figure), the value of r will be 

mfi Ts e e Increases beyond the value «, 0 + 

Zfi-TTVTi'^wiU remain negative until fl » 
5^STftr- the angle ASK in the figure. When d 



216 


POLAR EQUATION OF A CONIC 


is equal to ( 27 t — a), r is again infinite. If 6 is somewhat 
less than this, r is very great and is negative , and if 6 
is somewhat greater, r is very great and is positive. The 
values of r will remain positive while 0 changes from 
(2-7T — a) to 2n r. 

The curve is therefore described in the following order. 

First the part ABC, then C'PA' and A'DE y and 
lastly E'QA. 



The curve consists of two separate branches, and the 
radius vector is negative for the whole of the branch 
C'PA'DE. 

If, as in the figure, a line SQP be drawn cutting the 
curve in the two points Q and P which are on different 
branches, the two points Q and P must not bo considered 
to have the same vectorial angle. The radius vector SP 
is negative, that is to say SP is drawn in the direction 
opposite to that which bounds its vectorial angle, the 
vectorial angle must therefore be A Sp, p being°on PS 
produced. So that, if the vectorial angle of 0 be 6, that 
of P will be 6 — tt. 
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163 To find t1ie V olar equatwn of the straight line 
through two °gtven points on a conic, and to find the equation 
of the tangent at any point. 

Let the vectorial angles of the two points P, Q be 

(a - 3) and (a + 0) respectively. 

Let the equation ot the conic be 

1 = 1 + ecos 0 .(*)• 

r 


The straight line whose equation is 

l 


= A cos 0 + B cos (0 - a) 


(ii). 


will pass through any two points, since its equation con- 

tains^the two independent constants A and B. 

It will pass through the two points P Q if « has 
the same vaCes in (ii) as in (i) when »-«-* -d -hen 

d = a + 0- . c 

This will be the case, it 

l + e cos (a — 0) = A cos (a — 0 ) + P cos 

and 1 4 - e cos (a + 0) = A cos (a + 0) + B cos 0 ; 

A = e, and B cos 0 = 1. 

Substituting'these values of A and B in (ii) we have 
the required equation of the chord, viz. 

- = e cos 6 + see 0 cos (6 -a) .(m). 

To find the equation of the tangent at the R«ntwh~ 
vectorial angle is a, we must put 0-0 in (m), 
obtain 

- = e cos 6 + cos (0 - a) .( IV )- 

r 


Cor. If the equation of the conic be 


1 = 1 +ecos (0 — 7 ), 
r 
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the chord joining the points (a — ft) and (a + $) has for 
equation 

- = e cos (0 — 7 ) + sec ft cos ( 0 — a), 
r 

and the tangent at a has for equation 

- = e cos (0 — 7 ) 4- cos (0 — a). 

104. To find the equation of the polar of a point with 
respect to a conic. 

Let the equation of the conic bo 

-=l + ecos0 .(*)» 

r 

and let the co-ordinates of the point be r i, 

Let a±j3 be the vectorial angles of the points the tangents at which 
pass through (r,, Ox). 

The equation of the line through these points will be 

Z/r = ecos0 + sec/Scos(0 - a) ...(ii). 

The equations of the tangents will be 

J/r = c cos 0 + cos (0 - a + /9), 

and l/r=e cos 0 -f cos (cJ - a - /3). 

Since these pass through (r,, 0i), we have 

Z/r t = e cos Ox cos (0, - a + /3); 
and Z/n=ccos0i + cos (0, -a-/3); 

whence 0j = a, and cos^ = — - e cos 0\. 

Substitute for a and /S in (ii), and we have 

^p-ccostf^ -«cos0i^=cos(0-0j) .(iii), 

which is the required equation. 

165. To find the polar equation of the normal at any 
point of a conic, the focus being the pole. 

Let the equation of the conic be 

l _ „ 

- = 1 + e cos 0. 
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The equation of the tangent at any point a is 

- = e cos 0 + cos {0 — a). 
r 

The equation of any line perpendicular to the tangent 

« 


IS 


?=ecos(0+£) + cos(0+|-<z). 


or 


C 

r 


= — e sin 0 — sin (0 — ®)* 


This will be the required equation of the normal pro¬ 
vided C is so chosen that the point (j + ecos a ’ / 1 
be on the line. Hence we must have 


c l_+ecosa =z _ es - ma 

l 


or 


C = 


— le sin a 


1 + e cos a ' 
Hence the equation of the normal is 

^sin a l = es j n 0 + s in( 0 -a). 


1 + e cos a r 

El . ! The equution el the tangeuta at two poiota whose vectorial 
angles are a, p respectively arc 


and 

Whore those meet 


— = £ cos 0 + cos (0 — a), 
r 

i = t cos 0 -f cos (0 - ft), 
r 

cos (0 - a) = cos (0 - ft ); 
a -f ft 


.\0 = 


2 


tr if T be the point of intersection of the tangents at the two 
lienee, i/ i oe tne pom j If } lowev er tlio 

r‘’ £ t ~ ° f th ° 
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can e, ST will bisect the exterior angle PSQ; for, as we have seen, the 
vectorial angle of P (if P be on the further branch) is not the angle which 
SP makes with SZ, but the angle PS produced makes with SZ. 

Ex. 2. If the tangent at any point P of a conic meet the directrix 
in K, the angle KSP is a right angle. 

If the vectorial angle of P be a, the equation of the tangent at 
P will be 

^= e cos 0 + cos ( 0 - a). 

This will meet the directrix, whose equation is l=er oob0, where 
cos (0 - a) = 0. 

Hence, at the point K, 0 - a = ± ^. 

Therefore the angle KSP is a right angle. 


Ex. 3. If chords of a conic subtend a constant angle at a focus, 
the tangents at the ends of the chord will meet on a fixed conic, and 
the chord will touch another fixed conic. 

Let 2y3 be the angle the chord subtends at the focus. Let a-/3 and 
a + 3 be the vectorial angles of the extremities of the chord. 

The equation of the chord will be 


or 


^ = e cos 0 + Becfi cos (0-a), 


l COB (3 


=ecos/3.cos0 + cos ( 0-a ) 



But (i) is the equation of the tangent, at the point whose vectorial 
angle is a, to the conic whoso equation is 


lco* 3 , „ .... 

— j-Z =l + e cos 3. cos 0 .(u). 

Hence the chord always touches a fixed conic, whose eccentricity is 
ccos/J, and semi-latus rectum fcos/3. 

The equations of the tangents at the ends of tho chord will be 


and 


lJr=e cos 0 + cos (0 - a + /3), 
Z/r=ccos0 +cos ( 0 - a- 3)- 


Both these lines meet the conio 


l/r=c cos 0 + cos 3 

in the same point, viz. where 0 = a and l/r=e cos a + coe/J. 
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Hence, the loon, of the intersection of the tangents at the end, of the 

chord is the conic .(Hi). 

Both the conics (ii) and (iii) have the same focus and directrix as the 

given conic. . , 

Ex. 4. To find the equation of the circle circumscribing the triangle 

formed by three tangents to a parabola. 

Let the vectorial angles of the three points A, B, C be a, /3, 7 

respectively. 

Let the equation of the parabola bo 

l/r = 1 + cos 0. 

The equations of the tangents at A, Ii, C respectively will be 

//r = cos0 + cos (0-a), 

//r = cos 0 +cos (0-/3), 
f/r = cos 0 + cos (0 - 7 ). 

The tangents at Ii and C meet where 

0 = $(£ + 7 ), and ^ = 2cos^cos|. 

The tangents at C and A meet where 

0=i (y + a), and ^=2cos|cos?. 

And the tangents at A and D meet where 

l a ft 

0 = i(a + /3), and - = 2 cos g cos - . 

By substitution .. sue that the three points of intersection arc on the 
circle whoso equation is . 

1 („ ® f* 

r = ---£- y 008 \ 9 2" 2 *)' 

2 COB - COS - COB - 

The circle always passes through the focus of the parabola. 

Ex. 5. To find the equation of the asymptotes of the conic 

f/r = 1 + e cos 0. 

The tangent at a is ij r=eco ^o + oos(0-a) .W- 

The point a is a point at infinity on the conic, if 

0 = 1 t r cos a. V 

The required equation is found hy eliminating « between (i) and (ii). 
The equation is 

\el/r + (l - eh cos 0\“- = r 2 sin-0 sin-a = (t 2 - 1) am 0. 
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Examples on’ Chapter VHL 

1. The exterior angle between any two tangents to a 
parabola is equal to half the difference of the vectorial angles 
of their points of contact. 

2. The locus of the point of intersection of two tangents 
to a parabola which cut one another at a constant angle is a 
hyperbola having the same focus and directrix as the original 

parabola. 

3. If PSP and QSQ be any two focal chords of a conic 

at right angles to one another, shew that + QS~SQ 

is constant. 

4. If A , B, C l>e any three points on a parabola, and the 
tangents at these points form a triangle A'B'C', shew that 
SA°.SB.SC = SA'.SB,SC t S being the focus of the para¬ 
bola. 

5. If a focal chord of an ellipse make an angle a with the 
axis, the angle between the tangents at its extremities is 

, 2e sin a 

tun ” 1 _- 


6. By means of the equation - = 1 + c cos 0, shew that the 

ellipse might be generated by the motion of a point moving so 
that the sum of its distances from two fixed points is constant. 

7. Find the locus of the pole of a chord which subtends 
a constant angle (2a) at a focus of a conic, distinguishing the 
cases for which cos a > - < c. 

8. PQ is a chord of a conic which subtends a right angle 
at a focus. Shew that the locus of the pole of PQ and the 
locus enveloped by PQ are each conics whose latera recta are 
to that of the original conic as s /2 : 1 and 1 : J'l respectively. 
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9 Given the focus and directrix of a conic shew that the 
polar of a given point with respect to it passes through a hxed 

point. 

i n Tf two conics have a common focus, shew that two of 
their common chords trill pass through the point of mtersect.ou 
of their directrices. 

11 Two conics have a common focus “ nd a ?/ cl >ord is 

drawn through the focus meeting the ‘ D /’ n ee t tho« at 

oTitSnts 8 ^‘on wo str^ht ^ trough the into, 
section”of°the S directrices, these lines being at r.ght angles tf 
the conics have the same eccentricity. 

12 Through the focus of a parabola any two chotds LSI/ 
ICC It' are drawn : the tangent at L meets those at M, il in 
tlm poinm ^ A' and the tLgent at L meets them m A , A. 
Shew ritat the lines KN, K'N' are at ngl.t angles. 

13 Two conics have a common focus about which one is 
turned; shew that two of their common chords w.U touch 
conics having the fixed focus for focus. 

14 Shew that the equation of the locus of the point of 
intersection of two tangents to 1=1 + ecosd, which are at 
right angles to one another, isr'(e 5 -l)-2 U r cos 0 + SP = 0. 

15 Itl’SQ PUR be two chords of an ellipse through the 
foci ^ //, then will % - ^ he independent of the position 

of r. 

10. Two conics are described having the 

&&£±!*xaass2a: 
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17. A circle of given radius passing through the focus of 
a given conic intersects it in A, B , C, B\ shew that 

SA.SB.SC.SB 

is constant. 

18. A circle passing through the focus of a conic whose latus 
rectum is 21 meets the conic in four points whose distances 

from the focus are r,, r„, r s , prove that - + — = y. 

r i r i r z r * 1 

19. A given circle whose centre is on the axis of a 
parabola passes through the focus S, and is cut in four points 
A, B, C, D by any conic of given latus rectum having S 
for focus and a tangent to the parabola for directrix; Bhew 
that the sum of the distances SA , SB, SC, SB is constant. 

20. Two points P, Q are taken one on each of two conics, 
which have a common focus and their axes in the same 
direction, such that PS and QS are at right angles, S being the 
common focus. Shew that the tangents at P and Q meet on a 
conic the square of whose eccentricity is equal to the sum of 
the squares of the eccentricities of the original conics. 

21. A series of conics are described with a common latus 
rectum ; prove that the locus of points upon them, at which 
the perpendicular from the focus on the tangent is equal to 
the semi-latus rectum, is given by the equation l=—r cos 26. 

22. If POP 1 be a chord of a conic through a fixed point 0, 
then will tan A P"SO tan A PSO be constant, S being a focus of 
the conic. 

23. Conics are described with equal latera recta and 
a common focus. Also the corresponding directrices en¬ 
velope a fixed confocal conic. Prove that these conics all touch 
two fixed conics, the reciprocals of whose latera recta are the 
sum and difference respectively of those of the variable conic 
and their fixed confocal and which have the same directrix as 
the fixed confocal. 

24. A conic is described having the same focus and 
eccentricity as the conic Ijr = 1 + e cos 6 and the two conics 
touch at the point 6 = a, prove that the length of its latus 
rectum will be 21 (1 - e 5 )/(e" + 2c cos a + 1). 
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25. The equation of the pair of tangents which can be 

drawn to = 1 + « cos 0 from the point (/, 0') is given by 
T 




* * » 

= _ e cos o') (J;, - e cos O’') - cos (0 - 0')J • 


Prove also that the asymptotes are 


^ _ ^2 _ 1 ) cos 0 + sin0 Je 2 - 1. 

T 

26. If the normals at a, ft, y on IJr = 1 +cos0 meet 
the point ( P) 4>)\ then will 2<#> = a + /3 + y. 

97 Shew that, if the normals at the points whose 

2 ' • &n , ’ n n a on Hr = 1 + e cos 0 meet in 

vectorial angles are 0 U 0 2 * 0 iy 4 / -^o n +1W 

the point (p, then will 0, + 0 a + 0 a + - ('» + '• 

28. Shew that, if the normals to \ = 1 + cos 0 at the points 
P O It whose vectorial angles aro 0,, 0,, 0, meet in 

ES t to, 

where S is the focus of the parabola. 



CHAPTER IX. 


GENERAL EQUATION OF THE SECOND DEGREE. 

166. We have seen in the preceding Chapters that 
the equation of a conic is always of the second degree: we 
shall now prove that every equation of the second degree 
represents a conic, and shew how to determine from any 
such equation the nature aud position of the conic which 
it represents. 

167. To shew that every curve whose equation is of the 
second degree is a conic. 

We may suppose the axes of co-ordinates to be rect¬ 
angular; for if the equation be referred to oblique axes, 
and we change to rectangular axes, the degree of the 
equation is not altered [Art. 53]. 

Lot then the equation of the curve be 

axr 4- 2 h.ry + by- + 2 gx + 2 fy + c = 0.(i). 

As this is the most general form of the equation of the 
second degree it will include all possible cases. 

We can get rid of the term containing xy by turning 
the axes through a certain angle. 

For, to turn the axes through an angle 6 we have to 
substitute for x and y respectively x cos 6 — y siu 6 , and 
x sin 9 + y cos 9 [Art. 50]. 




every curve of the second degree is a conic 22! 

The equation (i) will become 

a a\ 2 4. 9/1 Marcos 6 — U sin 6) (#sm 6 + y cos 9) 

+ c = 0 .. 

The coefficient of xy in 00 1S 

2 (6 - «) sic 0 cos 9 + 2 h (cos 2 9 - sin 6 ), 

and this will be zero, if 

t . (u,) - 

Since an angle can be found whose tangent is equal to 
any real quantity whatever, the angle fl-itan 6 ls 

in all cases real. 

Equation (ii) may «°" r a (iv). 

^ 2 + ^ 2 + 2(?a- + 2F i / + C-0. Wb 

If neither A nor B is zero, we can wnte equal,on (iv) 

in the form „ r , Fi 

a ( x+ «j + b(„4 

. / G F\ 

or, taking the origin at the point ^ A • ]j) * 

^ ^ . (V) - 

If the right side of (v) be zero the equation will repre- 

equation ^ ^ _ 

K]A + KfB~' ’ 

tive and the other negative. . ig c ] ear that no 

rea/values o"of 7** ^ ^ 

case the curve is an imaginary ellipse. 
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Next let A or B oe zero, A suppose. [A and B cannot 
"both be zero by Art. 53.] Equation (iv) can then be 
written 

B(y + ^j=-^-Gx-C+^ .(vi). 

If G = 0, this equation represents a pair of parallel 
straight lines, which are coincident if (? = 0 and also 

F*-BC = 0. 

If G be not zero, we may write the equation 

/ F\ 9 2 G( F* C\ 

V + b)~ B V 2BG + 2g)’ 

which represents a parabola, whose axis is parallel to the 
axis of .r. 

Hence in all cases the curve represented by the general 
equation of the second degree is a conic. 

168. To find the co-ordinates of the centre of a conic. 
We have seen [Art. 110] that when the origin of co¬ 
ordinates is the centre of a conic its equation does not 
contain any terms involving the first power of the variables. 
To find the centre of the conic, we must therefore change 
the origin to some point (x', y ), and choose of, y, so that 
the coefficients of x and y in the transformed equation may 
be zero. 

Let the equation of the conic be 

ax 2 -I- 2 hxy 4- by- + 2 gx + 2 fy + c = 0 . 

The equation referred to parallel axes through the 
point (,r / , if) will be found by substituting x -f x' for x, and 
y + y for y, and will therefore be 

a (x + x'Y + 2 h (x + F)(y + y') + b (y + tyf + 2g (x + x) 

+ 2f(y + y) + c = 0, 

or ax 3 + 2 hxy + by 2 + 2 x ( ax' + hy' + g) + 2y (hx + by' +/) 

+ ax' 2 + 2 hx'y' + by' 2 + 2 gx' + 2fy +c = 0 . 

The coefficients of x and y will both be zero in the 
above, if x' and y be so chosen that 

ax' -f hy -f- g = 0 
and hx' + by' q /= 0 


(i) , 

(ii) . 





CENTRE OF A CONIC 


229 


The equation referred to (*\ jO as origin will then he 

cue 3 + -hxy + by 2 + c = 0 .(“')» 

where d = aa' 7 + thaftf + ty 2 + *9* + W + c . < iv > 

Hence the co-ordinates of the centre of the “me are the 
values of a! and y given by the equations (i) and (n) 

The centre is therefore the point 

(hf-by gh - a f\ 

\ab — h* ’ ab — h */ 

When ab — h- = 0, the co-ordinates of f J 1 ” 
infinite, and the curve is therefore a parabola [Art. 1. ]• 

If however hf-bj = 0 and ab - h 7 = 0; that is, if 

a/h = h/b =g/f 

case is a pair of parallel straight lines. 

In the above investigation the axes may be either 

MW<« 

axes will be distinguished by the sign («■>). 

!fi9 Multiply equations (i) and (ii) of the preceding 
Article by* 1 ^respectively, and subtract the sum from 
the righwiantf member of (iv); then we have 

d = gd +f'J + . . 

_ „ hf~ l 9 + f3j?— a /+ c 

~~9 a b—h t+ '' ab — h 7 

abc + 2 fgh-af’-W-M . (w). 

ab — h l 

Or eliminating ft- the three egontion. (i). (“) ^ M. « «*» 
atOUCG - _ c ' { ab-h*)= 0. 


•(V) 


0 / 

h. 

g •=!/, i.e. 

1 °’ 

K 

9 

K 

b, 

f ! 

I* 

b. 

/ 

| 

V* 

f. 

c-d> 

* 

f, 

C 1 
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LENGTHS OF AXES OF CENTRAL CONIC 


170. The expression abc + 2fgh — aj z --bg 1 --ch 2 is 
usually denoted by the symbol A and is called the 

discriminant of 

ax 1 + 2 hxy + by' + 2 gas + 2 fy + c. 

A = 0 is the condition that the conic may be two 
straight lines. 

For, if A is zero, c' is zero; and in that case equation 
(iii) Art. 168 will represent two straight lines. 

This is the condition we found in Art. 37. (<*>)• 


171. To find the position and magnitude of the axes of 
the conic whose equation is cuc 1 + 2hxy + by z =l. 

If a conic be cut by any concentric circle, the diameters 
through the points of intersection will be equally inclined 
to the axes of the conic, and will be coincident if the 
radius of the circle be equal to either of the semi-axes of 
the conic. 

Now the lines through the origin and through the 
points of intersection of the conic and the circle whose 
equation is X s + y 1 = r 3 , are given by the equation 

(a “ x ' + 2hxi J + (& " p) 7 f = 0 .(*)• 

These lines will be coincident, if 




0 




• • • • 



and they will then coincide with one or other of the axes 
of the conic. 

Hence the lengths of the semi-axes of the conic are the 
roots of the equation (ii), that is of the equation 


^-(a + 6)i + oi.-7i ! = 0 



Now multiply (i) by (a — i); then, if i is either 
of the roots of the equation (ii), we get 

( tt “ ? 4) + - h (« “ x >! + h 'lT = 0: 
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(a - i) * + h = 0 


(i'O- 


whence 

Hence if we substitute in (iv) either root of the_ equation 
(iii) we get the equation of the corresponding axis. 

In the above we have suppose* the axes to be rectangular If however 
they are inclined at an angle * the investigation must be slightly modified, 
for the equation of the circle of radius r will be + 2x,j u> + j 

172. To find the axis and latus rectum of a parabola. 
If the equation 

a.r 2 + 2 hxy + bf + ty* + 2 /y + c = 0 

vaicnt to ((U . + p 9 y + 2jx + 2/y + c = 0 .(0, 

where a 2 = «, and £?- = b. 

From (i) we see that the square of the 

angled we may write the equation (.) m the form 
(or + /Sy + X)* = 2* (Xa - p) + 2y (X/3 -/) + x ’~ c ' 

and the two straight lines, whoso equations are 

ax + 0y -f X = 0, and 2*<X« - </) + 2y (X/3-/> + x ‘“ c ~ °' 

will be at right angles to one another, if 

a(\a-g) + 0 (X/3 -/) = 

or if X = O'J + / 3 /)/<“’ + & 

How take _ n 

aa . + / 3 y + X-Oand2(aX-sr)* + 2(^X-/)y + ^— c 

for new axes of a: and y respectively, and we get 

and this we know is the equation of a parabola referred to 
its axis and the tangent at the veitex. 
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EXAMPLES OF CONICS 


To find the latus-rectum, we write the equation in 
the form 

/a» + /3tf + XV . ( 2 (a\ — g)x + 2 (@\ —f) y + X a — c | . 

{ + H V{4(aX-^ + 4(/3X-/) 1 | J* 

hence 4p = V{4 (a\ — y ) 3 + 4 *-/T]/( afl + $*)• 

Hence (i) is a parabola whose axis is the line 

ax + (3y + \ = 0, 
and whose latus-rectum is 

2 VH - y) 2 + (fa -/) : }/( a ’ + fa = 2 ( a /“ #?)/(«*+ 

since X- = (ay + £/*)/(a a + fa- 

173. We will now find the nature and position of the 
conics given by the following equations. 

(1) 7x 2 - 17xi/ + Gi / 2 + 23x-2j/-20=0. 

(2) x- - 5xj/ + y 2 + Sx- 20y + 15 = 0. 

(3) . 3Cx 2 + 24 xy + 29 1/ 2 - ?2x + 12Gy + 81=0. 

(4) (5x - 12t /) 2 -2x-29j/ - 1 = 0. 

(1) The equations for finding the centres aro [Art. 168, (i), (ii)] 

14x'-17y'+23 = 01 
- 17x'+ 12y' - 2 = 0) * 

These give x' = 2, y' = 3. Therefore centre is the point (2, 3). 

The equation referred to parallel axes through the centre will be 
[Art. 109] 

03 

7x 2 - 17xi/ + Gy 2 + ^j-.2-1.3-20 = 0, 

or 7x 2 —17xy + Gy 2 =0. 

The equation therefore represents two straight lines which intersect 
in the point (2, 3). They cut the axis of x, whore 7x 2 + 23x-20=0, that 

is where x— -4, and where x = ^. 

I 

(2) x 2 - 5xy + y 2 + 8 x - 20y + 15 = 0. 

The equations for finding tho centre arc 

2x'-5y' + 8 = 0, and -5 x'h 2y -20=0; 

A x = -4, y' = 0. 

Tho equation referred to parallel axes through the centre will be 

x 2 -5xy-* y 2 + 4 (- 4) +15 = 0, 
x 2 -5xj/+ ?/ =1. 


or 
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The semi-axes of the conic ure the roots of the equation 
L-(a + b)\ + ub-}t* = 0 [Art. 171, (Hi)]: 

• H r- -1 

21 r* + 8 r 2 -1 = 0 ; 


••• »*=7* 01 ” 3 


The curve is therefore an 


hyperbola whose real semi-axis is ?N /14, 



The direction of the real axis is given [Art. 171, (iv)] by the equation 

x + i/ = 0. 

(3) 36x 2 + 24 xy + 29y- - 72x + 12Gy + 81=0. 

The equations for finding the centre arc 

3Gx' + 12y'-3G = 0, and 12 x / + 29y' + 03 = 0; 

...x' = 2, »/=-3. 

The equation referred to parallel axes through the centre, will be 

36x 2 + 24xy + 29y 2 - 72 + C 3 ( - 3) + 81 - 0, 

x 2 2 29 , . 

T + 15 + 180*‘ 
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The semi-axes of the conic are the roots of the equation 

±--(a + b)\+ab-h*-=0. 


And 


, Go 13 
a + b ~160~36’ 

, ,,_29 1 _ 1 . 

ab -U- — gyy - 225 — 3(j * 


36 - 13r 2 + r*=0. 

Hence the squares of the serai-axes are 9 and 4. 


V' 

/» 

/ % 

/ \ 




The equation of the major axis is [Art. 171, (iv)] 

4-r -h 3»/ = 0. 

(4) (ox - 12r/) 2 - 2x -29*/-l = 0. 

The equation may be written 

(ox - 12 y + \)^ = 2x (1 + o\) + y (29 - 24X) + X 2 + L 
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The lines 5x-12y + X^0 

and 2(1 + 5X)x + (29-24\)!/ + X 2 + 1-0 

are at right angles, if 1Q + 50x _ 348 + 2 8SX = 0 ; 
that is, if X=l. 

The equation is therefore equivalent to 

'5x- 12i/ + l\ 2 1 12 .r + 5y + 2 


/5x-12»/ + lV_ 1 12x + 5 1 , 
{—it — ) “is* 13 


.(i); 


174. To find the equation of the asymptotes of a come. 

We have seen [Art. 147] that the equations of a conic 
ami of the asymptotes only differ by a constant. 

Let the equation of a conic be 

ax 1 + 2hxy + hf + 2</x + 2/g + c = 0 .(»)• 

Then the equations of the asymptotes will be 

ax* + 2 hxy + brf + 2gx + 2/y + c + X = 0.(n). 

• i i - tfA ^ that value which will make (n) 

provided we give to \ tnai yuiu^ 

represent a pair of straight lines. 

The condition that (ii) may represent a pair of straig i 
lines is [Art. 171] 

' a, h, g 1=0 

K h f 

, 9 , /. c + x 

.*. \(ab — lr) + A = 0. 

Hence the equation of the asymptotes of (i) is 
,ur + 2/ury + by- + 2yx + 2/y + c - = °' 

The equations of two conjugate hyperbola differ from 
the equation of their asymptotes by constants winch 
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RECTANGULAR HYPERBOLA 


equal and opposite to one another [Art. 153]; therefore 
the equation of the hyperbola conjugate to (i) is 


aa? -f 2Kxy + by 1 + 2gx + 2 fy 4- c — 


2A 

ab — h? 



Cor. The lines represented by the equation 

ax 2 + 2hxy + by* = 0 

are parallel to the asymptotes of the conic. (to). 


Ex. Find the asymptotes of tho conic 

x 2 -xy-2y 2 + 3y- 2=0. 

The asymptotes will be x 2 - xy - 2y 2 + 3y - 2 + X=0, if this equation 
represents straight lines. Solving as a quadratic in x, we have 


Henco [Art. 37], tlie condition for straight lines is 9 (2 -X) = 9, or X = l. 
Tho asymptotes are therefore x 2 -xy -2y 2 + 3y - 1 =0. 


175. To find the condition that the conic represented 
by the general equation of the second degree may be a rect¬ 
angular hyperbola. 

If the equation of the conic be 

ax- + 2 hxy + by- + 2 gx 4- 2 fy + c = 0. 
the equation 

as? 4- 2hxy + by' = Q .(i) 

represents straight lines parallel to the asymptotes. 

Hence, if the conic is a rectangular hyperbola, the lines 
given by (i) must be at right angles. 

The required condition is therefore [Art. 44-] 

a + b — 2h cos (o = 0 .(ii). 

If the axes ol co-ordinates be at right angles to one 
another the condition is 
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176 The lengths of the axes of a central conic given 
by the general equation of the second degree can be 
found from the results of Art. 169 and Art. 1 < 1. 

For, by changing the origin to the centre of the conic, 

the equation 

cue 3 + 2/nry + by 2 + 4- 2/y + c = 0 

becomes a** + 2hxy + bf + c= 0 .•«' 

where * = “ b ~ h "> .. (l °’ 

Now by Art. 171 the squares of the semi-axes of the 
conic (i) are the roots of 

r 4 {ub - /t 9 ) + {a+b) c'r 2 + c ' 1 = 0 , 

or, from (ii), 

r* {ab - IrY + A(<t + b) {ub - /d) r 9 + A 2 = 0. 

Ex. 1. Find the lengths of the axes of the co».c 

5.r 2 + Cxy + oy 2 + 12x + 4y - 4 = 0. 


Here 


ab 


- )fi = 10 and A = -192. 


The equation for the squares of the semi-axes is 

lf,3.r«-192.10.1Gr 2 + 192 2 = 0; 

... 2i* - 15r 2 + 18 = 0 . 

Hence the lengths of the semi-axes are N /0 and J6. 

Ex. 2. Find the lengths of the axes of the conic 

x 2 - 3 xi/ + y- + 10 * - 1 % + 60 = 0 . 


5 


7*. 


10 


Here ab - Ji 2 = - 5 a *** 1 A - - -5 

Ilcnco the equation for the squares of the semi-axes 

r* - 48r 2 - 720=0, 

, r 2 = C 0 or r-- - 12 . 

whence 

Thus the equation of the conic in its simplest form is 

*l-t = 1. 
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Examples on Chapter IX. 

1. Find the centres of the following curves: 

(i) 3ar* - oxy + &f + llx- I7y + 13 = 0. 

(ii) xy + 3 ax — 3 ay — 0. 

(iii) 3ar — 7 xy — G// 2 + 3-c - 9y + 5 = 0. 

Find also the equations of the curves referred to parallel 
axes through their centres. 

2. What do the following equations represent? 

(i) xy — 2x + y — 2 = 0. (ii) y- — 2 ay + \ax = 0. 

(iii) 2 r + ax + ay + cr = 0. (iv) (x + y) 2 = a (x — y). 

(v) 4 (x + 2 y) 2 + (y — 2x) 2 - 5a 3 . (vi) f — x 1 — 2ax = 0. 

3. Draw the following curs es : 

( 1 ) xy + a.r — 2 «y = 0 . ( 2 ) or + 2xy + y 2 —2x—l =0. 

(3) 2x>+5xy + 2f + 3y-2 = 0. 

(4) or + 4 xy + f - 11 = 0. 

(5) (2* + 3 yf + 2x + 2y a. 2 = 0. 

(G) x 2 — 4.ry — 2y 2 + 1 Ox + 4y = 0. 

(7) 41x 2 + 24 xy + 9 f — 130aa*- GOayo. 116a'* = 0. 

4. Shew that if two chords of a conic bisect each other, 
their point of intersection must be the centre of the curve. 

o. Shew that the product of the semi-axes of the conic 
whose equation is 

(x~2y + 1)-+ (4a: + 2^/ — 3) 3 —10 = 0, is 1. 

0. Shew that the product of the semi-axes of the ellipse 
whose equation is 

or— xy -r 2y- — 2x — 6y + 7 = 0 is —^ ■ 

\/< 

and that the equation of its axes is 

or — f — 2 xy -r Sy — 8 = 0. 
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7. Find for what value of A. the equation 

+ \xy - y- - 3 * + - 9 = 0 

will represent a pair of straight lines, 
through the point (1, — 1)- 

9. Find the equation of the asymptotes of the conic 

3 .t- - 2xi/ - 5/ + 7x - 9 •/ = 0; 

and find the equation of the conic which has the same asymp¬ 
totes and which passes through the point (-, -)• 

10. Find the asymptotes of the hyperbola 

6x 2 -7xy-3y 2 -2x-8y- G = 0; 
find also the equation of the conjugate hjpei n a. 

11. Shew that, if » - i 

a* + 2hxy + bf = 1, and + 2h *v + * ^ = 1 

represent the same conic, and the axes are rectangular, 

V (a-bf* 4/< 5 = («'-*>)■ + 4,1 • 

12. Shew that for all positions of t_he ~ long - they 

remain rectangular, and the < i o/V + c - 0 is 

^ + / 2 in the equation «ar + 2hxy + b t , + 

constant. 

13. From any point on a locus' 

drawn to each of two circles, sm^^ hyperbola whoso 

of intersection of the th"n Ih.e and to the line 

asymptotes are perpendicular to tne e 

joining the centres of the two circles. 

14. A variable circle always through^ po„,t 

0 and cuts a conic in the points 1 , 1, > > 

OP . O Q . OR • °1 

(Vidius of circle) 2 

is constant. 7 >-_i L P 

15. If ox» + 2toy + V=l. ll «n- 

the equations of two conics then . - 1 + 

altered by any change of rectangular axe.. 
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16. The locus of the vertices of the rectangular hyper¬ 
bolas ar—y' + ^Aary—a 2 = 0, for different values of A, is the 
curve whose equation is (ar + y 2 ) 2 — a? (a?— y 8 ) = 0. 

17. Shew that, if ax 3 + 21ixy + by 1 + 2gx 4- 2fy + c = 0 re¬ 
presents two straight lines, the square of the distance of their 
point of intersection from the origin is 

(ca — g* + be —f*)/(ab — A 1 ). 

18. Prove that, if cu? + 2//ary + by 3 + 2gx + 2 fy + c = 0 is a 
rectangular hyperbola, the equation referred to its asymptotes 

will be 2 (A 5 — ab) ’ary — A = 0. 

19. Prove that the equation of the asymptotes of the 


conic 



aar + 2Aary + by* + 2 <jx + 2 fy + c = 0 

is 

bX*— 2hXY + al' s = 0, 

where 

X = ax + hy + g and Y= Ax + by +/. 


20. Prove that, if oar* + 2 hxy -f- by* -f- 2 gz + 2 'fy + c = 0 
is a parabola, its latus-rectum is 

2 {- A/(a + 6) 3 }*. 



CHAPTER X. 

MISCELLANEOUS PROPOSITIONS. 


177. We Lave proved de^ee^s always 

represented by an equation of the second dey 

We shall throughout the present chapter assume that 
the equation of the conic is 

aa? + 2hsy + by* + 2</«? + %fy + c = 0, 

unless it is otherwise expressed. 

The left-hand side of this equation will be sometimes 

denoted by <f> (w, y)> 

178. To find the equation of the h "*J L ZTof 

through two points on a come, and to find the ej 

the tangent at any point. 

Let (o', j/) and (*". f) be two points on the come. 

The equation f s 

a (* -*")(* "*") + 10 - x ') { y ~ ^ + (X ~ j/ )( L, l’} (i) 

+ b (v - vOO + ^ + v + ^ + 1e - •• •« 

when simplified is of the first degree, arrd therefore 
represents some straight line. 
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If we put x — x and y = y in (i) the left side vanishes 
identically, and the right side vanishes since (x' f y') is on 
the conic. Hence the point (x, y') is on the line (i). So 
also the point ( x'\ y") is on the line (i). 

Hence the equation of the straight line through the 
two points ( x', if) and (x", y") is (i) and this reduces to 

ax ( x ' + x") 4- hy {x 4- x") + hx {y 4 - y") + by (if + y") 4- 2 gx 

4- 2/y 4- c = ax'x" 4- h {x'y" -\-ifx") 4- by y" .(ii). 

To obtain the tangent at ( x , if) we put x" = x, and 
y" = y' in (ii), and we get 

2axx' 4- 2 h(xxf 4- x'y) 4- 2 byy 4- 2 gx 4- 2 fy 4- c = ax'- 

4- 2 hx'if 4- by'-. 

Add 2 gx' 4- 2 fy' 4- c to both sides: then, since (x, y') is 
on the conic, the right side will vanish; and we get for 
the equation of the tangent 

ax'x 4- h (y'x 4- x'y) 4- by y +g{x + x) 4 -f(y + y') + c = 0. 

It should be noticed that the equation of the tangent 
at (x, y) is obtained from the equation of the curve by 
writing xfx for x 2 , y'x + x'y for 2xy, y'y for y 2 , x + x' 
for 2x, and y4-y / for 2y. (c). 


170. To find the condition that a given straight line 
may be a tangent to a conic. 

Let the equation of the straight line be 

lx 4- my + n = 0 .(i). 

The equation of the straight lines joining the origin to 
the points where the line (i) cuts the conic <f>(x, y) = 0 
are given [Art. 38] by the equation 

ax 3 4- 2 hxy 4- by- — 2 (gx 4 - fy) 

n 



It the line (i) be a tangent it will cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincident. The condition for this is 
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(an* - tyln + cl*)(bn* - 2fmn + cm*) 

v = (hn* —fin - gmn + elm), 

or P (be -/*) + (c« - «,=) + »’ (a!.- /<"> + *«» <9* 

+ 2ni (/</- gb) + 2/m (fj - hc ) = 0 . 

The equation (iii) may be written in the form 

At 2 + But 2 + Cn- + 2 Finn + 2 Gnl + 2 Him - 0.. .{iv), 

, , cc • A 7? C 1 are the cofactors of 

where the coefficients A, G, 

a, b, c, &c. in the determinant 

I a, h, (J 

1 h, b, f • 

I a, f c I (a>) ' 

Or thus. The tangent at (j', y ) n 

x(«y+ii»'+ff)+y( , ^+V+/)+^ + -' y +c=a 
This coincides with the given line, if 

ax' + htf' + g-'M =0, 

Juc , + bt/+f-\m=0, 
gx'+fy’ + c-\n =°- 

And, since (A y') mnst bo on the given line, «e have also 

Ix' + my' + n = 0 

Eliminating x', y\ X we have 

I a, h, y, l =0. 

h, l, /, »» 

9 , /• c - M 

l, HI, », 0 

which when expanded is 

AP + Urn- + Cm 2 + 2Fmn + 2 Gnl + 2IH"» - 

ISO. To find the equation of the polar of any p->mt 

with respect to a conic. ^ . HO 

It may be shewn, exactly as m Articles iC, ^ 

that the equation of the polar is of the same fo, m 

equation of tlie tangent. 

The equation of the polar of (x , y ) i s 1 “ " OI 
ax’x + h (fix 4- xy) + bfy + g(x + ) +J {'J + ■[ * Q 

or x {ax! + hy + g) + y {hx + by' +J ) + V x + Jd 




244 


THE POLAR 


The equation of the polar of the origin is found by 
putting x=y' = 0 in the above ; the result is 

gx+fy+c = o. 

181. If two points P, Q be such that Q is on the polar 
of P with respect to a conic, then will P be on the polar of 
Q with respect to that conic. 

Let the co-ordinates of P be x, ?/, and those of Q 

*>y ■ 

The equation of the polar of P is 
ax'x + h (y'x + xy) + by'y + g (x + x') +f(y + y) + c = 0. 
Since (x", y") is on the polar of P, we have 


ax x" + h {y'x” + x y") + by'y" + g (x + x") + f(y' + y") + c =0. 


The symmetry of this result shews that it is also the 
condition that the polar of Q should pass thrcugh P. 

If the polars of two points P, Q meet in R , then R is 
the pole of the line PQ. 

For, since R is on the polar of P, the jxdar of R will 
go through P ; similarly the polar of R will go through Q; 
and therefore it must be the line PQ. 

It any chord of a conic be drawn through a fixed point 
Q, and P he the pole of the chord; then, since Q is on the 
polar of P, the point P will always lie on a fixed straight 
line, namely oil the polar of Q. 


Def. T wo points are said to he conjugate with respect 
to a conic when each lies on the polar of the other. 

Pet. Two straight lines are said to he conjugate 
lines with respect to a conic when each passes through 
ihe pole of the other. Conjugate diameters, as defined in 
Art. 127, are conjugate lines through the centre. 


AVu can find the condition that the two straight lines 

h* +«iii/ + » i|=0, 
ftn<1 l*x+Tn*/ + ti.,= 0 , 

may ho conjugate for y) = 0 as follows: 

Tl.e pole of /,x + m iy + „, = () being (x lt y,), the above is the same as 
X (</x, + Ay, + g) + y (Ax, + Ay, +/)+yx, +/y, + c = 0. 
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and therefore axi + hiji+g - X^i =0* 

hx l + by l +f-\m l =Q, 

and gxi + fiji+c-\ni=0. 

And, if tha two lines are conjngate lines, ( r i, J/i) is on 

l>z + m>y + >h=0; 

7 a .T|+»*2»/l + n 2 = 0- 
Eliminating .r w y Xt X we have 

= 0 ; 



li, 


h 

K 

b. 

« 

m, 

9* 

/. 

C • 

»‘l 

lo* 



0 


/. Al l l. + Bm l m i +Cn l n 2 + F{m l n i +m~n l ) + Q(n x l~ + n-J i ) 

+ II (/,w^ + L» , i) = 0. 

182. If any chord of a conic he drawn through a 
point 0 it will be cut harmonically by the curve and 

the polar of 0. 

Let OPQR be any chord which cuts a conic in P , R 
and the polar of 0 with respect to the conic m (j. 

Take 0 for origin, and the line OPQR for axis of x\ 
and let the equation of the conic be 

ax* + 2hxy + by* + 2yx + 2 fy + c = 0. 

Where y = 0 cuts the conic we have 

ax 2 + 2yx + c = 0 ; 


1 + 1 


_ = _ -<l 

" UP ' OR c 

The equation of the polar of 0 is 

yx +fy + c = 0 : 

’ou c 

From (i) and (ii) we see that 

_L ,_L = _2_ 

OP + OR 00’ 


•(i). 


■(ii)- 


B. C. 8. 


9 
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CONJUGATE DIAMETERS 


183. To find the locus of the middle points of a system 
of parallel chords of a conic. 

Let {x, y') and ( a /', y") be two points on the conic. 
The equation 

a (x - x) (x - x") + h {(a? - x) (y - y") + (x- x") ( y - y) j 
+ b (y - y) (y - y") = ax? + 2 hxy + b\f + 2 gx + 2 fy + c 

is the equation of the straight line joining the two points. 

In (i) the coefficient of a; is a (x' + x") + h (y' + f) + 2 g, 
and the coefficient of y is h ( x ' 4- x") + b(y' + y") + 2 f ; 
hence if the line is parallel to the line y = vix, we have 

_ _ a (x + x")+_h ( y' + y'j+_ 2g ... 

“ )f(x'+xy + bXy'Ty') + 2f *-- W ; 
Now, if (x,y) be the middle point of the chord joining 
(x, y) and ( x ", y"), then 2x = x + x ", and 2 y=f + y"; 
therefore, from (ii), we have 

ax + hy + g + m (hx + by +f) = 0, 

or x(a + mh) + y(h + mb) + g + mf— 0.(iii), 

which is the required equation. 

If the line (iii) be written in the form y = m'x + k, then 
we have 

, a + mh 


m 


m = — 


h + mb ’ 

or a + h (in + m) + bmm' = 0.(iv). 

This is the condition that the lines y = mx and y = mix 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree. (&>). 

184. To find the condition that the two lines given by 
the equation A.i- + 2 H.ryJig 2 = 0 may be conjugate dia¬ 
meters of the conic axr + 2hxy + by-= 1. 

If the lines given by the equation Ax 2 + 2 Hxy +By- = 0 
are the same as y — mx = (), and y — nix = 0 ; then 

m + in = — 2 ^, and mni = ^ . 
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But y — onx = 0 and y — m'x = 0 are conjugate Jiameters 
jf a + h (in + in) + bmin = 0. 

Therefore the required condition is 

a-2A.§ + &g = 0, 

or aB + bA = 2hH. (“>• 

[The above result follows at once from Articles 156 
and 58.] 

Ex. 1. To find the equation of the equi-conjngate diameter* of the cor iu 

ax- + 2hxy + by 2 = 

Th® straight lines through the centre oi a conic and any concent™ 
circle give e { u«! diameters. Through the intersections oMhc cento 
the circle whose equation is X(xt+y ! + 2 xi,ces«) = l, the lines 
(a — X) x 2 + 2 (h - X cos w) xy + (t-X) y 2 -0pass. 

These are conjugate if 

it (a -X) + a (6 - X)=2/i (/• -Xcosw). 

Substituting the value of X so found, wo Itave the required equatton 

2 (ait - hi) 


ax 2 + 2 Ary + by 2 - 


(x 2 + y- + 2xj/ cosw) = 0. 


a + it - 2/i cos w 

Ex. 2. TO .line the. any Ora concentric conic, ha,, in general one 
and only one pair of common conjugate diameters. 

Let tho equations of tho two conics be 

ax* + 2hxij + bij*=l. and a'x 2 + 2h'xy + b y -= 1. 

The diameters da= + 2/fxy + Df -=0 are conjugate with respect 

bothconicsif Ab .tUh + Ba = 0, 

and .tlf-Mtt'+lla'-Oj 

d _”_ 

fcflTah '" ait' - u'it !>(«' - Vh 

Tho equation of the common conjugate diameters is therefore 

f/ra' - aft') x 2 - (al»' - «'*) X J/ + ( bW ~ l h) J ‘~ °‘ .. 

Binco any two concentric conics have ° n ° °[ ^c^ccutnc couics 

in common, it follows that tho equations of an, two cone 

can bo reduced to tho forma 

fl** + 5y* = l. a'x* + ity=l- 
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SEGMENTS OF A. CHORD 


185. To find the length of a straight line drawn from 
a given point in a given direction to meet a conic. 

Let (x' f y') be the given point, and let a line be drawn 
through it making an angle 6 with the axis of x. The 
point which is at a distance r along the line from (x\ y') 
is (x +rcos0, y' + rsin0), the axes being supposed to be 
rectangular; and, if this point be on the conic given by 
the general equation, we have 

a(x’+r cos 0) 2 + 2 h (#'+ r cos 6) (y + r sin 0) + 6 (y'+r sin 0Y 
4* 2 g (of 4- r cos 6) 4- -f(y 4- r sin 0) + c = 0, 

or r 2 (a cos 3 6 4- 2h sin 0 cos 0 -f h sin* 6) 

4- 2 r cos 0 (ax' 4- hy + g) 4- 2rsin 0 (lux +bf+f)+<f) (x\ y‘ ^=0. 

The roots of this quadratic equation are the two values 
of r required. 

Now, if the point (x', y') is the middle point of the chord intercepted 
by the conic on the line, the two values of r, given by tho above 
quadratic equation, will he equal in magnitude and opposite in sign; 
hence the coefficient of r must vanish ; thus 

(ax' + Ay' + g) cos 0 + (Ax' + by'+f) sin 0 = 0. 

Thus, if tho chords are always drawn in a fixed direction, so that 0 is 
constant, the locus of their middle points is [Art. 183] 

ax + hy + 1 j + (Ax + by +f ) tan 0=0. 

18G. The rectangle of the segments of the chord which 
passes through the point (x, y') and makes an angle 0 
with the axis of x, is the product of the two values of r 
given by the quadratic equation in Art. 185; and is equal to 

_ f) _ 

a cos 2 0 4- % lh sin 0 cos 0 4 - b sin 3 0’ 

Cor. 1. It through the same point (;r', y') another 
chord be drawn making an angle & with the axis of a?, the 
rectangle of the segments of this chord will be 

__ 4 > (f'>.»/) 

a cos 2 6' 4- 2ft sin 0' cos 0’ + h sin 2 0" 
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Hence we sec that the ratio of the rectangles of the 
segments of two chords of a conic drawn in gi ven directions 
through the same point is constant for all points, including 
the centre of the conic, so that the ratio is equal to the 
ratio of the squares of the parallel diameters of the conic. 

Car. 2. The ratio of the two tangents drawn to a 
conic from any point is equal to the ratio of the paial e 

diameters of the conic. 

Cor. 3. If through the point {*', y") a chord he drawn 
also making an angle 0 with the axis of .r, the rectaujc 
of the segments of this chord will be 

<f> (*". y") _ _ _. 

a cos 2 0 + 2/i sin 0 cos 0 + b sin 3 0 

Hence the ratio of the rectangles of the segments of 

any two parallel chords drawn throug i 1X P 

(x\ y') and (*", y ") is constant and equal to the ratio ot 

<#, (. x\ y') to <f> (x", y"). . p n j? s 

Cor. 4. If a circle cut a conic m four points ,P Q,lt,*, 
the line PQ joining any two of the points and the line 
joining the other two make equal angles with an a. 

the conic. . Tr > rf 

For if PQ and PS meet in T, the rectangles 11 ■ I Q 
and TR.TS are equal since the four points areion, a cm: e. 
Therefore, by Cor. 1, the parallel diameters of the■conic at 
equal; and hence they must be equally incline 
of the conic [see Art. 13G]. 

Ex. 1. If a triangle circumscribe a conic the three lints 
angular points of the triangle to the points of contact of the opposi 

trill meet in a point. , . . t i.„ 

Let the angular points be a, V, C and the points of contac 
opposite Bides of the triangle be A', B\ C '; also let r,. r,. r 3 be 
diameters of the conic parallel to the sides of the triangle. Then 

BA 1 * : BC' i = r l ' i : rf ; Cl!T* : CA'* = rJ : r, 5 ; and At .A s • - 
Hence BA'. CIS' .AC=± A'C . B A . C'B. 

which shows that the three lines meet in a point, for A,B, 
on a straight line. 
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CONICS HAVING FOUR COMMON POINTS 


Ex. 2. If a conic cut the three sides of a triangle ABC in the points 
A' and A", & and B", C and C" respectively , then will 

BA'.BA'\CB'.CB".AC'.AC'=BC'.BC , '.CA'.CA".AB’.AB , \ 

( Carnot's Theorem.) 

[BA'.BA" : BC'. BC"=r j 2 : rf 1 , and bo for the others ; rj, r 2 , r 3 being 
the semi-diameters of the conic parallel to the sides of the triangle.] 

Ex. 3. If a conic touch all the sides of a polygon ABCD . the 

points of contact of the sides AB, BC . being P, Q, B, S .; then will 

AP.BQ.CR.DS . be equal to PB.QC.BD . 

187. If S be written for shortness instead of the left- 
hand side of the equation 

aa* + 2 hxy + brf + 2 gx + 2/y + c = 0, 

and S’ be written instead of the left-hand side of the 
equation 

a'or + 2 h'xy + b'y- + 2g’x + 2f'y + c' = 0, 

then S — \S = 0 is the equation of a conic which passes 
through the points common to the two conics £ = 0, S'= 0. 

For, the equation S — \S' = 0 is of the second degree, 
and therefore represents some conic. Also if any point be 
on both the given conics, its co-ordinates will satisfy both 
the equations S = 0 and S' = 0, and therefore also the 
equation S - \ S' = 0. 

By giving a suitable value to the conic S-\S' = 0 
cun be made to satisfy any one other condition. 

Ihus S — \S = 0 is the general equation of a conic 
through the points of intersection of the conics S=0 and 
S = 0 . 

If the conic S = 0 is the two straight lines whose 
equations are l.r + my + n = 0 and lx + m'y -f n' = 0, which 
lor shortness we will call u = 0, and v = 0; 

then S-\uv=0 will be the general equation of a conic 

passing through the points where S = 0 is cut bu the lines 
u = 0 and v = 0. J 
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If now the line v = 0 be supposed to move up to 
and ultimately coincide with the line u = 0, the equation 
S-\u* = 0 will, for all values of X, represent a conic 
which cuts the conic S= 0 in two pairs of coincident 
points, where S = 0 is met by the line u = 0. That is to sa\ 

S-\ u > = 0 is a conic touching S = 0 at the two points 
where S = 0 is cut by u = 0. 

Ex. 1. All come, through the point, of intc.ecUon of tv ,0 rectangular 
hyperbolas are rectangular hyperbolas . 

If S = 0 S' = 0 be the equations of two rectangular hyperbolas, all 
conics through their points of intersection are included in t,ie equa ion 
S-\S' = 0. Now the sum of the coefficients of x- and y- m . 
will be zero, since that sum is zero in S and also in S.t o axes eiu 
right angles. This proves the proposition. [Art. 17G.] 

The following are particular cases of the above. 

(i) If two rectangular hyperbolas intersect in four points, the line 
joining any two of the points is perpendicular to the InJJ 3 » 

the other two. (For the pair of lines is a come through ho ,K>m 
of intersection.) (ii) If a rectangular hyperbola pas « 

angular points of a triangle it will also pass throng. thoortho cn 

(For, if A, B, C be the angular points, and the 

DC cut the conic in D; then the pair o m« ■ ^ J{1) 

hyperbola, since these lines arc at right ang es; •« * ^ ftt right 

AC is also a rectangular hyperbola, that is to s y 
augles.) 

Ex. 2. If „co conic. hoc, their arc. parallel a circle trill 

through their points of intersection . . v :n 

tL axes parallel to the axes of the conics, the.r equations -.1 

then be a x^ + by- + 2gx + 2/y + c = °- 

and a 'xi + b'ii2 + tyx + y’y + c '= 0 - 

The conic ax- + by* + 2gx + 2/y + c + X (ax 1 + b'g- + 2g ’f +J-' jl +' 1 x 
go through their intersections. But this will be a cncle. .1 
so that a + Xa' = b + X*\ and this is clearly always possible. 

Ex. 3. If TV, TQ and T'I y , TQ ' be <*”*'*»J 1 ^ " C °" U 

J dll past through the six point* T, P, Q. 2 . 1 ■ V • 
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Let the conic bo ax- + by i =l, and let T be (x', y') and T be 
far" if ). The equations of PQ and P'Q’ will be axx' + byf- 1=0 and 
axx'+byy"- 1 = 0. The conic 

X (ax- + bf - 1) - (axx' + byy’ - 1) (axx" + byy" -1)=0 

will always pass through the four points P, Q, P', Q\ It will also pass 
through T if X be such that 

X (ax* + bf 2 - 1) - (ax' 2 + by* - 1) (ax'x" + by'y" -1)=0, 
or if \=ax'x" + by'y" — 1. 

The symmetry of this result shews that the conic will likewise pass 
through T'. 

Ex. 4. If two chords of a conic be drawn through two points on 
a diameter equidistant from the centre, any conic through the extremities 
of those chords will be cut by that diameter in points equidistant from the 
centre. 

Take the diameter and its conjugate for axes, then the equation of 
the conic will be ax- + by- = l. Let the equations of the chords be 
y-m(x-c) = 0 and y - m' (x + c) = 0. Then the equation of any conic 
through their extremities is given by 

ax- + by- - 1 - X {g - m (x — c)} {y - m'(x + e)} =0. 

The axis of x cuts this in points given by ax 3 - 1 - Xmm' (x--c T ) = 0, 
and these two vnlues of x are clearly equal and opposite whatever X, m 
and m' may be. 

As a particular case, if P .and P'S’Q' be two focal chords of a conic, 
the lines PP and QQ' cut the axis in points equidistant from the centre. 

Ex. 5. If a circle has double contact xritli a conic , the chord of 
contact is parallel to one or other of the axes . 

lor, if ax--f - 1-f\ (lx + my + w) 2 .= 0 is a circle, the coefficient of 
r y is zero, and therefore l or m is zero. 

Ex. 0. If tico circles have double contact with a conic , and the chords 
(f contact are parallel , the radical axis of the circles is midway between 
the chords of contact . 

The radical axis of the circles 

" r2 + bxp - 1 -f (6 - a) (x - d x )* = 0, 
auJ ax2 + h !l- -l + (b-a)(x- <L) 2 = 0, 

io 2x-d,-rf,.= 0. 
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Ex. 7. If two circles have double contact with a conic, and the chords of 
contact are perpendicular, their point of intersection is at a limiting point 
of the coaxal system determined by the two circles. 

The equations of the two circles, when ax- + by- -1=0 is the conic, 
are ax 2 + by' 2 - 1 + (b -a) (x - </)- = 0, 

and ax- + by- — 1 + (a - b) (y - e)- = 0. 

Hence, by subtraction, the point circle 

(x-d) 2+(y-e)- = 0 

is coaxal with the two circles. 


188. To find the equation of the pair of tangents drawn 
from any point to a conic. 

Let the equation of the conic be 

ax 2 + 2 hxy + by 2 4- '2gx 4- 2 fy 4- c = 0.(0- 

If (x, if) be the point from which the tangents arc 
drawn, the equation of the chord of contact ''ill be 

axed + h (xf 4- yx) + hyy' + g (x + x) +/ (y + V ) + c — (> - 
The equation 

ax 1 + 2hxy + frf + 2gx+ 2/y + c 
= X \axx 4- h ( xy' + yx) 4- hyy" 4- g ( x + x ) +/(]) + .'/ c 


represents a conic touching the original conic at ie "" 
points where it is met by the chord of contact, lne two 
tangents are a conic which touches at these two poin * 
and which also passes through the point (x , y ) itself. >' 
equation (ii) will therefore be tlie equation lequued i 
be so chosen that (x\ f) is on (ii); that is, it 

ax 2 + 2hx'f 4- by' 2 4- 2 ax 4- 'Iff 4- c 
= X {ax' 2 + 2 had if 4- If 2 + 2 gx 4- iff + c\ s . 
Therefore 


1 = x {ax' 2 4- 2/tx'f 4- by" 1 4- 2 gx 4- 2 fy +c | = X</, (x, !/')■ 
Substituting this value of X in (ii) we have 
(ax 2 + 2 hxy 4- by 2 4- 2 gx 4* 2 fy 4- c) <f> </■ f) 

= {axx 4- h (xf 4 - yx") + byf 4 - g (x + x ) +J {!/ * u c 

which is the required equation. C) ‘ 
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The above equation may be found in the following manner, 


Let TQ, TQ' be the two tangents from (s', y'), let P(x, y) be any 
point on TQ, and let TN, PM be the perpendiculars from T and P on the 
chord of contact QQ 


Then 


PQ2 

TQ* 


PAP 
TN « 


But [Art. 186, Cor. 3] 
and [Art. 31] 


P<? 2 _ <p (,r, y) 
TQ 2 0 (P, y9 ’ 


P.li 2 _ {qjj' -f + + 

(ax' 3 + 2hx'y' + by*+2gx t + 2W+7}* ; 

therefore from (i) we have 


<p{x, y) 0 (x', y') = {axx' + h{xy , + yx') + byy’ + <j(x+x')+f(y+y')+c }». 


189. To find the equation of the tangents to a conic at 
the extremities of a given chord. 

Let lx + my + n = 0 be the equation of the given 
chord. 

Then any conic which touches </> (x, y) = 0 at the 
extremities of the chord is given by the equation 

<t> (•*, y) - A {lx + my + n)» = 0.(i). 

Ihe equation (i) will be the equation required if X, be 
so chosen that (i) represents two straight lines, the con¬ 
dition for which is 

a —XZ 2 , h — Xlm, g — Xln =0, 
h — \l m, h — Xm 3 , f—X mn 
g — Xln, f—Xmn, c — Xn 3 
which when expanded is 

A - X (AT + BnP + CiP + 2 Fmn + 2 Gnl + 2Him) = 0. 

Hence the equation required is 

4>~ - A (lx + my + n)- = 0, 

j}‘ ere * ‘ s , the discriminant of £ and 2 = 0 is the con- 
dition that lx + my + n = 0 should touch (f> = 0. [Art. 179.] 
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190. To find the equation of the director-circle of a 
conic. 

The equation of the tangents drawn from (x, jO to the 
conic given by the general equation is 

(ax* + 2 hxy + by' + 2 gx + 2fy + c) <f> (x, y) . 

= [axsd + h(xf + yx') + byy’ + g(x + x) +f(y + f) + *] : - 

The two tangents will be at right angles to one 
another if the sum of the coefficients of a? and y in the 
above equation is zero. This requires that 

(a + b) (aaS* + 2 hxy + by 3 + 2 gx + 2 fy + c) 

- (ax' + hy + gf - (fix’ + bf +f Y = °- 

The point (x\ y) is therefore on the circle whose 

equation is 

(ab - h') (a* + f) + 2x (gb - fh) + 2 y (fa - hg) + c(a + b ) 

—f‘ ~ f ~ o, 

or Ca? + Cy 7 -2Gx-2Fy + A+ ]i = 0 . 0). 

where A, B, C, F, G, H mean the same as in Art. 1 - 9. 


or 


If h? -ab = 0, the equation reduces to 
2x (bg -fh) + 2 y(fa- hg) + c(a + b) -/ J 

2 Gx +2 Fy-A - B = Q . 

The conic in this case is a parabola, aw 



1 (ii) is the 


equation of its directrix. 


Ex. 1. Shew that the equation of the director-circle of the curve 
llz2 + 24x J / + 4y 2 -2x + lGy + U = ° x- + y + 2x '~ 1 ‘ 

Ex. 2. Shew that the equation of the directrix of the r u ‘ a 
x 1 + 2xi/ + y 2 - 4 x + 8j/-G = 0 is 3x-3y + 8 = 0. 
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THE FOCI 


191. To shew that a central conic has four and only 
four foci , two of which are real and two imaginary . 

Let the equation of the conic be 


ax 1 -f by- — 1 = 0.(i). 

Let (x' t y') be a focus, and let a; cos cc+ y sin a — p = 0 
be the equation of the corresponding directrix; then if e 
be the eccentricity of the conic, the equation will be 

{x - x'y + (y — y'f - e 2 (x cos a + y sin a - pY = 0.. .(ii). 

Since (i) and (ii) represent the same curve, and the 
coefficient of xy is zero in (i), the coefficient of xy must be 

zero in (ii); hence a is 0 or 

Hence a directrix is parallel to one or other of the 
axes. 

Let a = 0, then since the coefficients of x and y are 
zero in (i), we have y' = 0 and x =e 3 p. 

Also, by comparing the other coefficients in (i) and (ii), 
we have 

a _ b _ — 1 

1 - e 1 ~ I ~ x'-- e-p- ’ 


V(1 - a/b) .(iii), 

a P*'= 1 .(iv), 

* /a = 1/a - 1/6.(v). 


From (v) we see that there are two foci on the axis 

of x whose distances from the centre are + 

From (iv) we see that a directrix is the polar of the 
corresponding focus. 

7T 

If a = we can shew in a similar manner that there 


are two foci on the axis of y whose distances from the 

centre are + Of the two pairs of foci one is 

clearly real and the other imaginary, whatever the values 
of a and 6 (supposed real) may be. 






THE ECCENTRICITY 2o7 

The eccentricity of a conic referred to a focus on the 
axis of x is from (iii) equal to ^/(l the eccentricity 

referred to a focus on the axis of y will similarly he 
>(!_*). If the curve is an ellipse a and b have 

the same sign and one of these eccentricities is real 
and the othfr imaginary. If however the curve is an 
hyperbola, a and b have different signs and both eccen¬ 
tricities are real. . . . 

In any conic, if c, and «. be the two eccentricities, we 

have , 

l_ = + = i. 

e. 2 + e.? a - 6 b - a 

192. To find the eccentricity of a conic given by the 
general equation of the second degree. 

By changing the axes we can reduce the conic to t ic 
form . ( j) 

If e be one of the eccentricities of the come, 

« = £( .. ul) - 

But [Art. 52] we know that 

« + /? = « + *.< u,) * 

and afi — ab — Id .•//" V.V' , 

Eliminating a and /9 from the equations (nl. (■»> 

(iv), we have _ ^ ( ^ t 

1 — e" ub — i‘-' 

(„_6)i + 4A 5 1 , ..O')- 

or ~ab - h 1 * 

If the curve is an ellipse, ab - A* is °"| 

value of e 2 is positive and the wit h reference 

value of e is tne cccentncit) of the I 
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to one of the real foci, and the imaginary value is the 
eccentricity with reference to one of the imaginary foci. 

If the curve is an hyperbola both values of e* are 
positive, and therefore both eccentricities are real, as we 
found in Art. 190 ; we must therefore distinguish between 
the two eccentricities. 

The signs of a and /3 in (i) are different when the 
curve is an hyperbola; and, if the sign of a be different 
from that of 7 , the real foci will lie on the axis of x. 
Hence to find the eccentricity with reference to a real 
focus; obtain the values of a and /3 from (iii) and (iv), 
then (ii) will give the eccentricity required, if we take for 
a that value whose sign is different from the sign of 7 . 

Ex. Find the eccentricity of the conic whose equation is 

x 2 - 4 xij - 2y 2 + lOx + 4y = 0. 

The equation referred to the centre is x 2 - Axy — 2y 2 — 1=0. This will 
become oj 2 + ^j/ 2 - 1 = 0, where a + /3=-l and a/9=-6. Hence a=2, 

- 3. The eccentricity with reference to a real focus is given by 
2= - 3 (1 - 1 2 ); therefore <r= x /$. 

193. The foci, directrices and eccentricity of a 

conic can be found immediately, from the focus and 
directrix definition of a conic, in the following manner. 

If (a, ft) is a focus the conic 

ax 3 + 2kxy -f by* 4 - 2ff.v 4 - 2fy + c = 0 .(i) 

is, by definition, equivalent to 

(x — a)- 4- (y — /3 ) 3 — (lx + my + nf = 0 ...(ii), 

where lx 4- my 4 - 71 = 0 is the directrix corresponding to 
(«» ft) and the eccentricity is given by e* = l a 4 -m 2 . 

Comparing (i) and (ii) we have 

“ 1 = *•«, Ira = \h, m* - 1 = Xl>, 
l,i + a = \a, mn + /3 — \f } ?i 2 — a 2 — /3 s = \c. 

Hence we have 


\ («a 4- lift 4- < 7 ) = l (la + mf3 4 - n)'j 
\(/ia 4 - bf3 +/) = m (la + m/3 + «) 
x +/£ + c) = n (la + m/3 4- n)) 
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Also A ( 0 - 6 )-«*-«*) .(B). 

and ^ ~ l m ) 

I. For the foci :— 

Multiply the equations (A) in order by a, 0, 1 and 
add; 

then (te + vi(3 + «)* = X</> («> £)• 

Also 

(1* - m’) (la + m/3 + »)* = A a l(“* + */ 3+9?- + W +/)’! • 

and Im (la + m0 + »)■ = A* (a« + >'P + ?K*“ + b/3 + ^' 
Hence, from equations (B) we have 



= (ga + hf3 + g)(h*±J>P+f_) ^ <f> (a, (3). 

h 

Hence the foci are the points of intersection of two 
conics given by the equations 

(ax -f liy 4- fjY — (hx + by +f Y 

a — b 

= (ax + hy+g ) (lix + h_±fl = <p ( x> y). 

h 


II. For the directrices:— 

Eliminating a and 0 from equations (A) we have 

\a-P , \h-lm, Ay-in = 0 ' 

XA-Zm, \b-m\ A/ -» 

\g —In , X/ -inn, Xc - w' 

that is 

X». A (PA + m 2 fl + »*C + 2 mnF + 2 nlG + 2lml£) = 
the coefficient of X and the constant tei in b l hi.-, 
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Hence from (B), 

l-A + &c. _ P — m 2 _ Ini 
A a —b ~ A * 

The above equations give the ratios l:m:n which 
determine the directrices. 

III. For the eccentricity :— 

We have 

X (a + b) = l 3 + m- - 2 = e 2 - 2 , since e* = l 3 + m > , 
and (ab - A 2 ) = (1 m -) - l n - m - = 1 - F-m 3 *=l -e 2 . 

Hence (2 - e 2 ) 2 (ab - A 2 ) = (1 - c*)( a + bf. 

104. r lhe equation of a conic referred to a focus as 
origin is a? + y-= e-(x cos a -f ysina — pf, from which it 

is obvious that either of the lines x ± y = 0 meets 
the conic in coincident points. 

Hence the tangents from the focus to the conic are the 
imaginary lines x + y 1 = 0 , or as one equation 

.r 2 + y- = 0, 

the chord of contact of these tangents being the corre¬ 
sponding directrix. 

Since the equation of the tangents from a focus is in¬ 
dependent of the position of the directrix, it follows that 
if conics have one focus common they have two imaginary 
tangents common, and that confocal conics have four 
common tangents. 

Now it the origin and axes of co-ordinates be changed 
m an} manner, remaining rectangular, the equation of the 
tangents from a focus will be changed from 

.r 2 + y* = 0 to .r 2 + if- + 2 gx 4 - 2 fy + c = 0. 

Hence the equation of the tangents to a conic from a 
focus satisfies the conditions for a circle. 

Conversely, if the equation of the tangents from a voint 
to a conic satisfies the conditions for a circle, the point must 
oc a focus of the conic. 
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Circular points at infinity. The lines from the 

origin to the points at infinity on any circle are g lven “T 
the equation * + »•-0. so that a l circles ha« two 

imaginary common points at infinity. The p 

called tlie Focoids. 

From the above we see that the tangents from the 
real foci of a conic are the sides of an nnagrnary quad 
lateral, two of the other opposite vertices of h.cl bemg 
the focoids I and J, and the other two opposite vertices 

being the imaginary foci of the conic. 

The equation giving the foci and directrices of a conic 
may therefore be found in the following manner. 

I. To find the Foci. 

The equation of the tangents from (.c, </) to the conic 

<t> (*> y) = 0 is 

(cue 1 + 2 hxy + hif + 2gx + 2/y + c) <f> (*, V ) . 2 

= \axx + h (xy + y'x) + by'y + g (x + x ) +J (y +!/ ) + • 

If U V) be a focus of the conic, this equation satisfies 
the conditions for a circle, vis. that the -efficicnU of a 
and y 1 are equal, and that the coefticie u J 

Hence we have 

cu/> (x\ y') - (cud + hy' + <JY = b<f> (*'» l J > “ ^ + V +> 
and hcf> (x\ ffi) = (ax' + hy' + g)(hx + by' +J )■ 

The foci are therefore the points given by 


(ax + h y + gY — (hx + by +/ Y 

a — b 

_ (ax + hy + y ) (hx+±!i_+f) = (. c , y) . ..(i). 

“ h 

The equations giving the foci ma\ be ^iitt 

(d<f >V _ (d4> \ s d.<fi dfi> 

\dx) \dy ) dx djj _ Xth 

- TTTb b 
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IL To find the Directrices. 

The tangents at the extremities of the chord 

lx + my + n = 0 

are [Art. 189] 

<£ (x, y). S — A (lx + my + n) 2 = 0. 

If lx 4- my + n = 0 is a directrix, these lines pass 
through the focoids; and therefore 

(a - b) 5 - A (l 1 - m 9 ) = 0 
and KZ - Aim = 0, 

from which the ratios l : m : n which determine the 
directrices can he found. 


or 


Ex. Find the foci and directrices of the conic whose equation is 

+ 12j-j 4 ,/2 - Cx + 4y + 9=0. 

The equations for the foci are 

(x + Gy - 3) 2 - (6 x - 4?/ 4- 2) 2 (x + G„ - H) ffix - 4, , 4 .91 , . 

1 + 4 =-'-q--— =<t>(x>y)- 

From tho first equation wo have 

3(x + Gy-3) + 2(Gx-4y + 2 )= 0 , 

2 (x + 61 / - 3) - 3 (Gx - 4y + 2) =0. 

Hence 3x + 2y - 1 = 0 or 4x - Gy + 3=0. 

Now if we substitute 1 - 3x for 2 >j in 

(x + Gy-3)(Gx-4y + 2) = G^(x, y) .(i), 

wo have after reduction x 2 - 1 = 0. 

"hen x = l, »/= -l, and when x=-l, y = 2. 

Thus tho real foci are (1, - 1) a ud (- 1, 2t. 

The imaginary foci aro tho points of intersection of tho conic (i) and 
the line 4.r-G;/ + 3. 

Tho directrices are the polars of the foci, and the equations of the 
ual directrices will bo found to bo 

2x — 3y - 1 — 0 and 2x-3y + 4 = 0. 

The equations of tho directrices can however bo found by the above 
formulao without first finding the foci. 
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It will be fonnd that 

A=- 40, JI= -60, S = 0, 0 = 0, f=-20, C=-40 and 4=-400. 
Hence we have 

P-vfi _ Im __ 40/ 2 + 120Zm + 40m7i + 40n* 

“6 ’ 6 “ 

L m 

2 


400 


Hence 


Z m 

■Z* or 3 = 2 : 


Z « m 
or ^ = -rT = T3- 


an d 20Zm = 12ft + 36Zm +12 mn + 12n 2 . 

When 8l+2m = 0, we have 

12Z2 - 24Z 2 - 18Zn + 12n 2 = 0, 

l n v 

whence 2 = 4 " ^3 ° r 2 

The equations of the real directrices are therefore 

2x- 3j/ + 4 = 0 and 2r-3j/-l = 0. 

When 3m-2Z=0, the directrices are imaginary. 

It is easily seen from the equations or/a* + y ft ’ ”i rc le 
and a? + y 1 = a 2 + b 7 of an ellipse and its ; 

that a pair of directrices of a conic are pa . ^ 

through the intersections of the conic and its directo 

Hence the directrices of the conic <f> (*, 2/) = 0 are 
given by the equation 

<Hx,y) + \(Cx? + Cg'-2Gx-2Fg + A+B) = 0, 

where X is such that the terms of the second dcgiee 
perfect square. 

Hence X is given by the equation 

(« + XC) (6 + XC) = h\ 

1 + X (a + h) + VC = 0. 


or 


In the above example, wo have 

1+X(— 8) + ( — 40) \ 2 = 0, whence PX-1 = 0 or 5X + 

The director-circle of the conic is 

- 40x 2 - 40 ip + 40y -40 = 0. 
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Hence, when X = |, the directrices are given by 

8 (x 2 + \2xy - 4 y* - 6x + 4y + 9) + 40 (- x 2 -+ y - 1) = 0, 
or 4x 2 - 12 tj/ + Oij- + 6x - 9y - 4 = 0, 

i.e. (2x- 3y + 4) (2x- 3y -1) =0. 

When X= - the equation of the directrices is 

5 (.r 3 + 12xy - 4?/ a - 6x + 4y + 9) -f 40 (x 2 + y 2 - y + 1)=0, 
or 9 x 2 + 12xy + 4y 2 - 6x - 4y +17 = 0, 

i.e. (3 x + 2j/-1 + 4n'^I)(3x + 2i/-1-4s / 3i) = 0 . 


195. To find the equation of the axes of a conic. 

The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation ax 2 +2hxij +bf = 0 [Art. 174]. Hence 
[Art. 39] the axes are the straight lines through the centre 
ot the conic parallel to the lines given by the equation 

**-y- _ 

a — b h 

W e may also find the equation of the axes as follows. 

It a point P be on an axis of the conic, the line joining 
^ le cen ^ re °f the conic is perpendicular to the polar 

Let x, y be the co-ordinates of P then the equation 
of the polar of P is 

.r (cuu'+hf+ 0 )+ y ( hx'+bf+f)+gx'+ff+c=0 ... (i). 

The equation of any line through the centre of the 
conic is 

ax -f Inj +g + \ (/ lx + by + f) = ().(ii). 

Since (ii) is perpendicular to (i), we have 

(a+ \h)(ax'+hf+$)+(}, +\b)(hx'+bf +/)=0.. .(iii). 

Since (ii) passes through (x, if), we have 

ax' + hf + g + \ Q, x ' + If + y) = o.(fr). 
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Eliminate X from (iii) and (iv), and we see that (x, /) 
must be on the conic 

(o*+ hy + q y-(hx + by +/f _ (ax±h±9)0^+M+f ), 

<i^b h 


which is the equation required. 

The equation of the axes may also be deduced from 
Article 193 or 194; for one of the comes on which we ha\e 
f^d that the foci lie is a pair of straight hues through 
the centre, and therefore must be the axes. 


Ex. 1. Shew that aU conics through the four foci of a come are 
rectangular hyperbolas. 

Ex. 2. Prove that the foci of the conic whose equation is 

ax 2 + 2hxy + by 2 = 1 

lie on the curves 

x 2 - y- _ xy _ 1 . 

a - b h h 2 -ab 


Ex. 3. Shew that the real foci of the conic 

x 2 _ fay + j /2 - 2 j - 2 y + 5 = 0 are (1, 1) and (-2, -2). 

Ex. 4. The co-ordinates of the real foci of 2.r 2 - 8.ry - *'J ~ ^ + 1 


are 


(°. *) and (-I* ■!)■ 

Ex. 6. The focus of the parabola x- + 2xy + y- - -lx + 8y 0 
point (-J, -j). 

, a i of tho perpendiculars from the two 

Ex. 6. Shew that the product of the perpe Uftl to the 

urinary foci of an ellipse on any tangent to th 


imaginary foci of an ellipse 
square of the semi-major axis. 

Ex. 7. Shew that the foot of the perpendicular from an hnagmar, 
focu. of an ellipae on the tangent at an, pom. he* 
described on the minor axis as diameter. 

Ex. 8. If a circle have double contact with ant diBtanC e 
tangent to the circle from any point on the cl ip* 
of that point from the chord of contact. 
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196. To find the equation of a conic when the axes of 
co-ordinates are the tangent and normal at any point. 

The most general form of the equation of a conic is 
ax* + 2 hxy + by* + 2gx -f 2 fy + c = 0. 

Since the origin is on the curve, the co-ordinates (0,0) 
will satisfy the equation, and therefore c = 0. 

The line y= 0 meets the curve where ax 1 -f 2gx = 0. 
If y = 0 is the tangent at the origin, both the values of x 
given by the equation ax 3 -f- 2 gx = 0 must be zero: there¬ 
fore g = 0. 

Hence the most general form of the equation of a conic, 
when referred to a tangent and the corresponding normal 
as axes of x and y respectively, is 

ax* -f 2 hxy + by 3 + 2fy = 0. 


Ex. 1. All chords of a conic which subtend a right angle at a fixed 
point O on the conic, cut the normal at O in a fixed point. 

Take the tangent and normal at O for axes; then the equation of 
the conio will be 

ax* + 2 hxy + by* + 2/7/ = 0. 

Let the equation of PQ, one of the chorda, he Ix + my -1 = 0. The 
equation of the linea OP, OQ wiU be [Art. 38] 


ax t + 2hxy + by2 + 2 fy{lx+my )=0 .(i). 

But OP, OQ aro at right angles to one another, therefore the sum of 
tko coefficients ofx* and y* in (i) is zero. Hence we have « + & + 2/m=0; 
which shews that m is constant, and m is the reciprocal of the intercept 
made by PQ on the normal. 


Ex. 2. It any two chords OP, OQ of a conic make equal angles with 
the tangent at O, the line PQ icill cut that tangent in a fixed point. 

As in Ex. 1, the equation of the lines OP, OQ will bo 

ax* + 2hxy + by* + 2 fy (lx + my) = 0. 

If OP, OQ mako equal angles with the axes, the coefficient of xy is 
zero. Hence Ac. 
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197. The equation of the normal at any point {a/, /) 
of the conic whose equation is ax? + by 1 = 1 is 

x — x _ y — y' 
ax' by' 

This will pass through the point ( h, k ) if 

h — x' _ k - y 
ax b]f 

i.e. if d/ (a — b) + bln/ — akx = 0. 

Therefore the feet of the normals which pass through a 
particular point (A, k) are on the conic 

xy (a - b) + bhy - akx =0 .(0- 

The four real or imaginary points of intersection of the 
conic (i) and the original conic are the points ie no 
at which pass through the point (A, k). 

The conic (i) is clearly a rectangular hyperbola whoso 
asymptotes are parallel to the axes of co-ordmates that is 
to the axes of the original conic. It also passes through 
the centre of that conic, and through the poin ( '> 

198. If the normals at the extremities of the two 

chords lx + my —1=0 and Vx -I- m y 1 V 1 
point (A, k), then, for some value of X, the conic 

ax? + by 2 — 1 - X ( lx + my - 1) (fte + my - 1 ) = 0.. .(i), 

which, for all values of X, passes through the tom cxtiemit’ 

of the two chords, will [Art. 197] be the same as 

xy {a - b) + bhy - akx = 0 .t 11 ’• 

The coefficients of x 1 and y s , and the constant fc 
all zero in this last equation, and therefore n > 
zero in the preceding. 

We havo therefore 

a - \ll' = 0, A — \mm = 0, and 1 + X = 0. 
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Hence, the necessary and sufficient conditions that the 
normals at the ends of the chords lx + my — 1=0 and 
I'x + m'y — 1=0 should meet in a point, are 

IVfa — mm'jh = — 1 .(iii). 


199. By the preceding Article we see that normals to 
the ellipse whose axes are 2 a, 26 at the extremities of the 
chords whose equations are 

lx + my — 1 = 0 , and I'x + my — 1 = 0 , 
will meet in a point, if 

a-lU = b*nim' = — 1 .(i). 

If the eccentric angles of these four points be a, B and 
7 , 8, the equations of the chords will be 


and 


x a+B,y • a + B a—B 

a coa ~+l sm -f =co3 -r 

& y + 8 V • y + 3 y — 8 

o cos V + 5 sln ^ =c03 V- 


We have therefore, by comparing with (i), 
cos h(a + B) cos ^ (7 + 6 ) + cos h(a — B) cos ^ (7 — 6 ) = 0 , 
and sin ^(a + /3)sin + 8) + cos h(a — B) cos h (y — 8) = 0. 


By subtraction, we have cos h (a + B + 7 + 6 ) = 0 ; 

whence a + £ + 7 + S = ( 2 »i + 1 ) tt .(ii). 

Also the first equation gives 
cos A- (a + B + 7 + 8) + cos b (2 + B - 7 - 8) 

+ cosHa + 7-/?-S) + cos£(a + S —£ — 7 > = 0 , 

and, using the condition (ii), this becomes 

sin (a + B) +sm (B + 7 ) + sin (7 + a) = 0 ...(iii). 

[See also Art. 139.] 
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Ex. 1. If ABQ be a maximum triangle inscribed in an ellipse, the 
normals at A, B, C will meet in a point. 


The eccentric angles will be a, a+ -g- , and a + y [Ait. 138]. 

_ . . . /• r?\ 1 


condition that the normals meet in a point is [Art. 108 (m)] 

sin 2a + sin + +sin (*» + y) =°* 


which is clearly true. 

Ex. 2. The nommix to a central conic at the four point, P,Q,, * 

meet in a point, a,ul the circle through V. Q, It cut, the come mja.n , 
shew that SS' is a diameter of the conic. 

ss- will be a diameter ol the conic it TiS and J1S' are parallel to 

conjugate diameters [Art. 134]. ^ 

Now if PQ be lx 4- my -1=0, US will be x + - y + 1 = 0 [Art. 107] ; 

also US' will be parallel to lx - my =0, since P, Q, li, * *** a c,rclc 1 

hence SS' is a diameter, for [Art. 182] lx - my — 0, ami j + m J 

conjugate diameters of ax 2 + by- = 1. 

[The proposition may also be obtained from Art. 100 

Art. 13G a.] 

Ex. 3. Jf the normals to an ellipse at A, B, < , I> ' l “ “ j 
axis of a parabola through A, D, C, D is parallel to one 

^.conjugates. ar0 ^ four 

If h, k be the point where the normals meet, A, It, , 
points of intersection of the conics 

T 2 ?/ a , /I 1 \ h'l _ = 0 . 

All conic through the intersection. nre included in the e,,u»t,ou 
t 2 j/ 2 f / 1 1 \ . 5l? _ hX \ =0. 

If this be a parabola the terms of the second degree must !• 

, x i, ■' The equation of every 
square, and therefore must be the square ot ^ • 

, , (r .»/ V + Aje + n,j + C = o. Their 

such parabola is therefore of the form ^ ^ J x y 

axes are therefore [Art. 172] parallel to one or other of the 1,m s a b 
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Ex. 4. The perpendicular from a point P on its polar with respect to 
a conic passes through a fixed point 0; prove (o) that the locus of Pis a 
rectangular hyberbola, (/9) that the circle circumscribing the triangle which 
the polar of P cuts off from the axes always passes through a fixedpoint O', 
(y) that a parabola whose focus is O' icill touch the axes and all such 
polars, (5) that the directrix of this parabola is CO, where C is the centre 
of the conic, and («) that 0 and O' are interchangeable. 


Let the equation of the conic be — + |^ = 1, and let (/», k) be the co¬ 
ordinates of the fixed point 0. 


If the co-ordinates of any point P bo ( x', y'), the equation of the line 
through P perpendicular to its polar with respect to the conic will be 


x-x' _ y-y' 

t t 

.«# f •> 

u- u~ 


or 


a 2 x l-y 

~ Y 


U 2 - &2. 


If this line pass through the point (h, k), wo have 





from (i) we see that ( x\ y’) is on a rectangular hyperbola .(a). 

The equation of t’.ic circle circumscribing the triangle cut off from the 
axes by the polar of (x', y') will bo 


_ o 1 o 

* „ a-x h-tf 


The circle will pas3 through the point (Xh, - \k) if 


X(/, 2 + ;.' 2 ) = — - h Yi. 

x y' 


Hence, if (x, y') satisfies the relation (i), we have 


‘ h-+k -* 


Hence the circles all pass through the point O'whose co-ordinates are 


a lz b -, b ‘- a ° r 

A- + A--* h- + ^ k 


(?)• 
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The point O' is on the circle circnmscribing the triangle formed bjt the 

axes and any one of the polars; hence the parabola whose focus » O and 

which touches the axes will touch every one of the polars .TO- 

The parabola touches the axes of the original conic, therefore the centre 

C is a point on the directrix of the parabola Also “c . m t h e 
Cff make equal angle, with the axis of X, which .a a tangent to the 

parabola; therefore O' being the focus, CO is the directrix.•••( )• 

Since CCf. CO=a i - t 2 , and CO, CO' make equal angles with the 

axis of x , and are on the same side of the axis of y, t ie poin s ^ 

are interchangeable . 

200. Definition. Two curves are said to be similar 
and similarly situated when radii vectors dra*n to the 

first from a certain point 0 are m a co ” b ‘ ano ther 
parallel radii vectores drawn to the second ftom another 

point O'. . , r * 

Two curves are similar when radii draw" *9“ 
fixed points 0 and O' making a constant angle 

another are proportional. 

The two fixed points 0 and O' may be called centres 

of similarity. 

201. If one pair of centres of similar*ty cjiU 0 

curves , then there will he an infinite num er t) 

Let 0, O' be the given centres of ;* t 

OP, O'P' be any pair of parallel radu. lake ‘ ratio 

whatever, and draw O' C parallel to Of 1 an j 

CTP' : OP. Then, from the similar triages GO « 

C'O'P', we see that CP is P^ai cl to ^ ceutre3 of 

constant ratio to it; which proves that /, 

similarity. 

202. If two central conics be similar the cent' es of t >o 
two curves will be centres of similarity. 

Let 0 and O' be two centres of simUanty^ D™ 
any chord POQ of the one, and the com-1 .. jPq^q'Q' 
P'O'Q'oi the other. Then by supposition PO. O Bu \ 

is constant for every pair of correspon m 0 
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since 0 is a fixed point PO . OQ is always in a constant 
ratio to the square of the diameter of the first conic which 
is parallel to it. The same applies to the other conic. 
Therefore corresponding diameters of the two conics are 
in a constant ratio to one another; this shews that the 
centres of the curves are centres of similarity. 

203. To find the conditions that two conics may he 
similar and similarly situated. 

By the preceding Article, their respective centres are 
centres of similarity. 

Let the equations of the conics referred to those 
centres and parallel axes be 

axr -f 2hxy + by- + c = 0 , 

ax 3 + 2 h'xy + by- + c= 0 ; 

or, in polar co-ordinates, 

• 

r 2 ( a c os 2 6 + 2 h sin 0 cos 0 +b sin 2 0) + c = 0, 
and r ' 2 {a cos 2 6 + 2 h' sin 0 cos 0 + V sin 3 6) + c' = 0 . 

If therefore : r ' 2 be constant, we must have 

a co s~ 6 + 2 li sin 0 cos 0 -{-b sin 2 6 
a c o^~0~+2h 7 <ni Oci-sO + b' sin 2 0 
the same for all values of 9. 

Tliis requires that Hence the asymptotes 

of the two conics are parallel. [This result may be obtained 
in the following manner: since r : t' is constant, when one 
of the two becomes inHnite, the other will also be infinite, 
which shews that the asymptotes are parallel.] 

Conversely, if these conditions be satisfied, and if each 
fraction be equal to X, then 

r 2 _ _c_ 
r’ 2 ~ \c 5 

therefore the ratio of corresponding radii is constant, and 
therefore the curves are similar 
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If c and \c' have not the same sign the constant ratio 
is imaginary , and is zero or infinite if c or c e zero. 

The conditions of similarity are satisfied by the three 
curves whose equations are 

xy = c, xy — 0, and xy = — c. 

Therefore an hyperbola, the conjugate hyperbola and 
their asymptotes are three similar ami similarly situate 

curves; the constant ratio being V -1 for the conjugate 
hyperbola, and zero for the straight lines. 

These curves have not however the same shape, tor 
similar curves to have the same shape the cons an 
must be real and finite. 

204. To find the condition that two conics may be 

similar although not similarly situated. 

We have seen that the centres of the two curves must 

be centres of similarity. ■ 

Let the equations of the curves referred to 

respective centres be 

aa* +2hxy + 6 y ! +c = 0 .<>>■ 

aV + 2 h'xy + b'<f + c' = 0 . .(>'>- 

and let the chord which makes an angle S ''' 1 ' 1 o' 

x in the first be proportional, for all values;<>f 0, o • ^ 

makes an angle ( 0 + a) in the second. If ,e ‘ , 

second conic be turned through the angle a uc ‘ ‘ | c 
have radii of the two conics which make the su 
with the respective axes in a constant ratio. 

Let the equation of the second conic becoim 

A'a? + 2 H'xy + By 1 + c = 0. 

Then, by the preceding Article, we must ha\c 

A' H' _ B ‘. 
a “T" b ’ 

• i r A' + B' ^A'B'-in 

therefore — g- = 7i' J ) 
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But [Art. 52] A! + R = a! + V, and A'B'-H'^db'-h!*, 
therefore the condition of similarity is 

ab — h 3 _ a h' — h' 1 
(a + by~ (d + b'f 

The above shews that the angles between the asymp¬ 
totes of similar conics are equal. [See Art. 174.] 

This result may also be obtained in the following 
manner: since radii vectores of the two curves which are 
inclined to one another at a certain constant angle are in a 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the corresponding angle for the other, 
that is to say the angle between the asymptotes of the one 
conic is equal to the angle between the asymptotes of the 
other. 

205. Triangles inscribed in one conic and circumscribed 
about a coaxal conic. 

Let a, (3, 7 be the eccentric angles of the points 
A, B t C on the conic ar/a 2 + y*jb- = 1, and let the tangents 
at these points form the triangle A RC. 

The tangents at B, C meet in the point A' where 

x cosl(ff + 7 ) y sin 4 QS + 7 ) 
a cos ^ (/3 — 7 ) ’ b cos £ (# - 7 ) * 

The point A' is on S' = ^ -1 = 0, if 

a - 0 - 

2 lo 

COS 2 4 (/3 + 7 ) + jt 2 sin 2 4 (/9 + 7 ) = cos 2 £ (£ - 7 ). 

i.e. if L + M cos /3 cos 7 + N sin ft sin 7 = 0 .(i), 

where 



6 2 , , v 5 2 

p~l »ndA=jr, 




The point B’ is on S' if 

L + M cos 7 cos a -f- K sin 7 sin a = 0 
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From (i) and (ii) 

L M cos 7 __ oV sin 7 

sin (a - £) _ sin /9 — sin a “ cos a - cos £ ' 


L _ M cos 7 = jvsiii 7 

cos^(a — ft) — cos£(a + /3) — sin •£ (<* + £?) 

Hence 

1 cos’ i (a - £) = -p cos ! i (a + £) + y-, i (a + /9). 
Hence the locus of C is the conic 

xv . xy , ,ivv 


.V sin 


. ^ — 1 


(iv). 


The locus of C is the conic S' itself, if 

= and VN* = U*L\ 

which are equivalent to 

J* + F‘ +1 ~ Z a'W 


i.e. 


A±^,±1=0 

a 0 


(v). 


Since the above condition is independent ot a and 3, 
it follows that if one triangle is inscribed in 8 and circum¬ 
scribed to S, there are an infinite number 0 / such triangles. 

We will suppose that > ^ ien ^ 

found that 

La , L b 
M a N b 

and then (i) becomes 

1 + - cos 8 cos 7 + 7 sin /3 sin 7 = 0.(A), 

a v 

and we have two similar equations. 
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Then from (iii) 


cos*(* + 0 > = _ M co — c097 , 

L a 


and 


cos A (a —£) 

sin h (« + ft) _ __ ^ CQ3 _ _ ^ cos 7 . 

cos£(a-£) L b 

Thus C' is given by # = - a cos 7 , y = - V sin 7 , and 
so for A' and B'. 

Hence the eccentric angles of the points A', B', C' on S' 
are tt + a, 7 r + /3 , tt + y, ivhere a, ft 7 are the eccentric 

angles of A, B, C. 


To find the locus of the centroid of A’B'C'. 

From the equations 

f 

1 + ~cos ft cos 7 + -sin£sin 7 = 0, Ac., 


wc see that a, j3, 7 are three of the roots of 

a' cos a cos ft cos 7 h' sin a sin ft sin 7 
a cos 6 + b 8 in 0 

and from 

f ( L cos a cos ft cos 7 + cos 6 ) (1 - cos- 0) - yrr s * n2 a ®tu 2 /J sin- 7 cos- 0 = 0, 

\a J 

2 «' 

we have cos a + cos ft + cos 7 + cos 0 = - — cos a cos .3 cos 7 , 


and 


*«» 
«- 


COS a cos /3 cos 7 cos 0 = - ~ cos 2 a cos 2 j3 cos 2 7 


Hence 


2.1 - a' 

cos a + cos/i +cos 7 =+—^ 7 — cos 5, 


26 - 6 ' 

and similarly sin a + sin /3 + sin 7 = + —^ 7 - sin 3. 


Now 3x = cos (t + a) = - . 1 ' (cos a -f cos+ cos 7 ), 

and 3i/ = - ^ 6 ' sin (t + a) = - 6 ' (sin a + siu jj + sin 7 ). 

Hence the locus of the centroid is 

9x 2 <ty 2 

( 2 a - a ') 2 ( 26 - 67 2-1- 
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Examples ok Chapter X. 


1. If Q and P are any two points, and C the centre of a 
conic; shew that the perpendiculars from Q and C on the polar 
of P with respect to the conic, are to one another in the sam 
ratio as the perpendiculars from P and C on the polar of Q. 


2. Two tangents drawn to a conic from any point are in 
the same ratio as the corresponding normals. 

3. Find the loci of the fixed points of the examples in 
Article 19G, for different positions of 0 on the conic. 


POQ is one of a system of parallel chords of an ellipse, 
is the point on it such that P<P + 0Q- is constant; she* 


4. 

and 0 is the point on i- ........ - - • - * . n . 

that, for different positions of the chord, the locus ot 0 is 

concentric conic. 


5. If 0 be any fixed point and OPP' any chord cutting a 
conic in P, P\ and on this line a point D be taken such that 


_L - _L + _L the locus of D will he a conic whose centre 
UD*~ 01 n OP' 2 ' 


Ls 0. 


6. If OPI"QQ' is one of =■• system of Italic 1 


u. xl \jx / w 10 ,;,,u vt ~ “V—— ‘ • rv „,wl () 

cutting one given conic in P, P' and another m Q, # • 
is such that the ratio of the rectangles 01 . am < • 
is constant; shew that the locus of 0 is a conic th.ough the 

intersections of the original conics. 


angl 


i»ht 

it 


7. POP', QOO' are any two chords of a conic at ng 
les to one another through a fixed point 0 ; shew th. 

is constant. 


1 


1 


PO.OP' QO.OQ 

8. If a point is taken on the axis-major of an ellipse, 
whose abscissa is equal to a a/^7 t - P roVO ll,at th ° * Um ° f 


the squares of the reciprocals of the segments of any 
passing through that point is constant, 
s. c. H. 


10 
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9. If PP' be any one of a system of parallel chords of 
a rectangular hyperbola, and A, A! be the extremities of the 
perpendicular diameter; PA and P'A' will meet on a fixed 
circle. Shew also that the words rectangular hyperbola, and 
circle, can be interchanged. 

10. If PSP' be any focal chord of a parabola and FM, 
P'M' be perpendiculars on a fixed straight line, then will 

PM P'M ' 

PS + P'S 

be constant. 

11. Chords of a circle are drawn through a fixed point 
and circles are described on them as diameters; prove that the 
polar of the point with regard to any one of these circles 
touches a fixed parabola. 

12. From a fixed point on a conic chords are drawn 
making equal intercepts, measured from the centre, on a fixed 
diameter; find the locus of the point of intersection of the 
tangents at their other extremities. 

13. If (x, y) and (x", y") be the co-ordinates of the 
extremities of any focal chord of an ellipse, and .r, y be the 
co-ordinates of the middle point of the chord; shew that y y" 
will vary as x. What does this become for a parabola? 

14. S, H are two fixed points on the axis of an ellipse 
equidistant from the centre C'; PSQ, PI IQ' are chords through 
them, and the ordinate MQ is produced to II so that MR may 
be equal to the abscissa of Q’ ; shew that the locus of R is a 
rectangular hyperbola. 

15. S, II are two fixed points on the axis of an ellipse 
equidistant from the centre, and PSQ , PIIQ' are two chords of 
the ellipse; shew that the tangent at I and the line QQ' make 
angles with the axis whose tangents are in a constant l-atio. 

1C. Two parallel chords of an ellipse, drawn through the 
foci, intersect the curve in points P, P' on the same side of the 
major axis, and the line through P , P' intersects the semi-axes 

A C* PC* 

CA, CRin V , V respectively: prove that 77 ^+ 777 ^ is invariable. 

v C“ I c* 
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17 From an external point two tangents are drawn to an 
ellipse- shew that if the four points where the tangents cut 
theaxes He on a circle, the points from winch the tangents 
are drawn will lie on a lixed rectangular hyperbola. 

18 Prove that the locus of the intersection of tangents to 

an ellipse which make equal angles with U 

axes respectively, but which are not at right angles, s a iect 

angular hyperbola whose vertices are the foci ot the ellipse. 

°19 If a pair of tangents to a conic meet a fixed diameter 
in two points such that the turn of their distances from the 
centre is constant; shew that the loans of the pomt of mtersec 
tion is a conic Shew also that the locus ot the point ot intci 
section Is a conic if the product, or if the of the rccj.ro cals 

is constant. . 

20 Through 0, the middle point of a chord AB ot an 

ellipse, is drawn any chord POQ. The t.ng/ and Q 
meet AD in S and T respectively. 1 rove that AS -Dl. 

01 P-tirs of tangents are drawn to the conic ar + fty -} 

a b 


ax- + by 1 + 2 hxy = - + 


22 PT PT' are two tangents to an ellipse "'Inch »» cct 

the tangent at a fixed point Q in 7, , is constant, 

(i) when the sum of the squares of C , 

and (ii) when the rectangle QT. QT is constant. 

23. 0 is a fixed point on the tangent at the vortex I of a 

conic, and P, P' are points on that tangen e, l a 7 . , 

from 0 ; shew that the locus of the point of intersection 
other tangents from P and P' is a straight me. 

24. If from any point of the circle circumscribing a g-v- 

square tangents be drawn to the circle Hiscri > ire j n 

square, these tangents will meet the diagonals of the squ. 

four points lying on a rectangular hyperbola. 

25. Find the locus of the point of ‘"‘®^7en"th on'” 
tangents to a conic which intercept a to 

fixed straight line. 




280 


EXAMPLES ON CHAPTER X 


26. Two tangents to a conic meet a fixed straight line 
MN in P, Q: if P, Q be such that PQ subtends a right angle 
at a fixed point 0, prove that the locus of the point of inter¬ 
section of the tangents will be another conic. 

27. The extremities of the diameter of a circle are joined 
to any point, and from that point two tangents are drawn to 
the circle; shew that the intercept on the perpendicular 
diameter between one line and one tangent is equal to that 
between the other line and the other tangent. 

28. Triangles are described about an ellipse on a given 
base which touches the ellipse at P; it' the base angles are equi¬ 
distant from the centre, prove that the locus of their vertices 
is the normal at the other end of the diameter through P. 

29. A parabola slides between rectangular axes; find the 
curve traced out by any point in its axis; and hence shew that 
the focus and vertex will describe curves of winch the equations 

are jrf = or (ar* + if), ary 3 (ar + if + 3a 2 ) = a®, 

4a being the latus rectum of the parabola. 

30. If the axes of co-ordinates be inclined to one another 
at an angle a, and an ellipse slide between them, shew that the 
equation of the locus of the centre is 

sin* a (ar + if - jrf — 4 cos 3 a (ary 2 sin* a-f) = 0, 

where jr and f denote respectively the sum of the squares and 
the product of the semi-axes of the ellipse. 

31. If OP, OQ are two tangents to an ellipse, and 
CP', CQ' the parallel semi-diameters, shew that 

OP.OQ + CP '. CQ' = OS. Oil, 

-S', II being the foci. 

32. Through two fixed points P, Q straight lines ABP, 
CQD are drawn at right angles to one another, to meet one 
given straight line in J, C and another given straight line 
perpendicular to the former in 11, D\ find the locus of the point 
of intersection of AD, DC ; and shew that, if the line joining 
P and Q subtend a right angle at the point of intersection of 
the given lines, the locus will be a rectangular hyperbola. 
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33 Prove that the locus of the foot of the perpendicular 

S&ba S2.-8S sasew* 

ellipse. 

34 The polars of a point /> with respect to two concentric 

and coaxal conics intersect in a point Oi ‘ lnl . 

moves on a fixed straight line, Q w.ll dcsct.be a rectanguu 

hyperbola. 

35. Shew that if the polars of a point 'vitb respect to t.-o 
given conics are ( 1 ) parallel, or ( 2 ) at right angles, 
the point in either case is a conic. 

30. Prove that the locus of the centre 
which the polars of two given points are g»' c • * => 

is a straight line. 

37. An ellipse of semi-axes a, b sh«h*s " s c „rvo 

perpendicular lines; prove that the locus o 

(x 2 + y 2 )(aV + i 5 ) - = °- 

38. Shew that the locus of the foci of c °mcs ‘ 

given centre and touch two given straight lines is h>l 

39. A series of conics have their ^ <>n Wo "S"‘ 
sides of a given parallelogram and <> < 

shew that their centres lie on a straight line. 

40. The circles described on a system of lJie 

a conic as diameters envelope another co, * lc ’ 

points of contact of tangents paralle «» 

41. A rectangular hyperbola has “ l* 

fixed central conic. If the ehoi ‘ J J' < J ft i l0 lv ,'.ti.iiguhir 

through a fixed point, the locus of >«; - t - t | ,, ii X ed 

hyperbola is a circle passing through the ce.it.out 
conic. 

42. A circle cuts a rec tnugu larhy“ 1n ^J. 1 H "s/>, 
/>, Q t R, S. The orthocentres of the t, m* ? ^ ^ ^ 

SPQ and PQR are P, Q , A, ' S ‘, P ,, vnpr Ll a 
PP\ QQ ’, RIP, &.S" art) diameters of the h> j 
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43. Any rectangular hyperbola whose asymptotes are 
parallel to the axes of an ellipse will cut the curve in points 
whose eccentric angles a, (3, y , 8 satisfy the relation 

a + p + y + 8 = (2n + l)ir. 

44. Having given five points on a circle of radius a; shew 
that the centres of the five rectangular hyperbolas, each of 
which passes through four of the points, will all lie on a circle 

of radius ^. 

45. If a rectangular hyperbola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the four 
points of intersection is midway between the centres of the 
curves. 

46. Three straight lines are drawn parallel respectively 
to the three sides of a triangle; shew that the six points in 
which they cut the sides lie on a conic. 


47. If the normal at P to an ellipse meet the axes in the 

2 11 

points G , G', and 0 be a point on it such that J7q = T 5 T. + fG'* 


then will any chord through 0 subtend a right angle at P. 

48. Through a fixed point 0 of an ellipse two chords 
OP , OP' are drawn; shew that, if the tangent at the other 
extremity O' of the diameter through 0 cut the lines produced 
in two points Q , Q' such that the rectangle O'Q . O'Q' is con¬ 
stant, the line PP ' will cut 00' in a fixed point. 

49. A chord LM is drawn parallel to the tangent at any 
point P of a conic, and the line PR which bisects the angle 
LPM meets LM in R\ prove that the locus of R is a hyperbola 
having its asymptotes parallel to the axes of the original conic. 

50. A given central conic is touched at the ends of a 
chord drawn through a given point in its transverse axis, by 
another conic which passes through the centre of the former: 
prove that the locus of the centre of the latter conic is also a 
centric conic. 


51. QQ' is a chord of an ellipse parallel to one of the 
equi-con jugate diameters, C being the centre of the ellipse; 
shew that the locus of the centre of the circle QCQ' for 
different positions of QQ ' is an hyperbola. 
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X“ ?/“ 

52. A circle is drawn touching the ellipse ^ + p = 1 at 

any point and passing through the centre; shew that.the.locus 
of the foot of the perpendicular from the centre ot the el 
on the chord of intersection of the ellipse and circle is the 

a*b l 

ellipse era 9 + b'y 1 = ' 

53. Find the value of c in order that the hyperbola 

2xy-c = Q may touch the ellipse ^ ^ — 1 = and sh< " that 

the point of contact will be at an extremity of one of the 
equi-conjugate diameters of the ellipse. 

Shew also that the polars of any point with respect to the 
two curves will meet on that diameter. 

54. Shew that, if CD, EF be parallel chords of two circles 
which intersect in A and B, a conic section can be d. ; n 

through the six points A, B, C, v, a., * > o 
tion for the position of the major axis. 

55. If the intersection P of the tangents to a conic at twe 

of the points of its intersection with a circle he on the cue o, 
then the intersection V of the tangents at t he ©the. tx " l * t " n . 
will lie on the same circle. In this case lm< IC * ‘ j' M j uce 
necting the positions of 1* and 1 } for a centia come,« | 

the relative positions of /'and /" when the conic is a p.ualx la. 

56. If T, T’ be any two points equidistant and on 

opposite sides of tho directrix ol a P ar ‘ l j 1 ’ a '' 1 , t j ‘ 

bo 1 the tangent, to the paraWa from /. and J <?. * ' a 
tangents from T ; then will J y c 

rectangular hyperbola. 

57. If OP, OQ and OT, O V are two pai^ of Jangent, 

to a given parabola, the conic through » » f* ’ . „; v ,. n 
bo a parabola if the middle point of 00 is on tin 

parabola. 

58. With a fixed point 0 for centre circus 

cutting a conic ; shew that tho locus ot the ' 1 j 

common chords of a circle and of the conic » a ^ct-^ula. 

hyperl>ola. 
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59. With a fixed point 0 for centre any circle is described 
cutting a conic in four points real or imaginary; shew that 
the locus of the centres of all conics through these four points 
is a rectangular hyperbola, which is independent of the radius 
of the circle. 

60. From any point on o?/a- + y 2 /**- 1=0 three normals 
are drawn to the curve. Prove that the centroid of the 
triangle whose vertices are the feet of these normals is on the 
ellipse 9ar/a a + 9y 3 /6 2 = (a 2 + &")"/(«" — &)-. 

61. If from any point four normals be drawn to an ellipse 
meeting an axis in (?,, G.,, G 3 , G it then will 

1 1 1 1 4 _ 

CG X + CG\ + CG 3 t CG 4 CG x + CGt + CG S + CG t ' 

62. If the normals to an ellipse at A, Ji, C, D meet in 0 , 
find the equation of the conic ABC DO, and shew that the 
locus of the centre of this conic for a fixed point 0 is a straight 
line if the ellipse be one of a set of coaxal ellipses. 

63. The four normals to an ellipse at P, Q, R, S meet at 0. 
Straight lines are drawn from P, Q, R f S such that they make 
the same angles with the axis of the ellipse as CP, CQ,CR, CS 
respectively: prove that these four lines meet in a point. 

64. The normals at P, Q, R, S meet in a point 0 and lines 
are drawn through P, Q, ft, S making with the axis of the 
ellipse the same angles as OP, OQ, OR, OS respectively: prove 
that these four lines meet in a point. 

65. The normals at P, Q, R, S meet in a point; and 
PQ', R', S' are the points of the auxiliary circle correspond¬ 
ing to P, Q, R, S i-espectively. If lines be drawn through 
P, Q, R, S parallel to P'C, Q'C, R'C and S'C respectively, 
shew that they will meet in a point. 

66. If from a vertex of a conic perpendiculars be drawn 
to the four normals which meet in any point 0, these lines 
will meet the conic again in four points on a circle. 


67. Tangents are drawn from any point on the conic 

~ = 4 to the conic - + , , = 1 ; prove that the normals at 

a- 6* <r 6- 1 


the points of contact meet on the conic a *+ = 
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RR Tf ABC be a triangle inscribed in an ellipse such that 
the tangents at the angular points are parallel to the 

» --ngle 

the r x? u,:“ :r:^ d 

is not itself "a ^nornnd^chord, i? will touch the conceutnc elhpse 

70. Find the orthocentre of ( 6 sfn y) ; 

and*prove that! if JhTe^roid of the triangle is a fixed point, 

the locus of the orthocentre is a come. 

71. Any tangent to the hyperbola fay -ab meets the 
eUipw X - + £ = 1 in points 7\ <3; shew that the normals to the 

ellipse at i> and <3 meet on a fixed diameter of the el.ipsm 

72. H four normals be drawn 

ellipse Vur + a-y- = toho^el 1 ii»s© drawn at the feet 

from the centre on the tangents to me cm i 

of these normals, then if 

1 1 1 1 = I 

p? + /V + JV ^ V? . C " ’ , . 

where c is a constant, the locus of On a >)P C1 » *• 

73. Find the locus of a point when the sum oHhe »,»«« 
of the four normals from it to an e >P> ^ ^ norIna l. 

wh^m^l ‘(^T^era, sueh that « (■'■'• />• 

(a/', y") be any pair of opposite vertices ft , ^ 

that the equation of the line joining the middle points ot t >e 

diagonals of the quadrilateral is./•' -* lI'J • 

75. Tangents are drawn to an -Hip-o £l^ J t r 
are such that the normals at those l£ 1 * 1 adjacent sides along 
rectangles are constructed each tan . ri . Il(s for tt diagonal. 

the axes of the elhpse, and one o , “tlier diagonals lie 

Prove that the distant extremities of the otlici a 0 

in one straight lino- 
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76. From a point P normals are drawn to an ellipse 
meeting it in A, B, C, D. If a conic can be described passing 
through A, B, G, D and a focus of the ellipse and touching the 
corresponding directrix, shew that P lies on one of two fixed 
straight lines. 


77. If the normals at A, B, C, D meet in a point 0, then 
will SA . SB . SC . SD = 1c . SO 2 , where S is a focus. 

78. From any point four normals are drawn to a rect¬ 
angular hyperbola; prove that the sum of the squares on these 
normals is equal to three times the square of the distance of 
the point from the centre of the hyperbola. 


79. A chord is drawn to the ellipse — + — = 1 meeting the 

major axis in a point whose distance from the centre is 
/a - b 

a V o+7>‘ ^ extremities of this chord normals are 

drawn to the ellipse; prove that the locus of their point of 
intersection is a circle. 


80. The product of the four normals drawn to a conic 
from any point is equal to the continued product of the two 
tangents drawn front that point and of the distances of the 
point from the asymptotes. 

81. Find the equation of the conic to which the straight 

lines (x + \y)--]>* = 0, and (x + yy)-- q-= 0 are tangents at the 
ends of conjugate diameters. 

82. From any point T on the circlo .T a + y 2 = c= tangents 
TP, TQ are drawn to the ellipse -r+?-=l, anc l tho circ i e 

TPQ cut s the ellipse again in P', Q\ Shew that tho line P'Q' 
always touches the ellipse 

•*f IT c- 

a 4 b* (a 2 - b-y • 

83. A focal chord of a conic cuts tho tangents at the 
ends of the major axis in A, B; shew that the circle on AB as 
diameter has double contact with tho conic. 

84 ABCD is any rectangle circumscribing an ellipse 
whoso foci are S and II ; shew that the circle ABS or ABU is 
equal to the auxiliary circle. 
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85. Any circle is described having its centre on the 
tangent at the vertex of a parabola, and the four common 
tangents of the circle and the parabola are drawn ; fchew t id 
the sum of the tangents of the angles these lines make with 
the axis of tho parabola is zero. 

8G. Tangents to an ellipse are drawn from any point on 
the auxiliary circle and intersect the directrix in foui points . 
prove that two of these lie on a straight line passing through 
tho centre, and find where the line through the other two 
points cuts the major axis. 

87. If u = 0, v = 0 be the equation of two central conics, 

and n 0 , v 0 the values of «, v at the centres C\ C' of these conics 
respectively, shew that u 9 v = v v u is the equation ot the locus ot 
the intersection of the lines CP, C P , where P, 1 ‘“ e ' v ,° 

points, one on each curve, such that PP is paralle ° • 

Examine the case where the conics arc similar and similarly 

situated. 

88. Two circles have double internal contact with an 
ellipse and a third circle passes through the four points ot 
contact. If t, t‘, T be the tangents drawn from any point on 
tho ellipse to these three circles, prove that U - 

89. Find the general equation of a conic which has 

double contact with the two circles (a?— a) m + y- r , (•' J > *U ’ 
and prove that the equation of tho locus of the ex tenn > 
the latus rectum of a conic which has double contact with th 
circles ( x±af + if = c 2 , the chords of contact being paiall. 1, 
if (x 2 - a-) (x 2 - a 2 + C") = c\c*. 

90. Shew that tho lines lx my = 1 and !' x + 

are conjugate diameters of any conic through the in * IM L c 
of tho two conics whoso equations are 

(Pm' - r~m) x 3 + 2 (l -1') mmxy + (m - »0 mmf - i 1 " 1 ' “ ' r ' 

and 

(mV! - m'H) if+ 2 (m - m) U'xy + (l-1 ) Its? - 2 ( •><!' - ') lb 

91. If through a fixed point chords of an ellipse bo drawn, 

and on these as diameters circles lie described, l’"’'' 1 , 

other chord of intersection of these circles with L » l I' 1 
passes through a fixed point. 
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92. Prove that an infinite number of triangles can be 
inscribed in the conic a 2 x 1 + b 2 t/ i = (a 3 -b 2 ) 2 , whose sides touch 
the conic a?fa? + y/b 2 —1=0. 

93. If three sides of a quadrilateral inscribed in a conic 
pass through three fixed points in the same straight line, shew 
that the fourth side will also pass through a fixed point in 
that straight line. 

94. If a chord PQ of an ellipse touches a given concentric 
circle, and the circle whose diameter is PQ cuts the ellipse 
again in the points P', Q' ; then P'Q' envelopes another fixed 
circle concentric with the ellipse. 

95. A line parallel to one of the equi-conjugate diameters 
of an ellipse cuts the tangents at the ends of the major axis 
in the points P, Q , and the other tangents from P, Q to the 
ellipse meet in 0 ; shew that the locus of 0 is a rectangular 
hyperbola. 

96. L, M, X, R are fixed points on a rectangular hyper¬ 
bola and P any other point on it, PA is perpendicular to LM 
and meets NR in a, PC is perpendicular to LX and meets MR 
in c, PB is perpendicular to LR and meets MX in b. Prove 
that PA . Pa = PB . Pb = PC . Pc. 

97. P is any point on a fixed diameter of a parabola. 
The normals from P meet the curve in A, B, C. The tangents 
parallel to PA, PB, PC intersect in A', B', C'. Shew that the 
ratio of the areas of the triangles ABC, A'B'C' is constant. 

98. A point P is taken on the diameter AB of a circle 
whose centre is C. On AP, BP as diameters circles are 
described: the locus of the centre of a circle which touches 
these three circles is two ellipses having C lor one focus. 

99. The straight lines from the centre and foci S, S' of a 
conic to any point, intersect the corresponding chord of contact 

in V, O', G ; prove that the radical axis of the circles described 

on SG, S'G' as diameters passes through V. 

100. If the sides of a triangle ABC meet two "iven 
straight lines in a,, a.; b ly b.,; c, c., respectively; and if round 
the quadrilaterals 6,Ac,c a , e,'•./*,</_>, a l ajj ) b„ conics be described; 
the three other common chords of these conics will each pass 
through an angular point of ABC, and will all meet in a point. 



CHAPTER XI. 

SYSTEMS OF CONICS. 


206. The most general equation of a come, viz. 

ax- + 2 hxy + by- + 2 g* 4- 2 fy + c = 0, 

contains the six constants a, h, b, g, f, c. But, since 
may multiply or divide the equation by an) - ‘ 
quantity without changing the relation be ween»-- 7 

which it indicates, there are really only ve ' g 
which are fixed for any particular conic, viz. c 
of the six constants a, k, b, g,fi c to one anot iei. .. . 

A conic therefore can be made to satisfy five cond tions 
and no more. For example a conic can be «^de to piss 
through five given points, or to pass throug i « 
points and to touch a given straight line. ^ . five 

ditions which the conic has to satisfy give J . 

equations between the constants, and h' c /."determine 
equations are both necessary and snfhcien . 1 

the five ratios. . ,, nf . 

The given equations may however give more than one 

set of values of the ratios, and therelore “J 01 ® num ber 
conic may satisfy the given conditions , b n„ 

of such conics will b c finite if the conditions are .call) 

iDd ?f e th^To' are only four (or less than four) coupons 
given, an infinite number of conics will sa is A 

The five conditions which any conic can satisfymust 
be such that each gives rise to one relation a i a• , 

constants; as, for instance, the condition of pass' o 

a given point, or that of touching a given s iaig < 
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Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two or more of the five. For example: 

In order that a given point may be the centre of the 
conic two relations must be satisfied [Art. 168]. 

To have a focus given is equivalent to having two 
tangents given [Art. 194]. 

To have given that a line touches a conic at a given 
point is equivalent to two conditions, for we have two 
consecutive points on the curve given. 

To have the direction of an asymptote given is equiva¬ 
lent to having one point (at infinity) given. 

To have the position of an asymptote given is equivalent 
to two conditions, for two points (at infinity) are given. 

To have the axes given in position is equivalent to 
three conditions. 


lo have the eccentricity given is in general equivalent 


to one condition, but since we have 


(a — b)- + 4 h- 


1 — e 3 ab — A 3 
[Art. 192], if we are given that e — 0, we must have both 
a = b and h — 0. 


207. Through five points, no four of which are in a 
straight line, one conic and only one can be drawn. 

If three of the points are in a straight line, the conic 
through the five given points must be a pair of straight 
lines; for no straight line can meet an ellipse, parabola, or 
hyperbola in three points. And the only pair of straight 
lines through the five points is the line on which the three 
points lie and the line joining the other two points. 

If however not more than two of the points are on any 
straight line, take the line joining two of tho points for 
the axis of x, and the line joining two others for the 
axis of y. 

Let the co-ordinates of the four points referred to these 
axes be //,, 0; li.,, 0; 0, h \; and 0, A\, respectively. 
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The pairs of straight lines | - 1) (, h + ^ 1 ' 0 

and zy = 0 are conics which pass through the four points. 
Hence [Art. 187] all the conics given by the equation 

will pass through the four points. 

This conic will go through the fifth point, whose co¬ 
ordinates are a!, y, if A be so chosen that 

+ (£ + ~ 1 ) (I + £ “ 1 i = °' 

There is one and only one value of \ which satisfies 
this last equation, and therefore one and only one conic 

will pass through the five points. 

If four points lie on a straight line, more than one 
conic will go through the five given points, for the >tKUglit 
line on which the four points lie and any straight lint 

through the fifth is such a conic. 

Ex. 1. Find the equation of the conic passing through the live point* 
(2, 1), (1, 0), (3, - 1), ( - 1. 0) and (3, - 2). 

The pairs of lines (x-y - 1) (■r + 'ty i- 1) = 0, and y (2-r-H/ •>) >• 

through the first four points, and therefore ulso the conic 

(x-tj-1) (x + 4y + l)-Xy(2J + J/- 5 )- 0 - 
Tito point (3, - 2) is on the latter conic if X= -B; therefore the requ..ee 

equation is x- + 1‘Jxy + ly-- l ~>J -1=0- 

Ex. 2. Find the equation of the conic which passes through tho U\c 

points (0, 0), (2, 3), (0, 3), (2, 5) and (4, 5). 

Avs. 5x2-10xy+ 4«/--t-20x- 1 

208. To find the general equation of a conic through 
four fixed points. 

Take the line joining two of the points for axis ol 

and the line joining the other two for axis y, a 
let the linos “whose equations are ax + 1>'J 4 

a'x+Vy- 1=0 cut the axes in the four given 1>° n ^‘ 

Then xy = 0, and (az + by — 1) (u x ^ U ,, \ 

two conics through the four points, and thoie <>i< * 
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conics of the system are included in the equation 

\xy + (ax + by — 1) ( a'x + b'y — 1) = 0..(i), 

or aa!a? + ( ba' 4- ah' 4- A) xy -f bb'y 3 

- (a 4- a') x — (b 4- b') xj 4- 1 = 0.(ii). 

209. The equation (ii), Art. 208, will represent a 
parabola, if the terms of the second degree are a perfect 
square ; that is, if 

4 aa'bb' = ( ba' 4- ah' 4- A) 2 . 

This equation has two roots, therefore two parabolas 
will pass through four given points. These parabolas 
are real if the roots of the equation are real, which 
is the case when aa'bb' is positive. It is easy to shew 
that when aa'bb‘ is negative the quadrilateral is re-en¬ 
trant; in that case the parabolas are imaginary, as is 
geometrically obvious. 

When the terms of the second degree in (ii), Art. 208, 
form a perfect square, the square must be (s!aax + V bb'yf. 
Hence [Art. 172], the axes of the two parabolas are parallel 
to the lines whose equations are Vaa'x + V bb’y = 0, or as 
one equation aa'ar — bb'y- = 0. 

These two straight lines are parallel to conjugate dia¬ 
meters of any conic t hrough the lour points [Art. 184]. 

Hence all conics through four given points have a pair 
of conjugate diameters parallel to the axes of the two 
parabolas through, those points. 


210. To find the locus of the centres of the conics which 
pass through four fixed points. 

As in Art. 208, the equation of any conic of the 
system is 

\xy + (ax + by - 1) (ax + b'y- 1) = 0. 

The co-ordinates uf the centre of the conic are given 
by the equations 

Xy 4- a (a'x 4- b'y —1)4- a' (ax + by — 1) = 0, 
and \.r 4 b (a'x + b'y - 1) 4- b' (ax 4- by — 1) = 0. 
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Multiply these by x and y respectively and subtract; 
then we have, for all values of \, 

(ax - by) ( a'x + b'y - 1) + (ax - b'y) (ax + by - 1) = 0, 

or 2aa , x 2 — 2 bb'y 2 — (a 4- «•') # + (6 + b') y — 0. 

The locus of the centre is therefore a conic whose 
asymptotes are parallel to the lines aaur — bb y* --Q, i.c. 
parallel to the axes of the two parabolas through the lour 
points. [The two parabolas are conics ot the system, and 
their centres are therefore the points at infinity on t ic 
centre-locus.] 

Or thus: If 0 ,=O and <p-, = 0 arc any two conics through four given 
points, any conic through the four points is given by the equation 


The centre is given by 


\l01 — 0. 





dx 


and 


. d<t> I . dfa _ . 

x » dlr +x *4/ 


Hence the locus of the centres is the conic 

</</>) d<f>2 _ o 

dx dtj dij dx 

211. The centre-locus in Art. 210 goes through the 
origin, that is through the point of intersection of the line 
joining two of the points and of the line joining o 
two; and by symmetry it must go through the in eist c 
of the other pairs of lines through the lour poin s. L * 
could have been seen at once, for the pairs o mes .i 
conics of the system and their centres are then j)om 
intersection, and therefore these points of intei sec 10,1 a 
points on the centre-locus.] 



through the middle point of the line joining " • . i. 

fixed points, and therefore similarly through ie ” 
point of the line joining any other two of the oui p 
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If then A, B, C, D are any four points, the three points 
of intersection of AB and CD, of AG and BD, and of AD 
and BG, together with the six middle points of AB, BC, 
CA, AD, BD and CD all lie on a conic (which may be 
called the nine-point conic of A, B, G, D), and this conic 
is the locus of the centres of the conics which pass through 
the four points A, B, G, D. 

The centre of the nine-point conic of A, B, C, D is given by 

4x= 1/a + 1/a', 4 i/=1/& + 1/&'; 
and is therefore the centroid of the four points A, B, C, D . 

212. If aa and bb' have the same sign, we see from 
Art. 210 that the centre-locus is a hyperbola, and that if 
ua and bb' have different signs the centre-locus is an ellipse. 
1 f aa = bb', that is if the four points are on a circle, the 
centre-locus is a rectangular hyperbola. If aa' = — bb', 
and the axes are at right angles, all the conics of the 
system are rectangular hyperbolas, and the centre-locus is 
a circle. In this case the line joining any two of the 
points is perpendicular to the line joining the other two, 
so that D is the ortho-centre of the triangle ABC. 

Hence a circle will pass through the feet of perpendi¬ 
culars of a triangle ABC and through the middle points 
of AB, BG, CA, AD, BD, CD where D is the ortho-centre 
of the triangle ABC, and this circle is the locus of the 
centres of all the conics (which are all rectangular hyper¬ 
bolas) through A, B,G , D. This circle is called the nine- 
point circle. 

21d. f lhe asymptotes of any conic through the four 
points defined as in Art. 208, are parallel to the lines 

4- {ax + by) ( a'x + b'y) = 0, 

or a a'x 3 + (\ + ab' + ah) xy + bb’if = 0. 

And [Art. 1S4] these lines are parallel to conjugate dia¬ 
meters of the centre-locus. Hence the asymptotes of any 
conic through the lour points are parallel to conjugate dia¬ 
meters of the centre-locus; as a particular case, the asymp- 
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totes of the rectangular hyperbola which passes through 
the four points are parallel to the axes ot the cen re- ocus. 

Ex. 1. The polar of a fixed point icith respect to a system of conics 
through four given points u ill pass through a fixed point. 

Take the fixed joint for origin, and let 

S = ax- + 2/ixy + by- 4- 2 gx + 2fy + c = 0, 
and S' = a'x* + 2Wxy + b’,f- + 2/x + 2fy + c' = 0, 

be two of the conics; then any conic of the system is given by S - \S - 

The polar of the origin is 

gx+fy + c-\(g'x + r J/ + c') = 0, 

and this, for all values of X, passes through the intersection of 

gx+fy + c = 0 and g'x +f'y + c' = 0. 

Ex. 2. The locus of the poles of a given straight line uith r<*g<< t to 

the conics which pass through four given points is a come. 

Take the fixed straight line for the axis of x, and let the equation 

of any conic of the system be as in Ex. 1. The polar of (•*■!/) 

x (ax' + hi/ + g) + y (hx‘ + by +/) + 0* +/•/ + c . , - ■ j = 0 . 

_ X {x («V + h'y' + /) + y(hx + by +f )+g* - J J ■ 

If this is tho same line us y^O, the coofficivn. of » au.l .!» 
term must be zero. Equate these to zeio and eliminate x. 

Ex. 3. Shew that the locus of the pole of a given straight" *' * 
respect to any conic which passes through the angular points of a t 

square is a rectangular hyperbola. ,,..,.,11. I 

[Take for axes the lines through tho centre of 1_ 

to the sides; then the conics are given l>y j- - 

Ex. 4. Tho nine-point circles of tho four triangles det. 

four given points meet in a point. ,i 1IO -i h the four 

The point is tho centre of tho rectangular hvpo. < • 

given points. This follows from Art. 1^7, 1 x U,K 

Ex. 5. Conics through four given points arc cut in iniolntmu j 'J 

straight line. _n 

Let y = 0 be the given straight lino. This line cuts 1* 

and + = 0 in points given by 

a l x* + 2g l x + c l = 0, a.,x*-+ 2 lh t ^ = 

and («, + Xa,) x^ + 2 (./, + * + *t + Xr - “ 

The theorem follows from Art. 03. 
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214. If a = 0 and f3 = 0 are the equations of one pair 
of straight lines through four given points, and 7 = 0, 
8 = 0 the equations of another pair, any conic through 
the four points has an equation of the form 

a/9 = by8. 

Now, if a = 0 be the equation of a straight line and 
the co-ordinates of any point be substituted in a, the 
result is proportional to the perpendicular distance of the 
point from the line. Hence the geometrical meaning of 
the above equation is 

Pipi °c p 3 pi, 

where p lt p,, p 3y p x are the perpendiculars on the four lines 
a = 0, /9 = 0, 7 = 0, 8 = 0 respectively, the perpendiculars 
being drawn from any point on the conic. 

215. If P, Q, R, S be four points on a conic, and 
QP, RS meet in A, QS, PR in B, and PS, QR in C; then 
of the three points A, B, G each is the pole with respect to 
the conic of the line joining the other two. 

Take A for origin, and the two lines A SR, APQ for 


axes of x and y respectively. 

Let the equations of PS and QR be 

ax +by —1=0 .(i), 

and a'x + b'y — 1 = 0.(ii). 

Then the equations of PR and QS will be 

ax + by —1=0 .(iii), 

and ax + b'y — 1 = 0.(iv). 


The equation of any conic through the intersection of 
the conics xy = 0 and (ax + by — 1) (ax + b'y — 1) = 0 
will be 

\xy + (ax + by — 1) (ax + b'y — 1) = 0. 

The polar of t he origin of this conic is [Art. 180] 

(a + a) x + (b + b') y — 2 = 0. 
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Writing this in the forms 

ax + by-l+a'x + b , y-l=0> 
and a'x + by-l + ax +b'y-l=0, 

we see that the polar of the origin goes through the pomt 

of intersection of the lines ( 1 ) and (n), an polar 

point of intersection of the lines (in) and (ivh 1 he p 
of 4 with respect to the conic is therefore the 

It can he shewn in a similar manner that CA 

polar of B, and AB the polar of 0. 



A triangle which is such that each of 
is the pole, with respect to a come, o c f 1 
called a self•conju.gu-te, or self-polai tnan^ 

210. If a conic touch the sides of a 

ABC be the triangle formed by the ( tag - . j rcS j J( jct 

lateral; then will ABC be a self-polar triangle untu J 

to the conic. 

Let P, Q. R, S be the points of contact ^ |ho 

Then, in the figure, h is the pole of 1 Q. • ; Ilt of 

pole of 8R\ therefore LN is the po a polar 

intersection of PQ and SR. Similarly Ifil/ I 

of the point of intersection of oi an i- j{M. 

Hence A, the point ot intersection o ,-*• [ ( . rscc tiun 
is the pole of the line joining tlie poi ‘ 7 {Q. 

of PQ V SR and the point of intersection of 1. 

But [Art. 215] the point of intersection of 1 R 

is the pole of this last line. 
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Hence A is the point of intersection of PR and 


So also B is the point of 
intersection of SP and RQ, 
and G is the point of inter¬ 
section of PQ and SR. 

Hence from Art. 215 the 
triangle ABC is self-polar. 
[See also Art. 286.] 

217. To find the general 
equation of a conic which toucher, 
the axes of co-ordinates. 

If the equation of the line 
joining the points of contact 
be ax + by — 1 = 0, the equa¬ 
tion of a conic having double 
contact with the conic xy — 0, 
where it is met by the line 
ax + by- 1 = 0, is [Art. 187] 

(ax + by- l) 2 - 2 \xy = 0. 


D 



218. To find the general equation of a conic which 
touches four fixed straight lines. 

Take two of the lines for axes, and let the equations 
of the other two be lx + my- 1 = 0, and I'x + m'y -1 = 0. 
The equation of any conic touching the axes is 


(ax + by - 1 y - 2 \xy =0 .(i). 

The lines joining the origin to the points where 
-viy= 1 cuts (i) are given by the equation 

(cut: + by — lx — my)- = 2 \xy .(ii). 


I lie line will touch the conic if the lines (ii) are 
coincident, the condition for which is 


(a - ly (b - my = ((a -l)(b- in) - \) a ; 
\= 2 (a — l)(b — m). 


whence 
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Hence the general equation of a conic touching the 
four straight lines 

x = 0, y = 0, lx + my -1 = 0, and Vx + m'y -1=0, 
is (ax + by — l) 2 = 2Xxy; 

the parameters a, b, X being connected by the two 
equations 

\ — 2(a — l)(b — m) = 2 (a - 1 ') (b - m')- 

219. To find the locus of the centres of conics which 
touch four given straight lines. 

If two of the lines be taken for axes, and the equations 
of the other two lines be 

Ic + my -1=0, and Vx + my -1=0, 

the equation of the conic will be 

(ax + by- 1 ) 8 - =* 0, 


(ii). 


with the conditions 

\ — 2 (a — l) (b — m) . 

\=2(a-0 (b-in) . 

The centre of the conic is given by the equations 
a {ax + by - 1) - Xy = 0, and b(ax + by- 1 ) - = 0 ’ 

... aa: = by, and a(2o*-l) = Xy.0")- 

To obtain the required locus we must eliminate « 
and X from the equations (i), 0 1 ), an< \ n1 / - 
From (i) and (iii), we have 

a (2ax - 1) = 2y (a - 0 if - m) = 2 (a-l)(by- my , 

therefore, since ax = by, 

a (2 lx + 2my — 1) = 2/ my. 

Similarly, from (ii) and (iii), we have 

a (2 Vx + 2 my — 1) = 2i # w y. 
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Eliminating a, we obtain the equation of the locus of 
centres, viz. 

2lx-\- 2my — 1 21'x + 2 in'y — 1 

/ni /'?«' 


The required locus is therefore the straight line whose 
equation is 





This straight line can easily be shewn to pass through 
the middle points of the diagonals of the quadrilateral, as 
it clearly should do, for any one of the diagonals is the 
limiting form of a very thin ellipse which touches the four 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal. Hence the middle points of the 
three diagonals of a quadrilateral are points on the centre- 
locus of the conics touching the sides of the quadrilateral 
[See Arts. 244, 280.] 


220. All conics touching the axes at the two points 
where they are cut by the line ax 4- by — 1 =0 are given 
by the equation 

(ax + by — 1 )- = 2 \xy. 

The conic will be a parabola if X be such that the 
terms of the second degree form a perfect square: the 
condition for this is 

a"b Q = (ab — X)-; 

.*. X = 0, or X = 2 ab. 

The value X = 0 gives a pair of coincident straight 
lines, viz. («.c+ by — 1)- = 0. 

Hence, for the parabola, X = 2 ab, and the equation 
of the curve is 

(a.r + by — 1)- = 4abxy } 
which may be written in the form 

Va-r-f- \'by = 1. 
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221. To find, the equation of the tangent at any paint of 
the parabola fax + V by = 1. 

We may rationalize the equation of the curve and then 
make use of the formula obtained in Art. 178. The result 
may however be obtained in a simpler form as follows. 

The equation of the line joining two points (x. y) and 
(x", y") on the curve is 

_ JLZJL .(i >. 

with the conditions 

fff' + fbf = l = ViTZ' + \>bf . Ui). 

From (ii) we have 

fa (fx - fx") = - fb (fy - fy") . 

Multiply the corresponding sides of the equations U> 
and (iii), and we have 

_ ' Ja . _ (x-x) = - , v^—777 ( <j - V')' 

The equation of the tangent at (x, f) is therefore 

or, since V ax' + Vbfi = 1 , 

x \Z? +yi J\ =1 - 

To find the equation of the polar of any point with 
respect to the conic, we must use the rationalized form ot 

the equation of the parabola. 

Ex. 1. To find the condition that the line Ix + nuj- 1—0 m<iy touch 

the parabola f ax + fhij — 1 = 0. 

Tbo equation of the tangent ut any 1-oint (x\ xj ) is 

Vp + »\/? =1! 
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which is the same as the given equation, if p, and m= Sr 

or if ~ t = N /ax\ and *Jby'. 

Hence the required condition is 

a 6 , 

7 H— — 1. 

I m 

Ex. 2. To find the focus of the parabola whose equation is 

ax + ,Jbi}=1. 

The circle which touches TQ at T and which passes through P will 
also pass through the focus [see Art. 1G5 (4), two of the tangents being 

coincident]. The two points P, Q are ^, 0^ and ^0, ^. Therefore 

the focus is on both the circles whose equations are 


and 


x- + 2xy cos u+y- - 0, 
x-+2xy cosw+y 2 -^=0. 


Hence the focus is given by 


Hence 


x 2 + y- + 2xy cos u=^ = ^. 
x/a=j//6 = l/(a 2 +6 3 + 2a6cos w). 


Ex. 3. To find the directrix of the parabola *Jax + Jby = 1. 

Tho directrix is the locus of the intersection of tangents at right 
angles; now the lino lx + my = 1 will bo perpendicular to y = 0 if 

m -1 cos w=0, and the line will touch if ? + - = 1 . Therefore the inter- 

l in 

cept on the axis of x made by a tangent perpendicular to that axis is 

given by - (a + \ = 1. 

I \ cos w/ 

Hence tho point » 0^ is on the directrix. 

Similarly tho point ( 0, —- -) is on the directrix. 

\ a-fo cos a> / 

Hence the required equation is 

x (b -f- a cos *J) -f y (a-h cos o>) = cos o\ 
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Ex. 4. To find the axis of the parabola Ja .r + Jby-1- 
We have (ax+by - l) 2 - 4abxi/ = 0; 

/. i a x-by + h) 2 = 2ax(l + \) + 2b,j(l-\) + \- 1 - 

Now the lines «x-»» = 0 and „x (1+ X) + '■» (1 - M = ° are at right 
angles [Art. 4-2] if a2 _ ^ + x (u , + b ., + 2ah cos . o. 

Hence the equation of the axis is 

ax - by = (a- - b 2 ) («- + b- + ^ cos «>• 

FThe tangent at the vertex will be found to bo 

,/(« + i. cos w) + i//(h + « cos «) = 1/(0= + * + *“> cos „).J 


Confoca l Con ics. 

222. Since the foci of a conic are on its axes, if two 
conics are confocal they must have the same axes. 

The equation 

_5l_ + _£_ = l 

will, for different values of X, represent different ™m<- 
a confoeal system. For the distance of a focus 

centre is ., /, 3 > 

V((a 2 + X) - {b 1 + X)} or Vl«" “ b i* 

223. The equation of a system <»f confotal 


x- 


+ 


?r 


— = i. 


itF+ X ir + X 
If X is positive the curve is an ellipse. 

The principal axes of the curve iU a jnom to 

increases, and their ratio will ' S o that a circle 

equality as X is increased more am 1 !‘ < ’e of the conloeak 
of infinite radius is a limiting form ot one oi l. . 

If X is negative, the principal axes wi 1 C * crc ‘* sc ‘ 

X increases, and the ratio " ill aim decrease as 
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increases, so that the ellipse becomes flatter and flatter, 
until X is equal to - b when the minor axis vanishes, and 
the major axis is equal to the distance between the foci 
Hence the line-ellipse joining the foci is a limiting form 
of one of the confocals. 



If b- + X is negative, the curve is a hyperbola. 

If b- + X is a small negative quantity the transverse 
axis of the hyperbola is very nearly equal to the distance 
between the foci; and the complement of the line joining 
the foci is a limiting form of the hyperbola. 

The angle between the asymptotes of the hyperbola 
will become greater and greater as — X becomes greater 
and greater and in the limit both branches of the curve 
coincide with the axis of y. 

If X is negative and numerically greater than or, the 
curve is imaginarv. 
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224 Two conics of a confocal system pass through any 
given point One of tlese conics is an ellipse and the other 

an hyperbola. 

Let the equation of the original conic be 

x'la? + y*/b 2 = 1. 

The equation of any confocal conic is 

or/(a 3 + X) + y-f<b- + X) = 1. 

This will pass through the given point O', y'), if 

x 2 l{a- + x) + + X) = 1. 

In the above put b 2 + X = X •, 

then x'nd + y' (V + «V) - V (V + “ v > = °' 
or X' 1 - X' (*'= + y' s - aV) - «vy = 0. 

The roots of this quadratic in X' are both realand are 

of different signs. Therefore there are " ^ 

h- + \ is positive for one, and negative foi the other, s 
that one Tonic is an ellipse and the other an hyperbola. 

225. One conic of a confocal system and only one will 
touch a given straight hue. 

Let tlie equation of the given straight line be 

lx 4- my — 1=0. 

The line will touch the conic whose equation is 

«■/(«* + x) + y-/(b- + X) = 1, 

if (a 2 + X) V 1 + (Jr + X) in* = 1 [ Art * 11 

which gives one, and only one - va '^ ^ ^ 

confocal will touch the given straight line. 
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226. Two confocal conics cut one another at light 
angles at all their common points. 

Let the equations of the conics be 

a?I a? + y-fb- = 1 and # 2 /(a 2 + X) + y-/(b- + X) = 1, 

and let (x' t y ') be a common point; then the co-ordinates 
v, y' will satisfy both the above equations. 

Hence, by subtraction, we have 

a/ 2 /a 2 (a 2 + X) + y' 2 /6 2 (6 2 + X) = 0.(i). 

Now the equations of the tangents to the conics at 
(a/, y) are 

xx la- + yy/b- = 1 and xx/(a- + X) + yy'/(6 2 + X) = 1 
respectively. 

The condition (i) shews that the tangents are at right 
angles to one another. 


227. The difference of the squa res of the perpendiculars 

drawn from the centre on any two parallel tangents to two 
qiven confocal conics is constant. 

Let the equations of the conics be 


x 1 





and - 


x 


r 


u a + X b- + X 


= 1 . 


Let the two straight lines 

x cos a + y sin a — p = 0, x cos a 4- y sin a — p' = 0 

touch the conics respectively; then [Art. 116, Cor.] we 
have 

p 2 = a- cos 2 a + b- sin 2 a, 

?/ a = (a 2 + X) cos 2 a + (6 2 + X) sin 2 a; 

.'. p' 2 -p-==A. 


and 
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228. If a tangent to one of two confocal conics be 
perpendicular to a tangent to the other, the locus of their 
point of intersection is a circle. 

Let the equations of the confocal conics be 

x 1 v 2 j ^ _i_ y _ — i 
„, + i = =1 and ^Tx + (.- + x 

The lines whose equations are 

a, cos a + y sin a = V(“ s cos- a + P sin- a) .<*>■ 

«: sin a — y cos a = V((a- + X) sin- a + (P + X) cos-«)... (..) 
touch the conics respectively, and are at right angles to 
one another. 

Square both sides of the equations (l) oiul (n) and add, 
then we have for the equation ot the required loc 

xr + if = « 3 + b- + X. 

If we suppose the minor axis of the second ellipse 
to become indefinitely small, all tangentsi to it * 
indefinitely near to a focus; so that Ait. 1-0 (v) 
particular case of the above. 

Ex. 1. Any two parabolas which have a common focus ami their axes 
in opposite directions intersect at right angles. 

v, 2 Two parabolas have a common focus and their axes m the 
iliX. i. x i tangents one to each of the 

samc straight line ; shew that, if 11 , I Q he tan 0 c <)f T 

parabolas, and TP, TQ be at right angles to one anoth , 

is a straight line. . . 

- o T0 T p nro tangents one to each of two confocal comes whose 

centre is C ; shew that if the tangents are at right angles 

CT will bisect 1'Q. 

Jjd the tangents be 

+ ,J ' J ’ = 1, and XX '' + b 

the equation of CT will be 


/v >"h. It _£)= 


0 . 
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This will pass through the middle point of PQ, if 

(S - £) + v + »"i (£ - i£) =0: 

that is, if 

(p ~ P*) +!/ y ” (p “ P*) = ° 5 

or, since the conics are confocal, if 

**L + &L-0 

a-ci- + 

That is, if the tangents are at right angles. 

Ex. 4. TP, TQ are tangents one to each of two parabolas which have 
a common focns and their axes in the same straight line; shew that, if 
a line through T parallel to the axis bisect PQ, the tangents will be at 
right angles. 

Ex. 5. If points on two confocal ellipses which have the same eccen¬ 
tric angles are called corresponding points, shew that, if P, Q be any 
two points on an ellipse, and p, q be the corresponding points on a 
confocal ellipse, then Pq — Qp■ 


229. The locus of the pole of a given straight line with 
respect to a seines of confocal conics is a straight line. 

Let the equation of the confocals be 


x 1 y 3 , ... 

af+X + b- + \ “ .^ 

and let the equation of the given straight line be 

l-x + my— 1 .(ii). 

The equation of the polar of the point (V, y') with 
respect to (i) is 

sex' yy ..... 

a -qrx + jlT \ _1 . (1U) - 


If (ii) and (iii) represent the same straight line, we 
must have 


x 


a- + \ 


= 1 , 


?/ 


6 3 + \ 


= in ; 
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Hence the locus of the poles is the straight line whose 
equation is 

i m 

This straight line is perpendicular to the hne (">• 
One confocal of the system will touch the line 00, and th 
point of contact will be the pole of the hne with respect 

to that confocal. 

Hence the locus of the poles is a straight line perpen- 
dicuTar to the given straight line and through the pent 
where it touches a confocal. 

230. From any point T the two t( "^ \o a con- 

drawn to one conic, and the two ^ O P will make 

focal conic; shew that the straight lines Q1,Q1 wiU mahe 

equal angles with the tangent at 1 . 

Let TP and the normal at 1 J cut QQ in A, 


respectively. 

Then [Art. 229] the pole of with respect to the 



Therefore [Art. 182] the range K, Q, L, Q, and the 
pencil PIC, PQ, PL, PQ, are harmonic. 1? 


H. C. 6. 
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Hence, since the angle KPL is a right angle, PQ and 
PQ' make equal angles with PL or PK [Art. 5G]. 

Cor. 1. Let the conic on which Q, Q' lie degenerate 
into the line-ellipse joining the foci, then the proposition 
becomes— The lines joining the foci of a conic to any point P 
on the curve make equal angles with the tangent at P. 

Cor. 2. Let the conic on which P, P" lie degenerate 
into the line-ellipse, and we have —Two tangents to a conic 
subtend equal angles at a focus. 

Cor. 3. Let the conic on which P, P' lie pass through 
T, and we have —The two tangents drawn to a conic from 
any point T make equal angles with the tangent at T to 
either of the confocal conics which pass through T. 

Cor. 4. The four lines PQ, PQ', P'Q, P'Q’ touch the 
same confocal. 

231. If QQ' be any chord of a given conic which 
touches a fixed confocal conic, then will QQ' vary as the 
square of the parallel diameter. Also, if CE be drawn 
through the centre parallel to the tangent at Q and 
meeting QQ" in E , then will QE be of constant length. 

Let Q, O' be the points 0, S' on the ellipse 

or fa- + y-Jb- -1=0, 
and let QQ' touch the conic 

«*/(«“ + \) + ?/V(& a + X) = 1. 

Then 

QQ 2 = a- (cos 0 — cos 0f + Z> 2 (sin 0 — sin 0'y 

= 4 sin 2 $ (0 - ff) [a 2 sin 2 4(0 + 0') + & 2 cos 2 & (0 + 0% 
CD- = a 2 sin 2 4 (0 + 0') + b- cos 2 h(0 + 0'). 

But, since QQ' touches the second conic, 

a ^“ cos *4(^ + sin2 H0 + 0') = cos 2 £ (0 - 0 ^; 

. •. a 2 & 2 sin 2 4(0-0’) = \ (a 3 sin 2 4(0 + 0')+b n - cos 2 4(0 + 0’)} 

.(i). 
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Hence *» QQ' a = «■ CD ‘ . (ii) - 

Again, E is the point of intersection of 

-cos h{0 + 6') + fsU\ l{d + d’)-cosi {0-6 > = 0, 
a 0 


and 


- cos 6 + r sin 6 = 0. 
a 6 


Hence 


X 


— y cos j(6 — 6 ') 


a sin 6 bcosO sin ±(0-0) 

Hence QA=sinU(^-^') 

= a- [sin 6 cos 1(0 - 6') - cos 6 sm \ {6 - *Or 

4 - 6 2 {cos 0 cos i (6 — 6 ) + s * n & sin i — ^ )i 

= a 2 sin 2 £(0 + 0') + b ' cos ' ^ 0 + 6) ‘ 

QE* = a i b I /\, from (i). 

Ex TP, TQ are tangents one to each of tn ° Ju ’'-' 1 >c l1 C . ‘ j>q 
shewihat. if the tangents are at right angles to one another, the Urn. Q 

will always touch a third confocal conic. 

„ C bo .ho common centre then since Ug-U.ere a *■*£■ 

to one another the line CT h, sects P<? [Ex. (8). Art. CJ . 

CT and QP make equal angles with the tangc Q- 
he parallel to the tangent a. Q, and meet QP » *. « Uv. QL -C - 
But CT 1. constant [Art. 228], Hence QE is constant, and therefore 

OEP touches a fixed confocal. 

Or time: The tangent, to **/«* + yV* -1 = 0 »>«*> ch ° rd of 0ODtaCt 
lies along Ix + my - 1 = 0 arc [Art. ISO] 

' X J +y?-l\ (a 2 P H- b-'u- - 1) - (fx + my - l) 2 = °* 
b* ) 

These are parallel to 


c 


■I' (i ‘ m 2 _ 1 ) - 2 Imxy + ^ (a-P - 1) - 0 


•t 


(*)• 


The tangents to *>,(«’ + X) + V‘IW‘ + M - 1 = 0 ' ,Uh cl,0rd °' 

contact arc parallel to 

{ (IP + A) - 1} - 2 Im xy + {(«* + X) P - 1S = °- 


•2 


a* + X 
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The lines through (0, 0) perpendicular to the latter tangents are 

-#i-{(i2 + x)m2-l}+2/mxy + r 4T{( a2 + x ) Z2 - 1 }=0 •••(“)• 

a- + a u~ + A 

One of the lines (i) is the same as one of the lines (ii), and this line is 
one of the lines 


found by the addition of the left-hand members of (i) and (ii). 


But the directions of the tangents cannot be independent of l and m; 
hence we must have 


a- («2 + X) P + b n - ( 1*2 + x) „,2 _ a- - Ifi - X=0. 

Tho envelope of Ix + my- 1 = 0 with the above condition is 
x2/«2 (a“ + X) + 1/2/62 (62 + X) = l/(«2 + V + X), 
which is a confocal conic, since 

a 2 ( U 2+ \)l(a- + 62 + x) - 6= (62 + X)/(a 2 + 62 + X) = a2 - Ifi. 


23*2. When two of the points of intersection of any 
two curves are coincident, that is when the two curves 
touch, they are said to have contact of the first order 
at the point. When three points of intersection are 
coincident tho curves are said to have contact of the 
second order, and so on. 

A curve which has with a given curve a contact of the 
highest possible order is called an osculating curve. 

A circle can only be made to pass through three given 
points; hence the circles which osculate a curve "have 
contact of the second order with it. 

I he circle which h;is contact of the second order with a 
given curve at a given point is generally called the circle 
of curvature at that point, and the radius of the circle is 
called the radius of curvature at the point. 

Two conics intersect in four points. Hence two 
conics cannot have contact with one another of higher 
oidei than the third. It they have contact of the second 
order they will have one other common point. 
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233 To find the general equation of a conic which has 
contact of the second order with a given conic at a given 

point. 

Let £ = 0 be the equation of the given conic and let 
r= 0 be the equation of the tangent to S- 0 at the gnen 

point {x, y'). . 

The equation of any straight line through (x, f) is 

y — y' — m{x — x) = 0. 

Hence the equation 

S - XT {(y-i/)-m (*-*')! =0 .<*> 

is the equation of a conic passing through the points where 
the straight lines 2T-0 and y-y- 

s=o. 

Hence (i) intersects S = 0 in three coincident points. 

The two constants X and m being arbitrary, ^ 
given by (i) can be made to satisfy two other conditions 
They can for instance be so chosen that the equation (.) 

shall represent a circle. 

If the line y-(x--O = 0 The 

tangent, all four points of intersection are coc c t. 

conic S - \T- = 0 therefore has contact of the tin 
with S = 0; that is to say, is an osculating conic. 


. .• f * 1.0 rirrlo whit'll osculates tho conic 

Ex. 1. Find tho e<iuutiou of the circle 

ax- + 2bxy + ci/ 2 + 2dx = 0 ot the origin. 

All tho conics included in the equation 

ax 2 + o hxy + cj/2 + 2dx - X r (;/ - mx ) = 0 

have contact of the second order. 

The conditions for a circle are 2b -\ -0 and ='■ 

Therefore the circle required is cx- + cy- + r 

Ex 2 Find the equation of the parabola which has contact ot tho 

third order with the conic «* ^bxy + *,* + . 

The conic ax* + ‘2bxy + cy* + 2 dx-\x* = 0 cuts the gi'-n come it 

coincident points. 
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The curve is a parabola if (a-\)c=V*. 

The equation of the required parabola is therefore 

b-x- + 2bcxij + cty* + 2dcx=0. 

234. To find the equation of the circle of curvature at 
the point a on arja* 4 y’jb- —1=0. 

The centre of the circle through the points (a, {3, 7 ) is 
given by 

= cos a 4 cos /9 4 cos 7 4 cos (a 4 (3 4 7 ). 

= sin a 4 sin /9 4 sin 7 - sin (a 4 £ 4 7 ). 


Hence, if a = (3 = 7 , we have 


[Art. 13G.] 


and 


= 3 cos a 4 cos 3a = 4 cos 3 a 

a- — 6 - 

4/6 0 . . 0 ... 

~—- = 3 sin a — sin 3a = 4 sin 3 a. 
tr — a- 




Thus the centre of the circle of curvature at the point 
a is given by 

ax = (a 2 — 6 2 ) cos 3 a, by = (6 2 — a 2 ) sin 3 a. 

The square of the radius of the circle is 

/a 9 —6 2 V . (a'-fr . , 

-cos 3 a — a cos a 4 —?— sin 3 a 4 6 sin a 

V a } \ b 

cos 2 ct 

= ^ (a- sin 2 a 46 = cos 2 a) 2 4 —^-(a 9 sin 2 a 46 = cos 2 a)' 

= (« 2 sin 2 a 4 6 2 cos 2 afja-b\ 

Thus the required equation is 
/ a 2 —6 2 V / b- — a- . V 

l*- cos “J + (j'—6“ 8,n h ) 

= (a 2 sill 2 a 4 6 2 cos 2 a)*/a*6“. 

Tlio locus of the centres of curvature is easily seen to bo 

fax)* + (ty)*«(<i s -P) 9 . 
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235. If a, /3,7> $ *> Q the eccentric angles of four points 
on an ellipse, a circle will pass through those four points, i 

a + y 3 + ry + 5 = 2/iTT [Art. 136]. 

Hence the circle of curvature at the point a will cut 
the ellipse again at the point 3 where 


3a + 3 = 2 /it r 


.(i). 


From (i) we see that, through any particular point 8 
three 'circles of curvature will pass, v,s the circle^ o. 
curvature at the points J( 2 tr-S), i( 4 T - 8 ), and i(Crr S). 
These three points are the angular points of a 

trianglo^enbed m tire c,hpse ’the= point 5 

and the three points the circles of curvature at which pass 
through 3 arc on a circle. 

Ex 1. If two conics have each double contact will, a third, their 
chords of contact with that conic, and ,.co of the lines through the ,r 
common point,, will nice, in a point and form „ harmonic pencil. 

Let -S- = 0 be the cuation of the ***££•£» W£ 
equations of the two chords of contact. 1 hen [Art. J 

the conics are ^ Q .(i). 

<• — () ..• l 1 *)* 

and ‘ S " ^ - . 

Now the two straight lines ^_ sjt-o .«‘ii) 

so through the common po.aU of"<i) and ,Uh Tim Urn* (hi) ££ 

. h*^o^rr^vzz ss -- ^ - 

common chord* is constant. > 

, , . * 2 .!/ 2 _i and the equation of the 

Let the equation of the ellipse bo 1. tt,iu 

... , m , ,,, Then the equation of any l”»" ,,f 

circle be (x - a)- + [<J - p) '* 

common chordu is \ . 

. 
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whore X is one of the roots of the equation 

i-i, 0, -a 
0, l-£. ~P 

-a, -ft X + a 2 + ft>-* 2 ! 

Tho equation of the diameters of the ellipse parallel to the lines (i) is 

+ .(iii). 

The two serai-diameters given by (iii) clearly make equal angles with 
the axis, and the square of the length of one of them is equal to X. 

Henco the continued product of tho six semi-diameters is equal to the 
product of the three values of X given by (ii), which is easily seen to be 
a-b-k-. 

Ex. 3. If a conic have any one of four given points for centre, and the 
triangle formed by the other three for a self polar triangle, its asymptotes 
J oill be parallel to the axes of the tico parabolas which pass through the 
four points. 

Let the four points be given by the intersections of tho straight lines 
xy — 0 and (Ix + my - 1) (Vx+m'y- 1)=0. 

The line joining tho centre of a conio to any ono of the angular points 
of a self polar triangle is conjugate to tho line joining the other two 
angular points. Hence, for all the four conics, tho three pairs of lines 
joining tho four given points are parallel to conjugate diameters. 

Let the equation of ono of the conics bo 

ax- + 2 hxy + by 2 + 2 gx + 2fy + c=0 .(i). 

The lines {lx + my - 1) ( l'x + m'y - 1) = 0 

are parallel to conjugate diameters; therefore also tho lines 

H'x- + (Ini' -f I’m) xy + mm’y-=0 

are parallel to conjugate diameters. Hence [Art. 181], we have 

amm' + bll’=h (Im’+l'm). 

Tho lines xy=0 are parallel to conjugate diameters; therefore h= 0, 
and we have 

amm'+bll’= 0 .(ii) # 

Tho asymptotes of (i) are parallel to the straight lines 

ax*+byi=0. 
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•(>*)> 

(Hi). 


= 0 


.(iv). 


or, from (ii), the asymptotes are parallel to the lines 

IVx- - mm'i/ 2 =0, 

which proves the theorem [Art. 209]. 

Ex. 4. The circumscribing circle of any triangle self polar xcith 
respect to a conic cuts the director-circle orthogonally. 

Let the equation of the conic be ax* + by 2 - 1I let (x, y ). (* , y ) 
ami (x'" f y'") be the angular poiuts of the triangle. 

Since each of the points is on the polar of another, we have 

ax"x"' + by"y"' - 1 = °. 

ax"'x' + by'"y' — i = ° . 

and ax'x" + by'y” -1 = 0 ... 

The equation of the circle circumscribing the triangle is 

| x* + y 2 , *, V> 1 

| x-i + y'*, x\ y\ 1 

' x" 2 + y"-, x", y", 1 

x"' 2 + y'" 2 . X'", y"\ II 

Now, if the equation of a circle be 

Ax* + dy- + 2Gx + 2I-’y + C = 0, 

tho square of the tangent to it from the origin ia equal to the ratio 

Henc^ the equare of tho tangent to the eimlo (iv, ia equal to the 
ratio of 

x'^ + y' 2 , x\ y 
x" 2 + y" 2 , x", 
x"" 1 + y'" 2 , x"', y 

Tho first determinant is equal to 

x' 2 (*V" - y"x"') + x" 2 (x"'y' - y'"x r ) + x'" 2 <xV' - !/'x") . 

+ y'*[x"y"‘-y”*"') + y" 2 (x"V- y"'*') + y"‘ (xy ~ yx ) " ( 

Now from the equations (i), (ii)* (***) ' vc ^ iavc 

ax' by' _ 

~~ x"'ir - V 


it 

nt 


to - 

x\ 

y'. 

i 


X", 

y". 

i 


X'", 

y"'» 

i 


y"’ - y 

ax" 


// 


-1 

" _ ,/"V' ’ 


W _ 


-1 


and 


y-y 

ax '" 


tn 


x"‘ - X' 

w _ 


x’y"' - !/'x"' ’ 


- 1 


.// 


y - v 


x / - x" 


X y - y"x' 







318 


EXAMPLES 


By means of these equations, (o) becomes 

,_ t -a 

- W"-y")+^W-y"')+—(’/'-tf 

+|' (*" - X’") + (*'"-xH y y (x' - X"), 


or 


-Gn) 


*, 
x", 

.W 


!f > 

y". 


1 
1 

x”, y"', 1 

Henco the tangent to the circumscribing circle from the centre of the 


conic 


ic is equal to + » ^ at * s ®l ua ^ to ra ^* us the director- 

circle, which proves the proposition. 


Examples on Chapter XI. 


1. Two straight lines of given length are moved along two 
given straight lines in such a manner that a circle will pass 
through their four extremities; shew that the locus of the 
centre of this circle is a rectangular hyperbola. 

2. OPF y OQQ' are two chords of a conic, and any line 
through 0 cuts the conic in R, K and the lines PQ, FQ' in 
.S', S' j shew that 

1 11 1 

OR + OR! 0S + OS' ‘ 


3. A system of conics pass through the same four points, 
and the tangent at a given point 0 of one of the conics cuts 

any other of the conics in P , F ; shew that ^ is 

constant. 


4. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the 
hyperbola; shew that the other chord is a diameter of the 
circle. 


5. Of all conics which pass through four given points that 
which has the least eccentricity has its equi-conjugate diameters 
parallel to the axes of the two parabolas through the points. 
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6 0£ all conics which touch two given straight lines at 

<nJn points the*one of least eccentricity will be that mwh^h 
?„e of the equi-conjugate diameters passes through the inter 

section of the given lines. 

7. The locus of the middle point of the intercept of a 

^ -* 

parabola. 

8. Two tangents OA, Oil are drawn to a conic: and[are 
cut in P and Q by a variable tangent; prove that the locus ot 
the centre of the circle described about the tr.angle 01V » “ 
hyperbola. 

9. A conic is drawn touching the coordinate axes OA, 

OY at A, Ji and passing through tho point ()A /■ 

is a parallelogram ; shew that if the sue. hyperbola, 

is constant, the locus of the centre of the conic is an h> per 

10. Tangents arc drawn from a fixed point to a s )stem 

conics touching two given straight lines at given p 
that the locus of the point of contact is a conic. 

11 . Shew that tho locus of h^e 

line with respect to a series ot c< 
quadrilateral is a straight line. 

12. A conic is described touching asymptotes ofan 

hyperbola and meeting the hypei 10 a .. joining 

thit two of the common chords arc parade \ to ho no )o.ij 
the points of contact of the ellipse with the asymptotes, 

are equidistant from that line. 

13. In a system of conics which have a gi^^ 

their axes in a given direction, the sum o “■• ■ j-,^ j s it 

shew that the locus of the pole of a g lvcn s ' » 
parabola touching the axes. 

14. A parabola is drawn so a-s to touch 
lines ; shew that tho chords joining the points 
each through a fixed point. 

15. Show that, if a parabola touch two ‘ tt 

lines, and tho line joining the points of con . 1 

fixed point, the locus of the focus will be a circle. 
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16. If the axis of the parabola Jax+ Jby = 1 pass through 
a fixed point, the locus of the focus will be a rectangular 
hyperbola. 

17. From a fixed point 0 , a pair of secants are drawn 
meeting a given conic in four points lying on a circle; shew 
that the locus of the centre of this circle is the perpendicular 
through 0 to the polar of 0. 

18. TP, TQ are tangents to a conic, and R any other 
point on the curve; RQ, RP meet any straight line through T 
in the points K, L respectively; shew that QL and PK inter¬ 
sect on the curve. 

19. Any point P on a fixed straight line is joined to two 
fixed points A, B of a conic, and the lines PA, PB meet the 
conic again in Q, R ; shew that the locus of the point of inter¬ 
section of BQ and AR is a conic. 

20. The confocal hyperbola through the point on the 

n •> 

it* - *?/” 

ellipse ‘~ 2 + = 1 whose eccentric angle is a has for equation 

•» •» 
a “ y « 

—-—- —or — 6 *. 

COS* a sill* a 

21. Find the locus of the points of contact of tangents to 
a series of confocal conics from a given point in the major axis. 

22. If A, fL be the parameters of the confocals which pass 
through two points 7', Q on a given ellipse, shew (i) that if 
P, Q be extremities of conjugate diameters then A + /* is con¬ 
stant, and (ii) that if the tangents at P and Q be at right angles 

then - -i- — is constant. 

A 

23. Shew that the ends of the equal conjugate diameters 
of a series of confocal ellipses are on a confocal rectangular 
hyperbola. 

21. Find the angle between the two tangents to an ellipse 
irum any point in terms of the parameters of the confocals 
through that point; and shew that the equation of the two 
tangents referred to the normals to the confocals as axes will bo 
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25 The straight lines OP I’, OQQ' cut an ellipse in P,P 
and Q, Q respectively and touch a confocal ellipse; prove that 

opop.q<T=oq.oq'.pp. 

OG The locus of ^ 

iz:: zzzgz ^ 

£OCi 27. Shew that the locus of 

r 2 = (a- - b-) cos 29. 

28. If a triangle be winH^ri^S 

a confocal ellipse, the points ot contact 

circles of the triangle. , 

29. If an ellipse ^ve double contact w. h ea* o^two 

confocals, the tangents at the points ot contact 
rectangle. ( 

30. If from a fixw ^ i,l ^rind the rmals -it “the 

^ the ^ of « *. a 

straight line. 

31. A triangle citcum^iWs an ellipse^ 
angular points lie on a confocal el1ip-c,P™ 
angular point lies on another confocal ellipse. 

32. An ellipse and 

totes of the hyperbola lie a e ^ ' 1 m J t at right angles 

of the axes of the elhp. 

33. Four normals are drawn to an ellipse from a p.. 

prove that their product is 

X,/V, (A, — K) 

"a- -> ’ 

where X„ K are the parameters of the co'rfoc J ” 
ellipse which pass through l\ a.ul «, b the 
given ellipse. 
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34. Shew that the feet of the perpendiculars of a triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle. 

35. TP , TQ are the tangents from a point T to a conic, 
and the bisector of the angle P'J'Q meets PQ in 0 ; shew that, 
if BOR be any other chord through 0 , the angle RTR will be 
bisected by OT. 

36. If two parabolas are drawn each passing through three 
points on a circle and one of them meeting the circle again in 
D, the other meeting it again in E , prove that the angle 
between their axes is one-fourth of the angle subtended by EE 
at the centre of the circle. 


37. If ABC be a maximum triangle inscribed in an ellipse 
and tho circle round ABC cut the ellipse again in E, shew 
that the locus of the point of intersection of the axes of the 
two parabolas which p;iss through A, B, C, E is a conic similar 
to the original conic. 


38. If any point on a circle of radius a be given by tho 
co-ordinates a cos 0 , a sin 0 , shew that the equations of the axes 
of the two parabolas through the four points a, /?, y, 8 are 


x cos 


S + y sin S= 2 ( C0S + cos <' y - » + 005 , 

J 4 l+cos (S-o) ) 

. „ « a f sin (S - a) + sin ( S - fS) + sin (S - 7)1 

x sin S—y cos .$ = --■{ . v 7 v ^ x "I, 
J 4(,+ sin (S- 0 ) } 

where 4 .S' = a + /? + y + 8. 


If tho axes of tho two parabolas intersect in P, shew that 
the live points so obtained, by selecting four out of live points 

on the circle in all possible wavs, lie on a circle of radius 7 . 


39. If A, B, C, E be the sid>s of a quadrilateral inscribed 
in a conic, the ratio of the product of the perpendiculars from 
any point P of the conic on the sides A and C to the product 
of the perpendiculars on the sides B and E will be constant. 
Shew also, that if A, B, C , E, E, F,... be the sides of a polygon 
inscribed in the conic, the number of sides being even, the 
continued product of tho perpendiculars from any point on 
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. , a F F will be to the continued 
the conic on the sides A, C, . fc the sides 

product of the perpendiculars from the same poi 

H,Z>, F,... in a constant ratio. 

40 O is the centre of curvature at any point of 

ellipse * + £ - 1 ;Q.X «• the feet o£ the other two normals 
drawn f ron/o to the ellipse; prove that, if the tangent^ 
and R meet in T, the equation of the locus of 7 is ^ + y « 

f4iiuu M5L* St =“ 

IASS &5S54 

to the six lines joining the P* L,r! \ 1 ints w hero these lines cut 

that the sum of the abscissa ot the po nts ^ of the 

the parabola is constant if the abscissa 

circle is constant. . ... 

42. Three straight lines form a““^1^"?^ 

respect to a rectangular hypeibola tl , e centre, 

to vary while the lines remain fixed, find the loc 

43. If a circle be t in"riU’in 

shew that an infinite number of timn 0 111 

the ellipse and circnmscribed about the circle, >f c~Z + b’ 

where c is the radius of the circle, and a, l the “ ,m " lxts r 
the ellipse. , ; lW 

44. Find the points on an ellipse c ?,x-lo ‘at V 

circle at P passes through Q t and the osculatn 0 

passes through P. 

45. Provo that the locus of the JjVh a given 

hyperbolas which have contact of the th 

parabola is an equal parabola. . 

46. P, Q arc two points on an C, ^‘- ^ ^M.bte'.uls at P, 

normal at P bisects the angle the noini. . ; V' t /> 8 ub- 

the normal at Q will bisect the angle the in¬ 
tends at Q. 
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47. Shew that the centre of curvature at any point P of 
an ellipse is the pole of the tangent at P with respect to the 
confocal hyperbola through P. 

48. ABC is a triangle inscribed in an ellipse. A confocal 
ellipse touches the sides in A', B', C'. Prove that the confocal 
hyperbola through A meets the inner ellipse in A'. 

49. Of two rectangular hyperbolas the asymptotes of one 
are parallel to the axes of the other and the centre of each lies 
on the other. Shew that an infinite number of circles can be 
drawn through the centre of one conic so as to cut the other 
conic in three other points P, Q, R such that the triangle 
PQR is self-polar for the first conic. 

50. A circle through the centie of a rectangular hyperbola 
cuts the curve in the points A, B, CD. Prove that the circle 
circumscribing the triangle formed by the tangents at A , B , C 
passes through the centre of the hyperbola and has its centre 
at the point on the hyperbola diametrically opposite to D. 



CHAPTER XII. 


ENVELOPES AND TANGENTIAL EQUATIONS. 

23G. WE have already found the envelope of a moving 
line in certain simple cases [Art. 10SJ. 

We proceed to find the envelope of the line 

lx 4- my + 1=0 

when l and m are connected by any equation of the soeom 
degree. 

237. To find the envelope of the line lx+my + 1 

Where a p + 2 hlm + b»S + 2 gl + 2f'n + c = 0. 

If the line po« through a & given 

condition homogeneous in l and m, we have the 

aZ 2 + 2 him + 6m* - 2 +>0 ( la/ + + C (/ "' + ‘ 

The two values of the ratio i give the direction, of 

the two lines which pass through the point ( > J 

If (x\, f) be a point on the-curve which 

the moving line, the tangents r mi must he equal, 

and therefore the roots of the above equation 

The condition for this is . , .» 

(a - 2 yx + ex' 2 ) ( h - 2fy + cy ,J ) = {h-<JJ -J* 
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which reduces to 

a;' 2 (be -/ 3 ) + 2aY (fg - ell) + y' 2 (ca - g 2 ) 

+ lx (fh —gb) + 2 'if (gh — fa) + ab—h?= 0. 

The required envelope is therefore the conic 
Ax 2 + 2 Hxy + By 2 + 2(7# + 2Fy + (7=0, 
where A, B, C, F, G, H mean the same as in Art 179. 

The condition that lx + my -f 1 = 0 may touch 

Ax 2 + 2Hxy + By 2 + 2Gx + 2 Fy + C = 0 is aP + 2 him + bm 2 +2gl + 2 /m+ 0 =O. 

Hence by comparing with the condition found in Art. 179, we see that 
a, b , c , Ac. must be proportional to the minors of A f B , (7, <fcc. in the 
determinant 


A, 

s, 

G 

II, 

B, 

F 

o, 

F, 

C 


This is easily verified, for the minor of A is BC -F 2 , or 

(ca - g 2 ) (ab - 7i 2 ) - (gh - a/) 2 f that- is aA; 
aud so for the others. 

It should also be noticed that 


! A, 

ii, 

G 

— 


h, 

9 

\ H, 

B, 

F 


h, 

b, 

f 

; g, 

F, 

C 


9, 

f. 

c 


for the first determinant is 

A<iA + llhA + GgA = A 2 . 

To find the centre of the conic 0(7, m) = 0. 

Dio two tangents which aro parallel to the axis of y are given by the 
equation 

aP + 2gl + c = Q .(>)• 

Now if the tangents parallel to ?/ = 0 are l\X + 1 = 0 and l*x + 1=0, 

\ 11 .7 

we have r + r = - 2 -. 

h ‘2 c 

But the ceutre of a conic is on a lino midway between any pair of 
parallel tangents. 

Hence the centre is on the lino 

2x + y 4 - - =0, i.e. on c.r - 7 = 0 . 

*1 *2 

Similarly the centre is on cj/-/=0. 

Thus the centre of the conic is (g/c, f/c). 
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Ex. 1. To find the envelope of the line lx + my + 1 =0 ic ith the condition 

f + l + h = 0. 

I m 

The directions of the two lines through (x, y) arc given by 

him - (/m + gl) {lx +»»»/) = °- 

They will the refore coincide if 

\fgxy = (fx + <jy - h)-. 

This is equivalent to 

v/.r + sTgy +-Jh = 0. 

Ex. 2. Triangles are inscribed in the conic S’ =x-/a''-+ y-Jb ■- 1 = 0 
and two of the sides touch the conic 5ssx»/«* + y^lfi - 1 = °. *'»«* t,,c 

envelope of the third side • 

The equation of the tangents from A (x\ y') on S’ to the come S = 0 is 

. 

Now, if 11C bo lx + my + n = 0, 

S + r »- 1 - x (^ + ^- 1 ) (,x+ "' ! ' + ’ ,)=0 . l,i) 

will for some value of X be the same as the lines given by (i). 


Henco 


and 


hf nix' _ xy 
V* + a'* M a- 0 - 

x> 

y' v 

m ~ n b‘i = /x b-' 


Mult 


iply in order by 1, jC., then wo hav 


2l/b‘ 


and 


1 +* 

1 1 

f.| | «| 1 

| — px' I ., 

«*i» a a-0- 

« 


1 1 

+ 1 > 


a-b- a-b'* 

a 


JL + JL 

1 > 

1 a-b-) 

|=/*AT. 
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But ar' 2 /fl' 2 + t/' 2 /6' 2 =l. Hence we have 


P 


m- 


it* 


.Cm)- 


a^b'^L 2 r a'*b^M- a‘*b’*N- 

Hence the envelope of &r+mi/+n=0 with the condition (iii) is 

— x 2 + —?/ 2 =N 2 


The envelope is the conic S itself if 

a 2 L 2 1 2 -T/ 2 
a' 2 “ i" 2 


=A T2 , 


which reduces to — , ± r-,±l = 0. [As in Art. 205.] 

a o 


238. If the equation of a straight line be 

lx + my + 1=0, 

then the position of the line is determined if l, m are 
known; and by changing the values of l and m the 
equation may be made to represent any straight line 
whatever. The quantities l and m which thus define the 
position of a line are called the co-ordinates of the line. 

The line lx + my + 1 = 0 will pass through the fixed 
point (a, b) if la + mb +1 = 0, which is therefore called the 
equation of the point. 

If the co-ordinates of a straight line are connected by 
any relation, the line will envelope a curve; and the 
equation which expresses the relation is called the tan¬ 
gential equation of the curve. 

If the tangential equation of the curve is of the ?*th 
degree, then n tangents can be drawn to the curve from 
any point. 

Def. A curve is said to be of the nth class when n 
tangents can be drawn to it from a point. 

We have seen [Art 237] that every tangential equation 
of the second degree represents a conic; also [Art. 179] 
that the tangential equation of any conic is of the second 
degree. 
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If the equation of a straight line be lx+my+ n - 0 , *e 
mav call l , m, n the co-ordinates ot the line; and if the 
co-ordinates of the line satisfy any homogeneous equation, 
the line will envelope a curve, of which that equation is 

called the tangential equation. 

The equation of the poiut of contact of the tangent M + '"*'/ + 1 = 0 
to tue conic whose tangential equation is *(*, "0=0 can be found « the 

following manner. [See Art. 178.] 

The equation 

a (l - M (l - y + h[[l- h) ("* - w* 2 ) + ( f - *-') ("* " M,,) ‘ 

+ b (m - ».,)("* “ = aP + 2Mm + bm ' + 2[ ' 1 + ~ J " 1 + C " 10 

when simplified is of the first degree, end therefore is the cation of 

‘““if woput 1 = 1 1 a»<* ™ = "‘> in the lc " BiJ ° Va ' ,iSheB idC “ , ! Call> i ;“ n D ct 
the right side vanishes since the line (I. n„) touchesthe come n 

the line (f„ «,) passes through the pomt (.). &° also the lute V „ .) 

passes through the point ( 1 ). . » 

Hence the point (i) is the intersection of the 1 hm» ^ 

If we now put /,=!. and m, = m, in the equaUon Ltt ' C 

equation of the point of contact of the tangent /,* + »*,¥ + " U ’ 

This equation, after reduction, will be found to be 

l {a l t + /«»«, + ft) + »* («i + 6m, +/) + Oh +/"«i + c “°- 

Now suppose that I l x + m l y + 1 = 0 is not a tangent. 

Let ,L„ Jf J. (lie. •«,■) ‘»o •» lh< = °' ' 

,,J TheCaUo^s of the point, of contact of these tangents are 

i (a/., + hMi + tl) + -a (>*/-. ++/> + « L ' +/ ' U| ^ ~ 

The conditions that these two points are on the line 

I, (oL 1 + /iJ/,+iO + '“l (i't-1 t- t-lii +/) ' - rU > 1 

ic L] (all + hell + Pi + -ill (i'll + +f) + 9 t l +f"‘l + r = Ac ‘ 

1 *°* ,V , , n /r, l/„> pass through the 

It therefore follows tlmt the lines - u i). ‘ J 1 

point whose equation i« ^ 

!(„(.++ o) + -»(*>.+»«* ++/ "“ +1 , _ „ 

Which i, therefore the elation of the pole of the lino f,x + »* + - ■ 
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Ex The centre of the oonic is the pole of the line at infinity, that 
is of the line (0, 0). 

Hence the tangential equation of the centre is 

gl+fm + c= 0. 

239. To find the director-circle of a conic whose 
tangential equation is given. 

Let the tangential equation of the conic be 

al- + 2 him + bm* + 2 gl + 2 fini + c = 0 . 

As in Art. 237, the equation 

al- + 2 him + bm- -2 (gl +fm){lx + my) + c (lx + my )-=0 

gives the directions of the two tangents which pass 
through the particular point {pc, y). These tangents will 

es to one another if — — + 1 = 0, that is, 

nil 

if the sum of the coefficients of l 2 and 7?i a is zero. 

If therefore (#, y) be a point on the director-circle of 
the conic, we shall have 

a — 2gx + co.- 2 + b — 2 fy + cy- = 0 .(i). 

The centre of the conic, which coincides with the centre 

of the director-circle, is the point ^ 

If c = 0, the equation (i) is the equation of a straight 
line. The curve is in this case a parabola, and the 
equation of its directrix is 

2gx + 2 fy — a — b = 0 .(ii). 

In the above we have supposed the axes to be rect¬ 
angular ; if, however, the axes of co-ordinates are inclined 
to one another at an angle to, the condition that the 
straight lines may be at right angles is 

a — 2gx 4- cx 1 -f b — 2 fy + cy- + 2 cos to (h — gy —fix + cxy)= 0 . 

The centre of this circle is (gfc, f!c\ 



be at right angl 
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Hence whether the axes are rectangular or oblique 
the centre of the conic, which coincides wrth the centre oi 
the director-circle, is (g/c,/lc), as in Art. -3/. 

240. To find the foci of a conic whose tangential 
equation is given. 

Let (x v ) and (x. Jy yd be a pair of foci (both being 
real^b^h/iginaJy) 

diculars on any tangent ix+my+l -O ls eq 
square of a semi-axis. 

Hence 

(lx, + my, + 1 )(lx, + my, + 1) - r 3 («’ + O = 

must be identical with 

al* + 2 him + bar + 2 gl + 2fm + c = 0.0 a 

Hence 

°hy-t + Wj _ Vdhzf = fi = y ' Z-P = \ • 

- d - -2/C~ b 2 <J -J C 

Hence 

c^ 2 - cy x y, = a-b and cx x y, + cx,y t = 2 h. 

Also cx 2 = 2g- cx , and cy 2 = 2/ - cy,. 

Eliminating *, and y a from the above equations, we see 
that a focus (x t , y x ) is on the two conics 


and 


cx* — cy 7 — 2gx + 2/y + a b-0, 
cxy — fc — yy + h = 0. 


In the above the axes were supposed to he rec ^"£“ , “ r - t for *2 + 

, )•; . •/ *}]tn r.Ofl OJ i 

are inclined at an angle 

in equation (i). 
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241. To find the lengths of the axes of the conic whose 
tangential equation is given. 

As in the preceding Article, if {x l ,y l \ (# a , 2 / 2 ) are a pair 
of foci, 

c (lx x + my x + 1) ( lx 2 4- 771 . 7/2 + 1) - cr 3 (l 2 + m s ) 

= al 2 + 2 him 4- hm 2 + 2 gl 4- 2 fm + c. 

Hence 

(a 4 cr 2 ) Z 2 4- 2AZ/71 4* (6 4* cr 2 ) m 2 4- 2</Z 4- 2fm + c 
is the product of linear factors, the condition for which is 

a + cr 2 , h , g 

h , b + cr f 

9 > f » c i 

Hence the equation giving the squares of the semi¬ 
axes is 

c 3 /* 4 4- cr 2 (be —f 2 + ca —g t ) 4 A = 0. 

242. Confocal Conics. If fa , y x ), (x*, y 0 ) are the 
foci of a conic, its tangential equation is identical with 

(lx , + my x + 1 ) (lx., 4- my 2 4 1) — r 2 (l 2 4 m 2 ) = 0. 

Hence, if 

al- 4 2 him 4 bm- 4 2 gl 4 2 fm 4 c = 0 

is the tangential equation of a conic, the tangential 
equation of any confocal conic is 

al- 4 2hlm 4 bm 2 4 2 gl 4 2 fm + c + \(l 2 + in"-) = 0. 

To find the general equation of conics confocal with (f> (x, j/) = 0 we 
therefore proceed as follows. 

The tangential equation of <p (x, y) = 0 is 

A P + 2 Him +jBm2 + 2 Gl + 2 Fm + C = 0. 

Hence the tangential equation of any confocal conic is 

(A + X) l 2 + 2Hlm + (75-f\) m2 + 2GZ + 2Fm + C = 0. 

Hence the corresponding Cartesian equation is 

ax 2 + 2 h'xy + b'y 2 -f 2<fx + 2/'y -f c' = 0, 
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•where a', &c. are to be found from 

| A + X, H • G 

h , n+\, f . 

| G , F , C 

Hence a' = BC - F* + \C = a± + \C, h' = FG - C// = ftA, i' = bA + XC, 
rf=gA - XG, f =/A - XF and c' = cA + (-•* + B) X + X 2 . 

Thus the general equation of a conic confocal with <f> (x, y> = 0 is 

A <p (x, y) + XD + X- = 0, 

where D = C (x 2 + y-) - 2Gx - 2Fr/ + .1 + F, 

so that D=0 is the equation of the director-circle. 

243 If 5 = 0 and S' = 0 arc the tangential equations 
of two conics, then S-XS' = 0 will be the general 
tangential equation of a conic touching t le common 

tangents of S = 0 and S' = 0. 

For, if S = 0 be 

al 3 4 - 2 him 4 bm- 4 2 \gl 4 2 Jm + c = 0 , 


and S' = 0 be 

a'l- + 2 h'lm 4 b'mr 4 2 gl' 4 2 fm' 4 c = 0, 

then S — XS' = 0 is the tangential equation of a come ;aiid 

any values of l and m which satisly both / cl K * 
will, whatever X may be, satisfy S— XS = ). 

Hence the conic S- XS'= 0 will touch the common 
tangents of S = 0 and S' = 0. 

244. To find the locus of the centres of the comes 

which touch Jour fixed straight lines. 

Let S t = 0 and S 9 = 0 be the tangential equations oi 

any two conics which touch the foui 1,KS > , . , 

S*-XS 2 = 0 will be the general equation of a conic 

touches the lines. 

Now the centre of — XS 2 = 0 is given by the < quatmns 

(cj - Xc 2 ) x — (g x — Xg.) = 0 and (c, - Xc 2 ) y - (f - W = 
Eliminating A we have the required equation, name y 

x (c, f — c.f) 4 y (cjji — Cigi) +fff* —f-d' 
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Ex. The locus of the poles of a given straight line, with respect to a 
system of conics which touch four given straight lines is a straight line. 

The equation S,+XS 2 =0 is the general equation of a conic -which 
touches the common tangents of the two conics whose tangential equa¬ 
tions are S x =0 and S 2 =0. 

Now the equation of the pole of the line whose co-ordinates are l', m' 
with respect to tho conic Si + XS 2 =0 is [Art. 238] 

Z (a x V + h x m r +g\) + m (li x l' + b x m' +f x ) +g x l' + c x 

+ X{ l (ad' + h 2 m'+g 2 ) + m + h 2 m' +f 2 ) + g«l' +j\m' + c«} = 0- 

The above equation shews that the pole of the line (Z\ m') for the 
conic S, + XSo=0 is on the join of the points whose equations are 
l (a x V + h x m' +g x ) + m (li x V + b x m' +/i) + g x l‘ +f\tn’ + Cj = 0, 
and l (« 2 l' + hnvi’ + g 2 ) + m [hg? + h>m' +f$ + gd' +f 2 m' + c 2 =0. 

This proves the theorem. 

245. The director-circles of all conics which touch four 
given straight lines are coaxal. 

The general equation of a conic touching four given 
straight lines is S x — \S., = 0, where S x = 0 and$ 2 = 0are 
the tangential equations of any two conics of the system. 

Now the director-circle of S x — \S 3 = 0 is 
a x + b x - 2 g x x -2 fy + c, (a* + if) 

- \ {a.. + b 2 - 2 g 2 x - 2 f 2 y + c, (a? + y 3 )} = 0 , 

which clearly represents a system of coaxal circles, the 
radical axis being 

2 (< 7 i/ci - gjc*) ^’+2 (f/c x -f*/c) y-{a x + bfc, 

+ (^2 + b a )fc 1t = 0. 

One of the conics of tho system is a parabola, and the 
directrix of this parabola is the radical axis of the coaxal 
system. 

246. The director-circles of all conics which touch 
three given straight lines are cut orthogonally by the same 
cit'd e. 

The general equation of a conic which touches three 
given straight lines is 

Xi<Sj + Xo»Sf 2 4-\ 3 <S , 3 = 0 .(i)» 
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where X,, X._„ X, have any values, and S x = 0, S 3 = 0, S 3 = 0 
are any three conics which touch the lines. 

Now from Art. 239 we see that the equation of the 
director-circle of a conic is of the first degree in a, h, b, Ac. 
It therefore follows that if C x = 0, C 2 = 0, C 3 = 0 are the 
director-circles of £, = (), S, = 0, S 3 =0 respectively, the 
equation of the director-circle of 

X, <$i + Xj»S 2 + = 0 

will be X, C\ 4- X,C 2 + X 3 = 0. 

Now a circle will cut any three circles C\ = 0, C, = 0, 
C'=0 orthogonally, and from the condition found in 
Art. 81 it is easily seen that if a circle cuts orthogonally 
the three circles C',=0, C 2 = 0 and C 3 — 0, it will tut 
orthogonally every circle of the system 

x, c\ 4- x.r;„ +■ XjC* a = o. 


Examples on Ciiaptkk XII. 

1. PN, DM are the ordinates of an ellipse at the extremi¬ 
ties of a pair of conjugate diameters; find the envelope of D 
Find also the envelope of the line through the middle points ot 

NP and of MD. 

2. AD and A'D' are two given finite straight lines, a line 
PJ y cuts these lines so that the ratio Al : 7 /> is equal to 
A'P' : P'D' ; shew that PP' envelopes a parabola which touches 

the given straight lines. 

3. GAP , O/SQ are two fixed straight lines A, D are l.x. u 
points and P, Q are such that rectangle A P. is conMan . 
shew that 1*Q envelopes a conic. 

4. Circles of given radius touch a given straight lint*. 
Prove that the polars of a given point with iesp. ct 
circles envelope a parabola. 

5. Prove that the envelope of the polars of -y 1 '*"| point 
with respect to circles of constant radms and "ho.o 

aro on a given circle, is a conic. 
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6. Through any point ?ona given straight line a line 
PQ is drawn parallel to the polar of P with respect to a given 
conic ; prove that the envelope of these lines is a parabola 

7. If a leaf of a book be folded so that one corner moves 
along an opposite side, the line of the crease will envelope a 
parabola. 

8. An ellipse turns about its centre; find the envelope of 
the chords of intersection with the initial position. 

9. An angle of constant magnitude moves so that one 
side passes through a fixed point and its summit moves along 
a fixed straight line; show that the other side envelopes a 
parabola. 

10. The middle point of a chord PQ of an ellipse is on a 
given straight line; shew that the chord PQ envelopes a 
parabola. 

11. Any pair of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse in P, Q ; shew that 
PQ will envelope a similar and similarly situated ellipse. 

12. If the sum of the squares of the perpendiculars from 
any number of fixed points on a straight line be constant, 
shew that the line will envelope a conic. 

13. The sides of a triangle, produced if necessary, are cut 
by a straight line in the points L, J f, A respectively; shew 
that, if LM : MX be constant, the line will envelope a parabola. 

14. Tlirough a fixed point on the axis of a parabola any 
line is drawn cutting the curve in the points P , Q and the 
circle through P , Q and the focus S cuts the parabola again 
in the points I y , Q'. Prove that P Q' envelopes another para¬ 
bola whose focus is 

15. Prove that, if the centroid of any triangle PQR 
inscribed in the rectangular hyperbola xy = a 3 is at the fixed 
point (a, ft), the sides of the triangle envelope the conic whose 
equation is -Ur (x — 3a) Qj — 3 ft) = ( 3ftx + 3 ay — 9aft — a 2 ) 2 . 

16. Any chord PQ of ar/a 2 + y^/b" — 1 = 0 is drawn through 
the fixed point {/, </). Shew that, if the circle through P, Q 
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and the centre o£ the ellipse cuts the ellipse again in R, S, 
then ItS will touch the parabola 

(/- + f) (x- + y-)~~ \xf~ U ( J + “ b ')Y = °- 

1 7 Triangles are inscribed in f - 4 ax = 0 and two of the 
sides touch (a; — 3a)' + f = c " > find the onvelope of tl. tl. d 
side, and prove that the envelope is the cucle itsclt it c - -ce. 

IS. The asymptotes of all conics which touch two given 
straight lines at given points envelope a parabola. 

19 A parabola touches two fixed straight lines and 
passes thVough a fixed point. Prove that rts d.rectnx en- 

velopes a conic. 

oq The four normals to an ellipse at 7', <?, A, *S meet in 
a point; prove that if the chord PQ pass through a fixed point, 
the chord ItS will envelope a parabola. 

91 \ rectangular hyperbola is cut by a circle of any 

* 32 

intersection are either parallel to an 
or are tangents to a fixed parabola. 

22 Shew that the envelope of the polar of a £ven. point 

with respect to a syste.n of ellipses 
magnitude and direction and whose centres a.o 

straight line is a parabola. 

23. Of two equal circles one 
D&sses through a fixed jKjint; she 

envelopes a conic having the fixed po>nt for torus. 

24. If pairs of radii -tores hedrawnfn.m the * 

an ellipse making with the majo. . - j oi „i„g their 

right angle, the locus of the poles of t v c. r j » t) , ; 

extremities is a concentric hyperbola, and the 1 

chords is a rectangular hyperbola. 

25. From any point on one ^ ^ 

meters of a conic lines are diawn points V; shew 

-d these lines hy^rbolu. 

that the envelope of J ^ rcci » J 
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26. PNF is the double ordinate of an ellipse which is 
equi-distant from the centre C and a vertex; shew that if 
parabolas be drawn through P, F, C, the chords joining the 
other intersections of the parabola and ellipse will touch 
a second ellipse equal in all respects to the given one. 

27. Two given parallel straight lines are cut in the points 
P, Q by a line which passes through a fixed point; find the 
envelope of the circle on PQ as diameter. 

28. The envelope of the circles described on a system of 
parallel chords of a conic as diameters is another conic. 

29. A chord of a parabola is such that the circle described 
on the chord as diameter will touch the curve; shew that the 
chord envelopes another parabola. 

30. Shew that the envelope of the directrices of all 
parabolas which have a common vertex A, and which pass 
through a fixed point P, is a parabola the length of whose 
latus rectum is AP. 

31. Provo that, if the bisectors of the internal and exter¬ 
nal angles between two tangents to a conic be parallel to 
two given diameters of the conic, the chord of contact will 
envelope an hyperbola whose asymptotes are the conjugates of 
those diameters. 

32. The polar of a point P -with respect to a given 
conic S meets two fixed straight lines AB, AC in Q, Q' ; shew 
that, if AP bisect QQ\ the locus of P will be a conic; shew 
also that the envelope of QQ will be another conic. 

33. If two points be taken on a conic so that the har¬ 
monic mean of their distances from one focus S is constant, 
shew that the chord joining them will always touch a conic 
ono of whose foci is S. 

31. The envelope of the chord of a parabola which sub¬ 
tends a right angle at the focus is the ellipse 

(a: - 3a) 3 + = 8a 2 , 

y 3 — 4 ax = 0 being the equation of the parabola. 

35. A chord of a conic which subtends a constant angle 
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at a given point on the curve envelopes a conic having double 
contact with the given conic. 

3G. Through a fixed point a pair of chords of a circle are 
drawn at right angles; prove that each side of the quadri¬ 
lateral formed by joining their extremities envelopes a conic 
of which the fixed point and the centre of the c.rcle ate foci. 

37. The perpendicular from a point S on its polar with 
respect to a parabola meets the axis of the parabola in C ; 
shew that chords of the parabola which subtend a right angle 
at S all touch a conic whose centre is C. 

38. Shew that chords of a conic which subtend a right 
angle at a fixed point 0 envelope another conic. 

Shew also that the point ? is a focus of the envelope ancl 
that the directrix corresponding to O is the polar 
respect to the original conic. 

Shew that the envelopes corresponding to a system of con¬ 
centric similar and similarly situated conics are con focal. 

39 \ fixed straight line meets one of a system of confocul 
conics in X VI and J& is the line joining the feet of the other 
two normals drawn from the point of intersection o . 
normals at P and Q. Prove that the envelope of hS is 

parabola touching the axes. 

40 If a line cut two given circles so that the portions of 

the lino intercepted by the circles are in a constant ratio sl.eu 
that it will envelope a conic, which will he a parabola it 
ratio be one of equality. 

41. Chords of a rectangular hyperbola at right angles; t«. 
each other subtend right angles at a fixed point O ; shew . 
they intersect in the polar of O. 

40 Shew that if AP, AQ be two chords of the parabola 
y 3 — \ax = 0 through the vertex A, which make an aiigh 

Z with one another, the line PQ will always touch the ellipse 

4: 

(x - 1 2a) 2 + 8 y a = 128a-. 
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43. Pairs of points are taken on a conic, such that the 
lines joining them to a given point are equally inclined to a 
given straight line; prove that the chord joining any such pair 
of points envelopes a conic whose director-circle passes through 
the fixed point. 

44. Chords of a conic S which subtend a right angle at a 
fixed point envelope a conic S'. Shew that, if S pass through 
four fixed points, S' will touch four fixed straight lines. 

45. A conic passes through the four fixed points A, B,C, 
D and the tangents to it at B and C are met by CA, BA 
produced in P, Q. Shew that PQ envelopes a conic which 
touches BA, CA. 

4G. If a chord cut a circle in two points A, B which are 
such that the rectunglc OA. OB is constant, 0 being a fixed 
point, shew that the envelope of the chord is a conic of which 
0 is a focus. Shew also that if OA 2 + OB 2 be constant, the 
chord will envelope a parabola. 

47. On a diameter of a circle two points A, A are taken 
equally distant from the centre, and the lines joining any point 
P of the circle to these points cut the circle again in Q, R; 
shew that QR envelopes a conic of which the given circle is 
the auxiliary circle. 

48. Chords of cur + bif -1=0 which subtend a right 
angle at the point (a, ft) envelope a conic the equation of 
whose major auxiliary circle is 

(a + 6) ( x' : + 2 f)~ -box — 2 afty + bar + aftft —1=0. 

49. Points P, Q are taken one on each of two given 
??ircles such that the tangents at P and Q are perpendicular. 
Provo that P(J envelopes a conic. 

50. Shew that the locus of the centre of a conic which is 
inscribed in a given triangle, and which has the sum of the 
squares of its axes constant, is a circle. 
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TRILINEAR CO-ORDINATES. 

247 Let any three straight lines be taken which do 
not meet in a point, and let ABC be the triangle formed 
bv them Let the perpendicular distances ot any po 
from the sides BC,CA, AB be «, (3, 7 respectively; then 
a Q ry are called the trilinear co-ordinates of the point 1 

be some relation connecting the three. 

The relation is 

a a + lft + cy = 2 A, 

true! by*drawing figures for the different cases. 

248. By means of the relation a* + 10+ <*7 ~ jj* 

Xha°o £« 

0 % Sfy a hS:,. -> u » tiun - 

then kaJc/3, Icy will also satisfy that equation. ]2 
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249. If any origin be taken within the triangle, the 
equations of the sides of the triangle referred to any 
rectangular axes through this point can he written in the 
form 

— xcos0 1 — y sin 0 a +pi = 0, 

— x cos 0 a — y sin 0- +p« — 0> 

— x cos 0 3 — y sin 0 3 -t-p s = 0, 

where cos (0 2 — 0 3 ) = — cos A, cos (0 3 — 00 = — cos B, 
and cos (0, — 0 2 ) = — cos C. 

[We write the equations with the constant terms posi¬ 
tive because the perpendiculars on the sides from a point 
within the triangle are all positive.] 

We therefore have [Art. 31] 

a =pi — x cos 0i — y sin 0!, 

/S =p, — x cos 0-j — y sin 0 a , 

7 =p 3 — x cos 0 3 — y sin 0 3 . 

By means of the above we can change any equation in 
trilinear co-ordinates into the corresponding equation in 
common (or Cartesian) co-ordinates. 

250. Every equation of the first degree represents a 
straight line. 

Let the equation be 

la + mfi + ny = 0. 

If we substitute the values found in the preceding 
Article for a, (3, y, the equation in Cartesian co-ordinates 
so found will clearly be of the first degree. Therefore the 
locus is a straight line. 

251. Every straight line can he represented by an 
equation of the first degree. 

It will be sufficient to shew that we can always find 
values of l, m, n such that the equation la + mfi + ny = 0, 
which we know represents a straight line, is satisfied by 
the co-ordinates of any two points. 

If the co-ordinates of the points be a, ft, y and 
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a", /3", 7 " we must have 

la + mf3' + ny = 0, 
la” + mf$” 4- ny" = 0, 

and values of l , m, n can always be found to satisfy these 
two equations. 

252. To find the equation of a straight line which 

passes through two given points. 

Let a, /S', 7 '; a", /3". 7 " be the co-ordinates ot the two 

points. . . .. 

The equation of any straight line is 

la + ?/i/3 -+- ny = 0. 

The points (o', /S', 7 '), <«". /3". 7 ") aro 011 the liue if 

la + + ny = 0, 

la” + 7/1/3" + ny” = 0. 

Eliminating /, 
have 


l, 7 u, n 

from 

these three 


a » 


y 1=0. 


a', 

/S', 

/ 

7 


a", 

(3”, 

// 

7 


253. To/tnd Me condition that three given points mug 

be on a straight line. , a . 

Let the co-ordinates of the given points l>e a, P * 7 > 

’ ff these are on’the straight line whose equation is 

la + 7/i/3 + ny = 0, 

we must have lot + ny =0, 

la” 4- r/i/3" + ny” = 0. 

and *«"' + 7 /i/3"' + ny” = 0. 

Eliminating 1, m. n we obtain the re M m.ed condition, 

viz. 


l 8' v I - 
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254. To find the point of intersection of two given 
straight lines. 

Let the equations of the given straight lines be 

la -f mft 4- 717 = 0, 
and l 'cl 4* vi ft + 717 = 0. 

At the point which is common to these, we have 

a _ 0 _ 7 .(i). 

mn — m'n nl' — nl Im — I'm 

The above equations give the ratios of the co-ordinates. 

If the actual values be required, multiply the nume¬ 
rators and denominators of the fractions in (i) by a, b, c 
respectively, and add; then each fraction is equal to 

az + bft + cy 2 A 


a (mn 1 — m'n) + b {nl' — nl) 4- c (Im! — I'm) l, m, n 

V, m', n' 

! a, b y c 

The lines will not meet in a point at a finite distance 
from the triangle of reference, that is to say, the lines will 
be parallel, if 


1, m, 71 

l'y m'y n' 


= 0 . 


a, by c i 

255. To find the condition that three straight lines 
mag meet in a point. 

Let the equations of the straight lines be 

+ m^ ft + n 1 y = Q, 

La + m 4- 7i a y = 0, 
l 3 a 4- nijft 4- n 3 7 = 0. 

The lines will meet in a point if the above equations 
are all satisfied by the same values of a, ft, 7. The elimi¬ 
nation of a, ft, 7 gives for the required condition 

i h, 7i x ! = 0. 

L, 77U, Tlo 

l?, 7/13, ?i3 
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256. If Ax + By 4- C = 0 be the equation of a straight 

line in Cartesian co-ordinates, the intercepts which the 

line makes on the axes are --j, - £ respectively. Ii 

therefore A and B be very small the line will he at a very 
great distance from the origin The equation oi the line 

will, in the limit, assume the form 

0. x 4- 0. y 4- C = 0. 

The equation of an infinitely distant straight line, 
generally called the line at infinity, is theretoie 

0 . a- + 0 . y + C = 0. 

When the line at infinity is to be combined with other 

” at For if ka, k/3, Icy be ct-or<linato o^any point, the 

invariable relation gives k (a* + l'3 + cy) -- A > 

2A 

a a. 4- bft 4- cy — j, • 

If therefore k become infinitely *r«t. we h-e in the limit 

the relation act 4- Oft + cy • which are proper- 

which is satisfied by finite quantities wh ch are P™! 

distance from the triangle ot reference. 

257. To find the condition that tiro given lines may be 
parallel. 

Let the equations of the lines be* 

li 4 - in(3 4 - ny = 0 , 

Va 4 vi ft 4 - ny = °- 

If the lines are parallel their point of 
be at an infinite distance from the origin and thereto, 
co-ordinates will satisfy the relation 

act. 4- b(3 4- cy = 0. 
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Eliminating a, / 3, y from the three equations, we have 
the required condition, viz. 


Z, m, 

V, vi', 

a, b y 



258. To find the equation of a straight line through a 
given point parallel to a given straight line. 

Let the equation of the given line be 

la + + ny = 0. 

The required line meets this where 

aa + b/3 + cy = 0. 

The equation is therefore of the form 

la + ?»/3 + ny + \ (aa + 6/3 + cy) = 0. 

If /> <7> h be the co-ordinates of the given point, 
we must also have 

If -f mg + nh + \ (af+ bg -f ch) = 0. 

whence Zq + ffl/3 + n y = «cc + 6/ 3 + cy 

If -f mg + nh af + bg -f ch ' 

A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
parallel to a given straight line. 

If A be the angular point, its co-ordinates are / 0, 0, 
and the equation becomes (ma -lb)& + (na -lc)y = 0. 

259. To find the condition of perpendicularity of two 
given straight lines. 

Let the equations of the lines be 

la ■+ m/3 4- ny = 0, 

Va + m'/3 + n'y == 0. 

If these be expressed in Cartesian co-ordinates by 
means of the equations fouud in Art. 249, they will be 

x ^ cos A + mcos ^ + n cos + V (l sin 6 t + m sin d. 2 +n sin 0 9 ) 

- Ipi - vip. 2 - np 3 = 0, 
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and 

x(V cos 0\ 4“ m! cos 0? 4- nf cos 0 a ) + y{l' sin 0 X 4-m'sin 0,4 n'sin^) 
v » — l jh ~ m Pi ~ ,l pi = 0 : 

the lines will therefore be perpendicular [Art. 20] it 

(l cos 0 , + m cos 0, + » cos 0,) (V cos 0, + m' cos 0, + >«' c.« 0. ) 
4-(J sin0 1 +msin0 3 4* nsin0 3 ) (V'sin0 1 + sm 0,+n smd 3 ) - U , 

that is, if 

4- mm' 4- nn 4- {Ini' + I'm ) cos (0, ~ 

+ (win + m'«) cos (0, ~ 0 S ) + (id 4- » l) cos (0 3 ~ ) - <>• 

But cos (0* - 0 3 ) = - cos A, cos (0 3 - 0.) = - cos if, 

and cos (0, — 0>) = — cos ^ > 

therefore the recpiired condition is 

IV + mrrV + »»' - (ran + W«) cos ,1 -g, + 0 

If the two straight lines arc given by the equation 

m 3 4#4 u > 7 2 4 - 2u/3y + 2vya + Htv'aJ = 0 , 

it follows from the above that the condition of perpen¬ 
dicularity is n 

U + V + W-2U' cos A - 2v cos 7* - 2 to cos C = 0. 

2G0. To find the perpendicular distance oj a '/nut 
point from a given straight line. 

Let the equation of the straight line be 

la 4- mf3 + ny = 0. 

Expressed in Cartesian co-ordinates the equation 

*(^cos0j4- «COS 0, 4- ncos0 3 > 4- y<*«« 

The perpendicular distance ot any in the 

found by substituting the co-ordinates / 1 • p the 

expression on the left of the equation aiu ^ C(K ?fli c ients 

square root of the sum of the .square s trilinear co- 

of « and y. If this be again expressed m tnlineai 
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ordinates, we shall have, for the length of the perpen¬ 
dicular from f g, h on the given line, the value 

lf+ mg + nh ' 

V{(/ cos 0 X + vi cos 0 2 + wcos 0 3 )- -f (/sin 0 x +m si n 0 3 +n sin0 s )*} * 

The denominator is the square root of 

l- -f m 2 + n 3 + 27/i7i cos (0 2 — d 3 ) -f 27// cos ( 0 3 — 0 X ) 

+ 2/771 cos (0 X — 0 3 ), 

or of / 2 + m? + ?/ 2 — 2 inn cos A — 2nl cos B — 2lm cos C. 
Hence the length of the perpendicular is equal to 

_ lf+ mg + nh _ 

V(/ 2 4- vi* + 7i 2 — 2mn cos A — 2nl cos B — 2lm cos C)' 

261. To shew that the co-ordinates of any four points 
may he expressed in the form ±f ±g, ±h. 

Let P, Q, P, S be the four points. 


B 



Tho intersection of the line joining two of the points 
and the line joining the other two is called a diagonal- 
point of the quadrangle. There are therefore three 
diagonal-points, viz. the points A, B, C in the figure. 

lake ABC for the triangle of reference, and let the 
co-ordinates of P be f g, h. 

Then the equation of AP will be - = ^ 

g h' 

The pencil AB, AS, AC, AP is harmonic [Art. 59], 
and the equations of A B, A 0 are 7 = 0, /3 = 0 respectively, 
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and the equation of AP is | = \ ; therefore the equation 

V 


otAS will be — = —^7 • [Art. 56.] 

9 - ,l p 

The equation of CP is -.= -. 

Therefore where A-S’ and CP meet, i.e. at S, we shall 

a 0 7 


have / “ ^ - /i* 

So that the co-ordinates of S are proportional to f ff, - h. 
Similarly the co-ordinates of R are proportional to • 

Similarly the co-ordinates of Q are proportional to f,-g,h. 


262. Po e/ieu; Me equations of any four straight 
lines may he expressed in the form li ± m/3 ± n 7 — . 

Let PAT, P7£G, EKIf, FOR be the four straight 


lines. , „ , 

Let ABC be the triangle formed 

FK, EG, and DH of the quadrilateral, 

the triangle of reference. 


by the diagonals 
and take ABC for 



Let the equation of DEI' bo 

la + mp+ ny = 0. 
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Then the equation of AD is m(3 + ny = 0. 

Since the pencil AD, AB, AH, AC is harmonic 
[Art. 59], and the equations of AD,AB, AC are mfi+ny=0, 
y = 0, = 0 respectively; 

therefore [Art. 56] the equation of A if is — ny = 0. 

Since# is the point given by/9 = 0, la + n 7 = 0; and H . 
is the point given by a = 0, vi/3 — ny = 0; the equation 
of HE is 

la — m/3 + ny = 0. 

We can shew in a similar manner that the equation 
of DK is 

— la + mf3 -\- ny = 0, 
and that the equation of FH is 

la -f m/3 — ny = 0. 


EXAMPLES. 

1. The three bisectors of the angles of the triangle of reference have 
for equations p - 7 = 0, 7 - a = 0, and a -,3 = 0. 

2. The three straight lines from the angular points of the triangle of 
reference to tho middle points of the epposito sides have for equations 
bp - cy = 0, cy-aa= 0 , and aa- 13 — 0 . 

3. If A 1>'C he the middle points of the sides of the triangle of 
reference, the equations of fi’C, C’A\ A'lV will be bp + cy-aa = 0, 
i - 7 -t- a a - bp = 0 , « a + bp - cy = 0 respectively. 

•1. The equation of the line joining the centres of the inscribed and 
circumscribed circles of a triangle is 

a (cos B - cos C) + p (cos C - cos A ) + 7 (cos .1 - cos B) = 0. 

5. Find the co-ordinates of the centres of the four ciroles which touch 
the sides of tho triangle of reference. Find also tho co-ordinates of the 
six middle points of the lines joining the four centres, and show that the 
co-ordinates of these six points all satisfy tho equation 

apy + bya + ca.p = 0. 
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6 If AO, BO, CO meet the sides of the triangle ABC in A', F, ; 
and if VC meet PC in P, C'A’ meet C.4 in Q, and A'ZT meet JB » * ; 
shew that P, Q, R are on a straight line. 

Shew also that BQ, CJt, A A' meet in a point F ; CR. AP, UB meet 
in a point and that AP. BQ. CC meet in a point R . 

7 If through the middle points A’. I>\ C of the sides of a triangle 
ABC li nes A’P. B’Q, C-* be drawn perpendicular to the a,dee and e„ual 
to them; shew that AP, BQ, CR will meet in a point. 

8 . If p, q. r be the lengths of the perpendiculars from the angular 
points of the triangle of reference on any straig it me, skw 
equation of the line will be apa + bqp + cry = Q. 

9 If there be two triangles such that the straight lines joining the 
oolpltg angles meet in a print, then will tho three mtcrsechona of 

corresponding sides lie on a straight line. 

triangle A'B'C’ can bo taken to bo f ,g.h,f,j. • • 

, s\ , ft , y —n lienee tho three inter- 

B'C' cuts BC where a = 0 and — , + h _ h - 

a P y =0 1 

sections of corresponding sides arc on the lino y jy. + g _ ^ _ h' 

10. Tho lines given by tho equations a cos d+ / 5 cos PH - 7 cos C' = 0 
and aa 3 + pb 3 + yc 3 = 0 are parallel. 

11. The three external bisectors of the angles^ of a 1 icr to 

opposite sides in three points on a straight line winch 1 1 

the join of the in-centro and circumcentre. 

12. The equation of tho li... through tho middle point.^ 
diagonals of the quadrilaterals formed by the lines a , 

l 2 aja 4- m 7 p/b + ri 2 ylc = 0. 

13. If 6 ', O. N, G are respectively the circa“ceut«,. th. 
the nine-point centre and the centroid of the triangle d BC, 

of tho SONG line is ... n 

tt sin 2 ^sin(P-C)+^«m 2 C 8 in(C-d) + 7 Hin 2 Cs.n( 
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TANGENT AND POLAR 


263. The general equation of the second degree in 
trilinear co-ordinates, viz. 

no 2 + v0 1 + wf 4 - 2u'j3y + 2v'ya + 2w'a0 = 0, 

is the equation of a conic section; for, if the equation be 
expressed in Cartesian co-ordinates, the equation will be ot 
the second degree. 

Also, since the equation contains five independent 
constants, these can be so determined that the curve 
represented by the equation will pass through five given 
points, and therefore will coincide with any given conic. 

264. To find the equation of the tangent at any point 
of a conic. 

Let the equation of the conic be 

4> (a, 0, y) = ua- + v0r 4- wf 4- 2u'0y 4- 2vya 4- 2 w'a0 = 0, 

and let a 0', 7 '; a", 0", 7 " be the co-ordinates of two 
points on it. 

The equation 

u {a - a!) (a- a") + v (0 - 0')(0 - 0") + w{ y- y)(y - y") 

+ (0 - ft) (y - y") 4- 2v ( y - y) (« - a") 

4- 2 w' (a - a') (0 - yS") = cf> (a, 0, 7 ) 

is really of the first degree in a, 0, y, and therefore it 
is the equation of some straight line. The equation is 
satisfied by the values a = a', 0 = 0 r , 7 = y\ and also by 
the values a = a", 0 — 0" t 7 = 7 ". Therefore it is the 
equation of the line joining the two points (a', 0', y), 
(a", 0", y"). Let now (a", ft\ y”) move up to and ulti¬ 
mately coincide with (a, 0\ y), and we have the equation 
of the tangent at (a', ft, 7 '), viz. 

uaaf 4- V00' 4- wyy + u (0y 4- y0 > ) 

4- v ' ( 7 a 4- ay) 4 - w' ( a.0' 4- 0 a!) = 0. 

Using the notation of the Differential Calculus we may 
write the equation of the tangent at any point (a', 0 \ yf) 


CONDITION' OF TANGEXCY 


3.33 


of the conic <f> (a, /3, 7 ) = 0 in either of the formS 

d<b 0 <i<f> ^ <*<*> _ a 


or 


+ +7 '^ = 0 . 

“ da + P <W ' di 


265. To /i..d tfe condition that a given straight line 

mm/ touch a conic. . . 

The lines joining the angular point .4 to the points of 

intersection of the conic and the line 

ia + m/3 + ny = 0 . 

are given by the equation 

u (m/3 + nyf + vl-fr + wtT-f n „ » 

+ 2u'l ! /3y - 2 (vly + + M 7> - °- 

If the line (i) is a tangent, the lines given by the 
above equation coincide, the condition for ^hich is 

(urn* + vT- - ' 2 w'lm){un> + wP - 

V -(unm + uT--v'lm-wnl)- = O t 

or V (via - uf + nr(iou - v*) + n 9 («» - ">'*) 

+ 2mn (vV - u«0 + 2 "* ( wV - vy '> + 2/,,i (U ' y " } ‘ 


or 


Ut*+ Vm .* + Fn> + 2tf'»m + 2 Vnl + 2 Wlm - «■ ••(■■). 
where V, V, W, V, V, 11” arc the co-factor, of u, v, 
v, vf in the determinant 

u , w\ v' ! • 

«/, V, u 
V , u , W 

266. To find the equation of the polar of « 

^It may be shewn exactly as in Art 

that the equation of the polar of a pomt 1 
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THE CENTRE 


a conic is of the same form as the equation we have 
found for the tangent in Art. 264. 

The conditions that the two points (aj, /Sj, 71 ), (a 2 , 0s, 72 ) may be 
conjugate, and that the two lines Zja-f Tn 1 J S 4 -ni 7 = 0 > + + 

may be conjugate for the conic can be found as in Art. 181 to be 
respectively 

ua\CL2 4- 4 -*07172 + (A 72 4- £ 271 ) + v' (7i a 2 + 72 a i) 4- w ' (zifis + Baft) ssO* 

and 

I' /jZo 4 * T' /ri| 7 rto-f- JYn\ 712 + U' (wij?io 4 * wtoWi) 4 * I r/ (njJj 4 " ^2^1) 

4" W' / (Z 1 WI 2 4* ZoTUj)=0* 


267. To find the co-ordinates of the centre of a conic. 

Since the polar of the centre of a conic is altogether at 
an infinite distance, its equation is 

act + b/3 + cy = Q .(i). 

But [Art. 26G], the equation of the polar of the centre is 

d(j> i0 d(h dd> n 

a d^ + ^dA +y d^r 0 ’ 

where ^ 0 , >y 0 are the co-ordinates of the centre. 

Hence the equations for finding the centre are 

dcf> d(f> d<f> 
dcto d% dy 0 
a b c 


2GS. To find the condition that the curve represented 
by the general equation of the second degree may be a 
parabola. 

I he co-ordinates of the centre of the curve are given 
by the equations 

»g 0 + w & + v Y q _ wa 0 -f -Mi't, _ v a 0 -f u'/3 0 + wy 0 
a b ~ c ‘ 

Put each of these equal to - X, aud wo have 

J/2 0 + «•'& + y' 7o + \ a = 0, 

/va 0 + Vf 3 0 + u' 7o + \b = 0. 

v '«o + «'£ 0 + Wy 9 + Xc = 0. 




asymptotes 
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have 


Also since the centre of a parabola is at infinity, we 


acto 4- b/3 0 + C 70 — 0. 

The elimination of a 0 , ft. 7*. x ^ ves for the re( ^ uired 
condition 


M > 


v, 

a 

w'> 

v, 

«'» 

5 

V , 

u. 

W, 

c 

a , 

b, 

c, 

0 


= 0 . 


We see from the above that the parabola touches the 
line at infinity- [Art. 265.J 

v x-jzst&rtsss 

straight lines. i Art 37 

The required condition may be found as m Art. 3,. 
« « • # 


The condition is = 0, 


wviy 

or, as a determinant, 


W 






v , 
/ 

u . 


w 

V 

t 

u 

w 


= 0 . 


270. To find the asymptotes of onlv 

The equations of the curve and ot - « . 

differ by a constant. . 

Hence if the equation of the cunc be 

u* + vft + W7 2 4- 2u'fty + 2*7* + - w a ' 3 " °* 

the equation of the asymptotes will be 

utf + ^ + wy’ + 2^7 + fcyY “0 ...(i). 

The value of X is to be determined front the condti.on 
for straight lines, viz. 

u + Xa 2 , v/^ab, v+XacpO. 

«/' + Xa 6 , v + X*r, » + ^ 

v' + Xac, u + X5c, w + Xc- 
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ASYMPTOTES 


The term independent of X is 

u, id, d 
id, v , v! • 
d, v!, w 
The coefficient of \ is 


! a2 > 

ab, 

ac + u, 

w\ 

r 

V 

+ U , 

id, 

d 

w, 

v, 

u ab, 


be 

id. 

v , 

u ' , 

1 

u\ 

w d , 

t 

u , 

V) 

ac, 

be, 

c 3 

which is 

equal to 









w\ 

d, 

a I, 





1 w, 

V , 

u\ 

b 





| d, 

u, 

V), 

• 

c 





i o , 

b, 

c , 

0 




The coefficients of X• and of X 3 are both zero. 

Hence there is a simple equation for X, and therefore 
from (i) we have for the equation of the asymptotes 

( a > 7 ) j u , w', d, a + (aa + b/3 + cy) 3 u, u/, d =0. 

id, v , u', b w\ v , u 

d , u , w, c d , u', w 

1 a , b , c , 0 

271. To find the condition that the conic may be a, 
rectangular hyperbola. 

Change to Cartesian co-ordinates. Then the conic will 
be a rectangular hyperbola, or two perpendicular straight 
lines, if the sum of the coefficients of sc* and y 2 is zero. 

The condition becomes 

u + v + w - 2 u cos A - 2y' cos B — 2 iv' cos C= 0. 

272. To find the equation of the circle circumscribing 
the triangle of reference. 

It from any point P, on the circle circumscribing a 
triangle ABC, the three perpendiculars PL, PM, PN be 
drawn to the sides of the triangle and meet the sides 


CIRCUMSCRIBING CIRCLE 
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BC , CA, AB in the points L, M, N respectively; then it 
is known that these three points L , M, A are in a straight 
line. 

Let the triangle be taken for the triangle of reference 
and let a, / 3 , y be the co-ordinates of P. 

The areas of the triangles MPN, NPL, and LPM 
are ^yS^sin^., £ 7*2 sin 2 ?, and £a/3sinC respective!}. 
Since L, M, N are on a straight line, one of these triangles 
is equal to the sum of the other two. Hence, regard being 
had to sign, we have 

fiy sin A + ya sin B + a/3 sin C = 0, 
or ay9 7 + bya + ca/3 = 0, 

which is the equation required. 

Ex. The perpendiculars from 0 on the sides of a triangle meet the 
sides in D, E, F. Shew that, if the area of the triangle DEF is constant, 
the locus of O is a circle concentric with the circumscribing circle. 

273. Since the terms of the second degree are the 
same in the equations of all circles, if >S'= U ie tu 
equation of any one circle, the equation of any tit hi 
circle can be written in the form 

S + \a + + vy = 0, 

or, in the homogeneous form, 

S + (la + m/3 + ny)(aa + 5/3 + c 7 ) = 0. 

From the above form of the general equation of a circle 
it is evident that the line at infinity cuts all cik ' s 1,1 ] 

same two (imaginary) points, as we have alicu« y sec n 

[Art. 194]. 

274. To find the conditions that the curve represented 
by the general equation of the second degree may c a cue t- 

The equation of the circle circumscribing the triangle 

of reference is [Art. 27 2] 

a/3y 4 - bya + ca/3 = 0 . 

Therefore [Art. 273] the equation of any other arc e 
is of the form 

a/3y + 67 a + ca/3 + (la + m/3 + ny)(aa + b$ + cy)- U. 
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CONDITIONS FOR A CIRCLE 


If this is the same curve as that represented by 
uar + vfi 2 -f W'f + 2u(3y -f 2i/ya -f 2w’af5 = 0, 
we must have, for some value of X, 

Xu = la, Xv = mb, Xw = nc, 

2Xu' = a + cm + bn, 2Xv'=b+an+cl, and 2Xv/—c+bl+am. 
Hence 

2 bcu — c a y — b-w = 2cav — ahv — c-u = 2 abw' — b-u — ah), 
for each of these quantities is equal to C — . 

275. To find the condition that the conic represented 
by the general equation of the second degree may be an 
ellipse, parabola, or hyperbola. 

The equation of the lines from the angular point G to 
the points at infinity on the conic will be found by elimi¬ 
nating y from the equation of the curve and the equation 
act -f 6/3 + cy = 0. Hence the equation of the lines through 
G parallel to the asymptotes of the conic will be 

«c 2 a a + vc-, 9 3 + w (aa + b/3? - 2u'c/3 (aa + 6/9) 

- 2y'ca (act + 6/3) + 2w'c 2 a/3 = 0. 

The conic is an ellipse, parabola, or hyperbola accord¬ 
ing as these lines are imaginary, coincident, or real; and 
the lines are imaginary, coincident, or real according as 

(wab - u'ac - v'bc 4- w'c?)- - (tic- + wa? - 2y'ac) 

(rc 3 + wb- — 2ubc) 

is negative, zero, or positive ; that is, according as 
Ua- + Vb 3 + TFc 3 + 2 U'bc + 2 T^ca + 2 W'ab 
is positive, zero, or negative. 

27h. The equation of a pair of tangents drawn to 

* co ™J ron ) a ”y P° int . can be found by the method of 
Art. 188, and the equation of the pair of tangents at the 
extremities of any chord by the method of Art. 1S9. 

The equation of the director circle of the conic can 
be found by the method of Art. 190. 


LENGTHS OF AXES 
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The equations giving the foci and the directrices 
can be found by the method of Art. 194. 


The equations for the foci will be found to be 

fjd<f> d(f >\ 2 

4 (b*vJ + c-v - 2 leu) 4> (a, /3, y) - [0 ^ c 


= 4 (c*u + ahu - 2 cav) <\> (a, y) - ( c rt r / 7 


d</> _ d<$> V 


= 4 (a 2 u + - 2abu/) <f> (a, 7 ) - b ( fe) - 


The elimination of <f>(a, f3, y) will give the equation of 

the axes of the conic. 


277. To find the lengths of the axes of the conic 

««* + vp+ vjf + 2 u '/ 3 7 + + 2uJ ' a P = °‘ 

The tangential equation of the conic is 

Ul 2 + Vm 9 + 1 Vn* + 2 U'mn + Wnl + Wlm = 0. ..(»>■ 


Now let («„ A, 7,). («.. A. 7.) bf • I»“ 

2 ;* the length of the perpendicular axis Unu. 
la + m(3 + ny = 0 be any tangent to the conn, 

(la, + 7 / 1 / 3 , + nv Mlch + mfo + ny,) 


» + ^ - £ ™£X ='.cos o 

Hence 


— r\ 


11 V 1 IVV/ | 

(la, + m/3, + «7,)( /n » + m A + ”'ll + --lime"* O 


= X(W + 7i»* + ir» s + 2V't«« + 27'»l + 2H"M. 


then 


In this identity put «. b, c for f. «, « respectively; 


= X ((/a a + Vb> + WV + 2 U'bc + 2 V'ca + 211 ah). -(»)■ 
And, since 

\ ( Ul- + Vnd +•••) + ** & + Vl + 
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AREAL CO-ORDINATES 


is the product of linear factors, we have 

\U +r 2 , XlF'-r’cosC, XF'-r 3 cos B 

Xlf' — t^cos Gy XF 4 -r 3 , X (7' — r 2 cos A 

XF' - r 2 cos B, XtT - r- cos A, \W + r 3 



where X is given by (ii). 

The above is a quadratic equation, for the coefficient 
of r° is easily seen to be zero, and it gives the values of 
the squares of the axes of the conic. 


Areal Co-ordinates. 


278. The position of any point P is determined if the 
ratios of the triangles PBC, PC A, PAB to the triangle of 
reference ABC be given. These ratios are denoted by x , y, z 
respectively, and are called the areal co-ordinates of the 
point P. 

The areal co-ordinates of any poiut are connected by 
the relation x + y + z = 1 . 


Since * = |^, y = and 


._£7 


we at once find 


the equation in areal co-ordinates which corresponds to any 
given homogeneous equation in trilinear co-ordinates, by 

*c ?/ z 

substituting in the given equation -, •-, - for a, (3, 7 

Cl 0 c 


respectively; for example the equation of the line at in¬ 
finity is x + y + z = 0. We will however find the areal 
equation of the circumscribing circle independently. 


279. To find the equation in areal co-oi'dinates of the 
circle which circumscribes the triangle of reference. 

If P be any point on the circle circumscribing the tri¬ 
angle ABC, then by Ptolemy’s Theorem (Euclid vi. D.) 
we have 

(i). 


PA . BC ± PB. CA ± PC .AB = 0 
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But since the angles BPC and BACare equal or supple- 

PB . PC i s ; m ilarlv for y and z ; 

mentary, we have Fc - ^ \ 

hence, paying regard to the signs ot x, y, z, ia ' e rom 

_ n /*• .4 7 } 7-^7 ^ 


PA.PB.PC , , PA^PJPP0 + c 1 ja1 _ >B I C = 0 
a . -?-r • 

OCX 


abz 


cay 

or a'/x + Ply + c"/z = 0, 

which is the equation required. 

280. If the conic represented by the general equation 
of the second degree in trihnear co-ordinates, viz. 

uol 1 + vp- + wr+ 2u 'Py + 2 v 'y« + 2waf3 = °’ 

be the same as that represented in areal co-ordinates by 

the equation 

Xa * + fxy * + pz* + 2 X'yz 4- 2fi.'zx + 2 vxy = 0 ; 

then, since — = = — > we * uive 

’ aa bp cy 


u 
Xa 2 


v 


XU 


u 


0 


XU 


^ “ vc- Xbo f!ca p’ab' 

Hence we can obtain the relation between the 
in the areal equation which ( C° rr X?r1r. n car equation. 

relation between the coefficients in r the co¬ 

in most cases it is quite 

ordinates used are trihnear or a , important of 

are different in the two cases. i should be 

the formulae for areal co-ordinates which slmn 

known are the following, which can be> obt.n ^ 
corresponding formulae lor tnhnear 
pendently:— 

I. The two straight lines 

/,x + m,y + «,* = 0 and l,x + + »*« - ° 

are perpendicular , if 

, ,^ +mi ^ +r £-„ ~»c=o. 
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II. The straight lines given by 

ux- + vy- + wz* + 2 u'yz + 2r 'zx + 2 w'xy=0 
are perpendicular, if 

ua- + vb 2 + tec™ - 2 u'bc cob A - 2 v'ca cos B - 2 w'ab cos (7=0. 

III. The perpendicular distance of (xi, yi. Z\) from Ix + my +ftz=0, i3 

[lx x + myi + iu { ) 2A/ s /(2/ 2 a 2 - 22mn be cos A). 

IV. The conic 

ux 2 + vy 2 + icz 2 + 2 u'yz + 2c'zx + 2 w'xy = 0 
is a rectangular hyperbola (including the special case of two perpendicular 
lines), if 

Zua 2 - 22u'6c cos A =0. 

V. The conditions for a circle are 

(v + w- 2u')/a 2 =(it + u - 2v')/b 2 =(u + r - 2ie')/c 2 . 

VI. The co-ordinates of the centre of the conic are given by 

d<p dip dip 
dx ~ dy ~ dz ’ 

The Circumscribing Conic. 

281. To find the equation of a conic circumscribing the 
triangle of reference. 

The general equation of a conic is 

ua? -f- vfi? 4- wy 1 + 2u'fiy + 2dy* + 2 wa.fi = 0. 

The co-ordinates of the angular points of the triangle 
are 

9A 9A 9A 

— , 0, 0; 0, -r-, 0; and 0, 0, — . 

a o c 

If these points are on the curve, we must have u=0,t>=0, 
and w = 0, as is at once seen by substitution. 

Hence the equation of a conic circumscribing the tri¬ 
angle of reference is 

u'fty + vy a -f ida/3 = 0, 

which we shall generally write in the form 

\(Sy -f piya + i>a,S = 0. 
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282. The equation of the line joining the two points 

(«,,A,7.). _ (i) 

a (to - to) + 0 (7i«»" 7*0 + 7 * * * U * 

But, if the two points are on the conic 

\/o + + v h = °» 

we have , n 

XK + WA + W7,= ° “ nd Vo. + m/A+W'/.-o. 

and . •. X/a.0, (ft 7. - ft*) = /*/ft A <* ^ „ . 

= v/7i7a(«iH-2 —®8P»> 

Hence, from (i), rt. 0 / «*• «*«"» * ,i<! 

points (a,, ft, 7.). («.. ft.7.) 0,1 the con,c ’• 

Xa + J^L = 0 .(»)• 

a x a, + 7x72 

[„ h of course obvious tbs. the lib. (ii) passes through tire two po.nts 

provided that they aro on the conic.] 

From (ii) it follows that the equation of the tangent 

(0<1 ’ft' 7,)i8 Xa + *8 + q = 0 . (iiO. 

We can now «nd £ iSE^. 

tf q " rta^nfat (*„ft,7t> - have from (ii.) 

iaj*/X « w/9iV/* = “7* 

But \/«, + M//S. + »/7. = “■ wlien : e il follo " s thnt ,. . 

\//\ + Vwft + V"" . .. (1N ■ 

The Inscribed Conic. 

283. To >d fits equation of a conic touching the sides 

of the triangle of reference. 

The general equation of a conic is 

„«> + oft + wf + 2«ft7 + 2 »7 a + 2, "'“' 3 " °‘ 
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Where the conic cuts a = 0, we have 

v/9 2 4- wy 3 + 2 uf3y = 0. 

Hence, if the conic cut a = 0 in coincident points we 

have _ 

mu = u' 3 , or u = V vw. 

Similarly, if the conic touch the other sides of the 
triangle, we have _ 

v' = Vwu, and w' = fuv. 

Putting X 2 , /x 3 , v 2 instead of v, v, w respectively, we have 
for the equation, 

\-ct? + /i-f 3 3 + v 3 y 3 + Zfivfty + 2v\ya. + 2 \fiaft = 0. 

In this equation either one or three of the ambiguous 
signs must be negative; for otherwise the left side of the 
equation would be a perfect square, in which case the 
conic would be two coincident straight lines. 

The equation can be written in the form 

VXa + vy = 0. 

284. The equation of the line joining the points 
( a i, A> 7i)> («•->. A, 7a) is 

a (Ay* - AYi) + £ (7i«a - 7a«i) + 7 («i& ~ «*A) = 0 ...(i). 
But if the two points are on the conic 

\ Xa + V/x/9 + \Vy = 0, 

we have 

v Xa, -f v fj-lSx + \ ry, = 0 and VXo s + n / /x'A + Vi^ = 0. 
Hence 

\/X _ yf/j. _ 

VA 79 _ ^&7i n/ 7i« 2 - s/ 7^i - Va-A 

Hence, from (i), the equation of the chord joining the 
points (a,, /?„ 7 ,), (a 2 , A, 7 i) oil the conic is 

a VX (V/V/ 2 + VAyO + AV (V 7 ia 2 + 

+ yV" (^ a A + Va-A) = 0 ...(ii). 
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From (ii) it follows that the equation of the tangent at 
a \/ a, ^ 7. = °. 

t c tr ; he = o°£a 1 iss, 

ffTis°the tangent at (a„ 0„ 7i). ' ve have from ( - m) 


“jV' 

But Vta, + 'VA + V ^> = °- 

Hence the condition required is 


/ «i n 


.(iv). 


It will be seen from Art. 282 and Art. 284 that the line 

Za + m/3 + «7 = ° . 

touches the circumscribing conic 


U M + -=0 

a P 7 


.(ii), 


if the point (l, m, n) is on the inscribed conic 

Va;Wm/*W'7=°.. ( , 

Also that the line (») touches the inscribed conic d») it “«« V° in 
(l, m, n ) is on the circumscribed conic (u). 

Conics through four given i-oints. 

285. To find the equation of a conic which posses 

f/troii^^you7^^tte ^ ^ ^^^j^l^the'co-uitinafes^tie 

points of the triangle of referent ^ tt, ^ ^ 
four points are given by ±f - J* - *• . • 

If the four points are on the conic whose equation 

utf + Vf? +WJ 1 + 2w/ 9 7 + 2y'7« + 2,u 0/9 ’ 
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we have the equations 

uf* 4 vg 2 4 wh? ± 2 u'gh ± Zi/hf ± 2 u/fg — 0; 

u' = v' — w— 0. 

Hence the equation of the conic is ua 2 4 v/3 2 4 wy* = 0, 
with the condition uf- 4 vg* 4 wh 2 = 0. 

Ex. 1. Find the locus of the centres of all conics which pass through 
four given points. 

Let the four points be ±/, ± g, ± h. 

The equation of any conic will be 

ua 2 + v(i 2 +ic-r=0, 

with the condition 

uf 2 + vg 2 -~ich' 2 = 0 .(i). 

The oo-ordinates of the centre of the conic are given by 

wa/a = vfilb = icy/c. 

Substitute for u, v, to in (i), and we have the equation of the locus, viz. 

af 2 py + bg-ya + ch 2 aj3 = 0. [See Art. 210.] 

Ex. 2. The locus of the poles of a given straight line, with respect 
to conics through four fixed points, is a conic. 

Ex. 3. The polars of a given point with respect to a system of 
conics passing through four given points will pass through a fixed point. 


Conics touching four given straight lines. 

2S6. To find the equation of a conic touching four 
given straight lines. 

Let the triangle formed by the diagonals of the quadri¬ 
lateral be taken for the triangle of reference, then [Art. 262] 
the equations of the four lines will be of the form 

la ± m/3 ± ny = 0. 

The conic whose equation is 

uar + v/3 2 + wy 2 + 2 ufiy + ivya + 2 waf3 = 0 ...(i) 
will touch the line ( l , m, n) if 

Ul 2 + Vm- + nv 4 2 U'mn 4 2 V'nl 4 2 Wlm = 0. 
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If therefore the conic touch all four of the lines, we 
must have y = V'~ ir = 0, 

that is ® V “ = “■ 

w'u' — vv = 0, 

u 'v — tVW = ^ > 

u = v' = w' = 0 , 

or else (i) is a perfect square, and the conic a pair 
° f c = »' = 0, and the condition 

oftangencyis ^ + ^ + n , uv _ 0 . 

Hence every conic touching the four straight lines is 
included in the equation 

ua- + v(P + tor = °> 

with the condition 

l-/u + m-/v + n-/w = 0. 

Ex. 1. Find ,hc lore. of the centre, of the conic, ,chick touch four 

given straight lines. 

Any conic is given by ^ + ^ + ^ = 0) 
with the condition 


P + ^ + ^0. 

H V Hf 


The co-ordinates of the centre of the conic are given by 

ua _ v[i _ *y . 

* ” I 


therefore the option ol the “ocu. of ^centre, in the *#> 

*=*4.^ + '^ = 0. 

~a + '« 


This straight line goes through the uddd.e points of the three d.agona, 
of the quadrilateral. [See Art. J10.] pvst cm 

Ex , The loco, of the Role of a 

of conics inscribed in the same qua C81>rc t to 

Ex. 3. The envelope of the polars of a given *o nt, 1 

conics which touch four fixed straight lines. 
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Conics referred to Self-polar Triangle. 

287. When the equation of a conic is of the form 
no? + vft 2 + wy 3 = 0, each angular point of the triangle of 
reference is the pole of the opposite side. This is at once 
seen if the co-ordinates of an angular point of the triangle 
be substituted in the equation of the polar of (o', ft ,«/), 
viz. 

ucta + vfi'fi + wyy = 0. 

Conversely, if the triangle of reference be self-polar, the 
equation of the conic will be of the form uol 5 + v/& + ivy = 0. 

For, the equation of the polar of A , 0,0^ , with respect 

to the conic given by the general equation, is 

ui + w'fi + vy = 0. 

Hence, if BC be the polar of A, we have w' = t/ = 0. 
Similarly, if CA be the polar of B, we have w =u' = 0. 
Hence u\ v, w' are all zero. 

288. If two conics intersect in four real points, and 
we take the diagonal-points of the quadrangle formed by 
the four points for the triangle of reference, the equations 
of the two conics will [Art, 285] be of the form 

ua- + vft 1 +W/ 7 3 = 0, and mV + v ft 2 4 - w'y 2 = 0. 

So that, as we have seen in Art. 215, any two conics 
vhich intersect in four real points have a common self- 
polar triangle. 

^ hen two of the points of intersection of two conics 
au* real and the other two imaginary, two angular points 
of the common self-polar triangle are imaginary. When 
all four points of intersection of two conics are imaginary, 

1, 1 have a real self-polar triangle. [See Ferrers' 

1 rilinears, or Salmons Conic Sections, Art. 282.] 
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Two Tangents and their Chord of Contact. 

989 When the triangle formed by two tangents and 
their chord of contact is taken for the triangle of reference, 
the equation of the conic will be of the form 

a- — 4 lefty = 0 . (0- 

It is clear that the point (2 ip, kp\ 1) is on the conic 
for all values of p; and, as in Art. 107 or Art. 15o, the 
point may be called the point ' p. 

The equation of the chord joining the points p„ p* ^ 

! a , 0 , 7 j = 0 - 

i 2 hp lt Arp, 8 , 1 | 

| 2 A?p 8 , Arp 2 =, 1 ! 

whence we have, after expansion and division byp,-p a , 

(pi + p,) a-20- 2kp x prf = 0 .(»)• 

The equation of the tangent at ‘p,’ is therefore 

p x a — 0 — A*p, 2 7 = 0 .(-). 

eq uation na a + (/ a + 7 /j/S) = 0. 

Hence the condition that /a + m/3 + »7 = ° twU( ‘ h 
the conic is . . 

\kmn - Ik-1 1 = 0, i.e. ArA 2 = .C v l- 

Or, by comparing la + n, P + ny=0 with the tangent «t|»„ b*vc 

— = - m= r, • w ^ iencc l'f~ = nul - 

Ex 1 J/a triangle is inscribed in a conic, and two "J the sid.s ] 
through given points, the third side will envelope a come. 

Take the line Joining the two points and the tangents at its oxtreunt.es 
for the sides of the triangle of reference. 
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Then the equation of the conic will be 

a s -4k/Jy=0.0). 

and the fixed points may be taken to be ( 0 , g lt hi) and ( 0 , g 2 , hf). 

If the angular points of the triangle are the points pi, p%, P 3 on the 
conic, the equations of the sides will be 

(p 2 +Ps )« - 2/9 ~ -kpzPfY =0, 

(Ps +Ti) a - 2/9 - 2fcp 3 p 1 7=0, 
and (Pi+J>2)®-2/3-2tpip27=0. 

Since two of these sides pass through the given points, we have 

gi + hpipihi=0 and <72 + kpip 2 h»=0; 
gih 2 p 2 =g i h l p 3 . 

Hence the equation of the remaining side can be written 

(£72*1 +0|ft*) p& - 2<7i* 2/3 - 2fc<7 2 /iii>3 2 7 = 0. 

the envelope of which for different values ofp 3 is 

lQkg l g i hihofiy= [g 2 hi + pj/io ) 2 a 2 . 


Ex. 2. Jf txco conics are such that the tangents to one conic at two of 
their common points intersect on the second conic, an infinite number of 
quadrilaterals can be inscribed in the second conic whose sides touch the 
first conic. 


Take the two tangents and their chord of contact for the sides of the 
triangle of reference; then the equations of the conics can be taken to be 

Si = a 2 -4x/3y=0, 

Sn S \py + fiya + »>a/9=0. 

Let (o lt Pi, 7 ,) dc. be the angular points of any quadrilateral PQRS 
inscribed in So such that PQ, QR and RS touoh Si. Then we have to 
prove that SP also touches S,. 

Now tho equations of PQ, QR, RS, SP are 


Xa u3 vy . . 

—— + -= 0 , dro. 

a l«8 Pi Pi 7l>2 

Since PQ, QR and RS touch 5 lt we have 


k\ 2 




k\~ 


,uv 


— . and 


k\- 


av 


a i" a 2* PiPmy*' fcptym' “ 1AU a 3 2 a 4 - pipiywi * 

Multiply the corresponding sides of the first and third equations and 
divide by the second. Then we have 


*X 2 __ /XV 

fl lV ~~ ft/*47l74 * 

which is the condition that SP should also touch S%. 
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Ex. 3. If one qnaulrilaterul is inscribed in one conic whose sides touch 
another conic, an infinite number of quadrilaterals can be so described. 

The four sides of the quadrilateral cau be taken to be la ± ± n 7 _0; 

or, by putting x, y, z for la, m,3 and n 7 respectively, the equations of the 

lines are x±j/±* = 0. 

The conic S, = ux 2 + v,f- + «cz 2 = 0 

touches the four lines if ru> + iru + uv = 0 .<*)• 

Four of the angular points of the quadrilateral are (1, 0, ±1) and 

( 1 , ±1,0); and any conic through these four points is given by 

S-> = x- - y" - + 2 n'xjz = 0. 

Now the lines 0 , A 

(ii + v) y 1 4 - (it + ir) 2- - 2 uu t/2=0 .( a ) 

go through the intersections o( S\ and S-*. 

If one of the lines (ii) is y + kz = 0, and its pole for .S’, is (0, »/,. 
then v Ul >j + wz l z = 0 is the same as y + kz = 0, and therefore *«.rz,/ry». 

Hence, from (ii), wo have 

(u + v) w-z r + (« + w) t ,s y r + 2u u' vw ij = °.(»> 1 ) • 

The two points (0, i/,, -*,) given by (m) are on S- 2 = 0, if (m) »s the 
BUine as i/, 2 + *, 2 - = 0, the conditions for which are that 

(u + t ) a--! = (u + if) v- = - nvic. 

and these follow from (i). 

Thus if a quadrilateral is inscribed in the conic S., whose sides touch 
the conic .S',, the tangents to S, <i( the extremities of tuo of the chords oj 

intersection of .S', and .S',, i till meet on .S',. 

It then follows from Ex. 2 that an infinite number of quadr,laterals 
can bo inscribed in .S’,, whose sides touch .S’,. [See also Art. 3-1. Ex. 7.) 

Circles connected with a Triangle. 

900 \Ve have already found the equation ot the 
circle which circumscribes the triangle of reference, 

namely 

a be . 

~ + a + “ = U ' 
a P y 

We proceed to find the equation of some other circles 
connected with a triangle. 
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L To find the equations of the circles which touch the 
sides of the triangle ofreference. 

If D be the point where the inscribed circle touches 
BC, we know that 


JDC — s — c, and DB = s — b. 


Therefore the equation of AD will be 

& _ 7 

(s —c)sin(7 (s — b) sin B 

Now the equation of any inscribed conic is 



f\a + V /i/9 + */vy = 0.(ii). 

The equation of the line joining A to the point of 
contact of the conic with BC will be given by 

V/i/9 + fvy — 0; 


/i/9 = i"y.(iii). 

Hence, if (ii) is the inscribed circle, we have from (i) 
and (iii) 

/t/6 (s — b) = vjc (s — c). 

Similarly, by considering the point of contact with CA, 
we have 

vjc (s—c) = \/a(s — a). 

Hence the equation of the inscribed circle is 


Va (s-a)a + \ / 6(s-6)/9+ Vc(s-c)y = 0. 

The equations of the escribed circles can be found in a 
similar manner. 


IL To find the equation of the circle with respect to 
ivhich the triangle of reference is self-polar. 

T.he equations of all conics with respect to which the 
triangle of reference is self-polar are of the form 

ua* + vftr -f Wfi = 0. 
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The equation of any circle can be written in the form 
a $y + by'-x + cap 4- (Xa + p-P + vy) (aa + bp + cy) = 0. 

If these equations represent the same curve, we have 

u = Xa, v = pb, vj — vc, 

a + pc + vb = 0, b + va + \c = 0, and c + X& + /*a = 0. 
Whence X =-cos/1, /x = - cos 7i, and v = -cosC. 

The required equation is therefore 

a cos /I. a 2 4- 6 cos 7*. /3 3 4- c cos C. f = °* 


III. To find the equation of the nine-point, circle. 

Let the equation of the circle be 
a fry + bya + cap - (Xa + pp + vy) (aa + bp + cy) = 0. 

This circle cuts a = 0 where bp = cy\ 

(tbc-2(/j.c + vb)bc=0, 
p V _ 

or b ^ c ~~ 2a be * 

i' X _ fr 3 

Similarly c + a “ 2a6c ’ 


X _cl_ 

and a 6 2 a 6c' 

Hence 2X = cos/1, 2^ = cos B , and 2*/ = cos O; 
therefore the equation of the circle is 
2 apy + 2bya + 2cap 

- (a cos A+P cos 7* 4- 7 cos G) (aa 4- bp + cy) - , 
or aPy 4- frya + cap - cos H - p*b cos 7* - fc cos C - 0 

The form of this equation shews that Ac 
circle, the circumscribed circle, and the sel^^ 
circle have a common radical axis, the c ] 
radical axis being 

a cos A + P cos B + y cos C = 0. ^ 

s. c. s. 
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EXAMPLES. 

1. Shew that the conic whose equation is 

V «a + s!bfi + Jcy = 0 

touches the shies of the triangle of reference at their middle points. 

2. If a conic be inscribed in a triangle, the lines joining the 
angular points of the triangle to the points of contact with the opposite 
sides will meet in a point. 

3. The centre of the self-conjugate circle of a triangle is its ortho¬ 
centre. 

4. The locus of the centres of all rectangular hyperbolas described 
about a given triangle is the nine-point circle. 

5. Find the centres of the conics whose equatious are 

(i) \/a cos .4 + n /£cos B + Jy cos 0 = 0, 

(ii) Jx sin A -f Jij sin B + Jz sinC r = 0. 

Ans. (i) (<i, b,c), (ii) [b + c, c + a, a + b). 

fi. A parabola circumscribes the triangle AISC and the tangents at 
A, B, C form the triangle A’B'C’. Prove that AA\ BB\ CC' meet in a 
point on the ell.pse which touches the sides of ABC at their middle points. 

7. On each side of the triangle ABC, and on the side remote from 
the triangle, an isosceles triangle is described having each of the angles 
at the base equal to 0. If D, E, F are the vertices of these triangles then 
will AD, BE, CF meet in a point 0; and the locus of O, for different 
values of 0 y is a rectangular hyperbola. 

8 . If a conic circumscribes the triangle ABC and one of its foci is at 

the circumcentrc of ABC, the corresponding directrix is one or other of 
the lines <ia ± t>3±cy = 0. 

U. If ua- + v f& + M")" + -u'fiy -f 2v’y a + 2ic'aji=0 is the equation of a 
circle, the power ot any point with respect to it is 

0 (°* A *y)/(* 7 sin 2 C + ir sin 2 U - 2m' sin 21 sin C). 

10. Lines AO BO, CO through the point (/, n, /,) cut BC, CA, AB 

O an C l Tv : rt ? CCt i Ve,y - Als ° JAY cuts BC iQ -P. cuts CA in 

Q and L.l/ cuts Al, m if. Prove that the lines MX, XL, LM and PQR 

touch tlio two conics ^ 

Ol / _o 


an<i 


a VP (9- - h'-) +pl 9 2 { 1,2 + 7 ; 7(2 ( ^ = Q) 

a-//1 bfi - ic.) { ic- -r- )+yVhi (/2 _ 
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11 The tangents at A, B, C to the circle ABC meet the sides BC, 
CA , AB respectively in the points B\ C\ Trove that the middle 
points of AA', BB\ CC' are on the radical axis of the circumcircle and 

the nine-point circle. 

12 The polar of the in-centre of a triangle, with respect to any 
parabola which circumscribes the triangle, envelopes the circle through 
the centres of the three escribed circles of the triangle. 

I Any parabola is \(3y + w += ° with condition 

J7i x+ n /6JI+ . (1) - 

The polar of (1, 1» 1) * s 

X(/9 + 7) + A‘(? + a ) + *'( a + 0) = O .* n> ' 

The envelope of (ii) with condition (i) is [Art. 2641 

<i /(,3 + ■>) + ty(y -ra) + c/la + fi) = 0 .] 


291 Pascal’s Theorem. If a hexagon be inscribed 
in a conic, the three points of intersection of the three pans 
of opposite sides will be on a straight line. 

Let the angular points of the hexagon be A, F, B, DA', E 
Take ABC for the triangle of reference and let the point, 

D, E, F be (a , P, y), («", P . 7 >. a “ d <« ’ ^ ’ 7 >* 


Let the equation of the conic be 


a 7 


.(i). 


The equations of BD ami AE will bo »' lfl 

Q - « _ ^ _ 1 
= X • therefore at their intersection, ^ , • 

P' y" ’ - 


z 7 

/ 


(0L 1 7 _ 

Similarly CD, AF meet in the pomt 

rr' 


And CE, BE meet in the point (l, , - • a "’) 
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pascal’s theorem 


The three points will lie on a straight line if 
a' fi" 1 = 0, or if I 1 1 11 = 0.. 


t i 

f 9 // ) 

7 7 

/ /// 

°L i 1— 

fi" A ’ fi>" 

1 el 7_ 

’ a"* a'" 


(ii). 


y' * y" * 7 

1 _i_ _i_ 

fi'’ fi"’ fi 

i l j_ 

a" a"’ a"' 


But, since the three points Z), Z7, Z* are on the conic (i), 
we have 


and 


- + -^ + -=0 

a' fi’ 7 ’ 

A. ii v 

a* + Jr + 7' = °’ 

A ft v . 

in “h />/// H 77/ = 0. 

a fi y 


... elimination of A, /x, y we see that the condition 

(n) is satisfied, which proves the proposition- TSee also 
Art. 324, Ex. 3.] L 

Since six points can be taken in order in sixty different 
ways, there are sixty hexagons corresponding to six points 
on a conic; and, since Pascal's Theorem is true for every 
one of these hexagons, there are sixty Pascal lines corre¬ 
sponding to six points on a conic. 


~9~. If a hexagon circumscribe a conic, the points of 
contact of its sides will be the angular points of a hexagon 
inscribed in the conic. Each angular point of the circum¬ 
scribed hexagon will be the pole of the corresponding side 
ot the inscribed hexagon ; therefore a diagonal of the cir¬ 
cumscribing hexagon, that is a line joining a pair of 
its opposite angular points, will be the polar of the point 
ot intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a straight 
line by Pascal s Theorem; hence their three polars, that is 
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the three diagonals of the circumscribing hexagon, will 
meet in a point. This proves Brianchon’s Theorem 
if a hexagon he described about a conic , the three diagonals 

will meet in a point. 

293. If we are given five tangents to a conic we can 
find their points of contact by Brianchon’s Theorem. lor, 
let A, B, C, D, E be the angular points of a pentagon 
formed by the five given tangents; then, if K be the pom 
of contact of All, A, K, B, C 7 , D, E are the angular points 
of a circumscribing hexagon , two sides of which are: t 
incident. By Brianchon’s Theorem, DK passes thiough 
the point of intersection of AC ami BL\ hence J ■ 
found. The other points of contact can be found m a 

similar manner. , 

Similarly, by means of Pascal’s Theorem, we can fun 
the tangents to a conic at five given points. I or Jlet d 
B, C, D,E be the five given points, and let h be- the ]! » 
on the conic indefinitely near to A , thui /; j j] r . 
Theorem the three points of intersection of AB am J '■> . 
ofIcSdV; an/of CD an,l FA 1 e on a olnught hnc. 
Hence, if the line joining the pent of ..Uer-*t.on o,J/l 

and DE to the point of intersection of ifCandM 
CD in H, A If will be the tangent at A. 1 he otlio 

tangents can be found in a similar manner. 

T A N G E N TIA L Co -OII I) IN AT ES . 

294 If l m n be the three constants in the tnlmear 
or areal equation of any straight line, the P— ^ 
line will be determined when l, w ‘...nv 

by changing the values of /, in and n \ « 

be made to represent any straight line "haU \ . 

The quantities l, viand n which thus define M 
a straight line are called the co-ordinates of • 

° . 1 . 4 . i** nrpftI co-ol<11 iwitt > 


of 

be 


t straignt line an; --'. . , r ,i: irUc . s 

If the equation of a straight line m areal co-oidmaUs 


lx 4- vi u 4- vc — 0. 
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the lengths of the perpendiculars on the line from the 
angular points of the triangle of reference will be pro¬ 
portional to l , m, n. This follows at once from Art. 260; 
we will however give an independent proof. 

Let the lengths of the perpendiculars from the angular 
points A, B, C of the triangle of reference be p, q, r 
respectively. Let the line cut BC in the point K> and let 
the co-ordinates of K be 0, y', z r 7 . 

Then q : r :: BK : CK :: — z :y'. 

But, since K is on the line, my' + nz' = 0 ; therefore 

q : r :: m : n. 

295. The lengths of the perpendiculars on a straight 
line from the angular points of the triangle of reference 
may be called the co-ordinates of the line. If any two of 
these perpendiculars be drawn in different directions they 
must be considered to have different signs. 

From the preceding Article we see that the equation of 
a line whose co-ordinates are p, q, r is px + qy + rz — 0. 

When the lengths of two of the perpendiculars on 
a straight line .are given, there are two and only two 
positions of the line; so that, when two of the co-ordinates 
of the line are given, the third has one of two particular 
values. Hence there must be some identical relation 
connecting the three co-ordinates of a line, and that 
relation must be of the second degree. 

290. To find the identical relation which exists between 
the co-ordinates of any line. 

Let 6 be the angle the line makes with BA, then we 
have q p = c sin 6, and q-r = a sin ( 0 + B). The elimi¬ 
nation of 6 gives the required relation, viz. 

“ 3 ~ py - 2ac 009 B (q-p) (q - r) + c-{q- if = 4A 2 , 

he* ~p : a- — 2 'S.qr be cos A = 4A-. 

It therefore follows [Art. 280, III.] that if p, q, r are 
the actual lengths of the perpendiculars from A B C 

on the line px + qy + rz = 0, the perpendicular distance 
of any point (#„ ?/,, z,) is p.v l + qy, + rz t . 
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297. If the line px + qy + rz — 0 pass through a fixed 
point (/, g, h), then 

pf + <jg + = Q . 

So that the co-ordinates of all the lines which pass 
through the point whose areal co-ordinates arc /, g , « 
satisfy the relation (i). 

Hence the equation of a point is of the first degree. 


998 If the co-ordinates ot a straight line are <-"ii- 
netted 'by any relation the line will envelope a curve and 
the equation which expresses that relation is called the 

tangential equation ot the curve. 

We have seen that the tangential equation of a conic iis 
of the second degree, and that every curve whose qua ,on 

is of the second degree is a conic. It y((, ni 

the tangential equation of the conic whose areal e.pni u»n 

is A^ w rl = 0 and if the coefficients in the equal,..,, 

*- o r . «'• i""- 

TuTZT tu respectively in the determinant 


V 

u 

H 9 


U , iV y 
VJ 9 v , 

; v\ u\ 

Since «, v, w, u, v, w are proportional to the min-i 
U, V, W, U\ V\ 1 V in the determinant 


u , 

U", 

V 



ir, 

V , 

U ; 

[.SCO 

A i 

V', 

u\ 

11 ' 



(l, in, r. 

) = 0 

be the 

tang< 

M 

:>u 

> * 

areal 

equat 

ion is 

<l> (x. 

i/ 

be the 

tango 

ntial e 

(|USlt 1’ 

i in 


T \ > • / -. . , _ 

whose areal equation is y ( / • !'• ~ 1 
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299. We can find the equation of the point of contact 
of any tangent by an investigation similar to that in 
Art. 238. 


The equation is 





or 






where <f> (p , q,r) is the equation of the conic, and p, q', r 
are the co-ordinates of the tangent. 


(P > y't r ) be not a tangent to the curve, the above 
equation will be the equation of the pole of (p\ q\ r'). 

The centre is the pole of the line at infinity whose 
co-ordinates arc 1, 1, 1; hence the equation of the centre 
of the curve is 


d<f> d<f> d<f> 

dp dq + dr 



oOO. If one triangle can be inscribed in one conic and 
circumscribed about another, an infinite number of triangles 
can be so described, and all such triangles are self-polar 
with respect to a third fixed conic. 

The triangle of reference is inscribed in the conic 


a P 7 

and is circumscribed to the conic 


&, = + v wzyS + Vny = 0. 


Now from 
tangents A'B', 
points B', C'. 
the conic S.,. 


P°“\t * on the conic S, draw two 
AC to the conic S 2 , cutting S x again in the 
I hen we have to prove that B'C' touches 
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Let the co-ordinates of A', B', C be (a,, B x , O'iX ^ c * 
Then the lines A'B', A'C' are 

2fL + J^+-^= o, 

aiflu fii p a 7i7- 

\a v 7_ — ft 

and OA + Pi + 7.7= ' 

Since these lines touch S 2 , we have [Art. 284] 

l rn a « 

„ A 

Hence /S//J - /S.7. 7-A-'/A 

Hence B'G' may be written 

1 aa, + ^ /3/3, + ~ 77. = 0 . (i) ' 

. f A w*/* , __ o 

and this touches S., since j— + + M>yi 

This proves that an -infinite number of triangles can be 
inscribed in S x whose sides touch <S 2 . 

Now the equation of B'C may also be written 

j*P_ + = o .<»*>• 

Ojtta + && 7-73 

whence la x a 2 a j/A* = vifiifitPyH-' — " /> t- <' 

The polar of (a„ A, 7.) ** the co,,ic 

S 3 = Ld 1 + MB 1 A = 0 

is Za, a + iWi £ + jV 7‘ 7 = °* 

This is the same line as B'C whose equation is 
Aa/o,^ + M0/&& + '7/7^73 = 0. 
if Za^/A = = ^*7»7-7* /v 

be. from (iii), if ZA/J = = -A " "• 
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Thus all the triangles which are inscribed to the conic 

S x = X/a + p/fi + v/y = 0, 
and circumscribed to the conic 

S 2 = V7a + Vmy 3 + fny ~ °> 


are self-polar for the conic 




Let (a, /S’, -/) be any point on S,; then its polar with respect to S 3 is 

l -a’a+-l 3'/3+-77 = 0 .( iv )‘ 

X P- v 


The condition that (iv) should touch So is 



+ 


Vi 

-> 



i.e. X/a' 4 m/0' + v h' = °> 

which is true for any point on S x . 

Thus S x und So are the reciprocals of one another with respect to S3. 


Ex. If one triangle self-polar for a conic S x can he circumscribed to a 
conic S>* then an infinite number of triangles can he inscribed in S x xchich 
are self-polar for S 2 . 

The equations of the conies can he taken to he 

S \ = tea- -f r/ 3 2 + W7 2 = 0 , 

S-j s ^ Xar \' P ft 4 s »*7 = 0. 

The conic Sj touches /3 = 0, 7 = 0 in points on the line 


— Xa 4 M.d 4 *'7 = 0.(i). 

Lot (a X i fii , 7 j) he a point P where (i) cuts S x so that 

- Xa t + M^i + m = 0.(ii), 

and uaj 2 4 r8 \-4 ^7i" = 0..(iii)* 

The polar of (a lt £ lf 71) for S 2 is 

Xa (\a x -p 3 i-n\) + (-Xa 1 + M/5 1 -v7,) + i'7 1- \aj - *4*1 4 **71) = 0 , 

i.e. from (ii) py x 4 y£ x = 0 .(iv). 

Now (iv)cuts S| where a 2 /ai 2 = /3 2 / j 8 1 2 , from (iii). 








triangles 
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INSCRIBED-CIRCUMSCRIBED -- 

Hence, if the polar of P cute .S', in the point, <?, •».« point, are 

(=*= »i. /3i» - 7i)- 

Now Q, R are conjugate for S 2 , if . 0 

Xai ( — \ai — P01 + Ho) + t + ^<*1 + + — Hr('f'^ <1 l ** 7,) ’ 

which follows from (ii). 

Hence the triangle PQR is in .9, and is self-polar for S*. 

It now follows from Art. 300 that there are an mfin.te numbu 

triangles in .9, and self-polar for .9 2 . 

301 Let A, B.C.D be any four points on a coo.c ; \ 

and take the diagonal triangle of ^ u ^ an f ^ p ints 
for the triangle of reference Than the tou ^ ^ 

A, B, C, D can be taken to be (1 ,±J, - Q ^ , = 0 

three pairs of lines joining them are A 7 > 7 

and a 2 - 0* = 0. + v & + ivy- = 0, with the 

Also the equation of *8 is ua + -r y 

condition u + v + w = 0. 

Hence S is given by any one of the equations 

ft* _ y» 7 " - a- = g-- /P .(i). 

v. " v w 

Now consider the three conics 

S, = X (Ja + m0 + vy) : - (- 7 9 )/ M “ () ’ 

s, = X <(« + *»0 + "‘r)’ - ( "f "P;", _ 0 ' 

£,= \(la + vi/3 + nyY-( a ' F')[ w * . _ 

where la + m& + W7 — 0 is any straight Jiue.^^ 1\>11 r 

seen, from (i), that they all k r< y three conies. 

points on A so that it * 7^1 S ! %«c V *•/.«/. /«« 
**• same &-**«*. r7M> 

cZoui/e contact with one of the line 

(AC, PD), (AD, DC), the chons 0 / corrfac* 7 

any yfven Ztn« [ a + is any given conic touching 

If X be so chosen that .S, to a ) 8 cterniill ed, and they 

A D, CD at P, Q; then D. and interse ction of »V 

are conics through the t °' / ‘ l / , !> .' , | l 'i *4 jj J}C respectively. 

and P x which touch AC. PD 

PQ being the chord of contact m each cas . 
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302. Now suppose that ABC, 4'B'C' are two triangles 
inscribed in the conic S such that the sides AB, BG, 
A'B', B'C’ touch the conic & in the points P, Q, P', O' 
respectively. 

Then, by Art. 301, AA' and BB' will touch a conic 
through the points of intersection of S and $ lf the points 
of contact being the points where PP' cuts AA' } BB' 
respectively. 

Also BB' and CC' will touch a conic through the 
points of intersection of S and S lt the points of contact 
being the points where QQ' cuts BB', CC respectively. 

Now B is the pole of PQ for the conic S x and B' of 
P'Q'. Hence BB' is the polar of 0 the point of inter¬ 
section of PQ and P'Q’) and we know that PP' and QQ' 
meet on the polar of 0. 

It follows therefore that the same conic through the 
intersections of S and S l will touch AA', BB' and CC'. 

Then since A A' and CC' touch a conic through the 
points of intersection of S and <8,, it follows that AC and 
A'C' also touch a conic of the system. 

Hence if a triangle is inscribed in a conic S arid two 
of its sides touch a conic S lt the third side will touch a 
conic Si, all three conics having the same points of inter¬ 
section; and if the third side touches S t in one of its 
positions, the third side will always touch S v [Art. 300]. 

303. Again, let the triangle ABC be inscribed in the 
conic S, and let AB touch the conic S, and BG touch the 
conic the three conics S, S lf S. 2 passing through the 
same four points. 

Let A'B'C be another position of the triangle ABC, 
and let BX, B'X' be the other tangents from B to the 
conic S 2 , the points X, X' being on S. 

Then, by Art. 301, since AB, A'B' touch the conic 
S lt A A' and BB' both touch a conic of the four-point 
system. 
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Similarly BB' and CG' touch a conic of the system ; 

and so also for BB' and \X . 

Now only two conics of the four-point system will 
touch BB'; and, if their points of contact are A K , 
rann-e <BKB'K'\ is harmonic, for A, A are the double 
points 'of an involution of which B, B' are a conjugab 
pair [Art. 213, Ex. 5]. Hence only one come of the gets m 

will touch BB' in a point between B and B ■ 1 - 

A and A' B and B', C and C, A and A are neai i 

gether, the corresponding elands of contact will cut BL 

between B and B'. jjr , 

It therefore follows that, if the,_ t™n 8 te/fit _ 


one ot tne sines, uiv ***»^-- ; 

the same conic of the system. L >ls ls 

BB' and XX'.] , • t)u . 

Then, since A A' and conic 

system, it follows that AC an * i OI)0 u f AC is 

of the four-point system, so tha 1 | . another 

a fixed conic. [So also the envelop of A A 

fixed conic.] c , t i,, lt i n 

Thus, if ABC is inscibod in the come 

touches the conic »S, and B- 11 ? of "interaction ; 

conics S. 8 U & having the same C0 ,„V* 

then the side CA will touch one or othe, of two j 

through the same four point::. . 

isider the case ot a pel) 1,1 - '■ 

bed in a conic 8 with all its sides but one ; 
ic ft. Since AB. BC touch jh * .^ ll;|i ,s- 

through the points ot . 


304. Now cons 
inscribed in a conic 
a conic 
touches a conic S 2 throu 


touches a conic S 2 through the po • ol this four- 

and Then, since AC and CD to uch <comu.^ (>r 

point system, it.follows that>id, of the 

t\\r* oirofnm • onfl SO Oil. 1 IlllS t . . 1 l 111* llltCi’- 


the system; and so on 
polygon w 
section of 
in any one of its position 


n; arm so on. , . v t . ,h the ime.- 

.'ill envelope a fixed conic - g j3 c touches 
S and ft; and, if the » to ,, ch ft. For 

n r\f \ h<3 nositions, it ‘ 
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we know that this is true for a triangle Art. 300, and for 
a quadrilateral Art. 289, Ex. 3 ; and when all the sides of 
A BCD... touch S lt any one of them might be considered 
as the free side, and there could not be more than four 
common tangents of S x and another conic £. 

This is the ‘Porism of the inscribed—circum¬ 
scribed polygon,* namely:— 

* If one polygon can be inscribed in a conic whose sides 
touch a second conic , there will be an infinite number of 
such polygons' [See also Art. 330 and Art. 340.] 

Ex. 1. The locus of a point the pairs of tangents from which to tico 
given conics are harmonically conjugate is a conic. 

Refer the conics to their common self-polar triangle, and let their 
equations be 

«ix 2 + rjj/ 2 + iriz 2 = 0 and ti.wr 5 + t*2y 2 + n>g**=0. 

The tangents from (/, g, h) to the first conio are given by the equation 

(h,x 2 + t’ji/ 2 +1r,r 2 ) (i/,/ 2 + t'ig- + icjft 2 ) - (ujx + v x gy + w x liz)-=0 . 

They cut a = 0 in points which joined to (1, 0, 0) form the lines 
v, (u x p-rw x lfi) y*-2v l w l ghy: + io l [uip + i'ig 2 ) * 2 =0. 

For the other conic we have similarly 

t’o (Unp + troft 2 ) y- - 2v i u> 2 ghyz + ir 2 (uof- + v«g-) z- = 0. 

Since these pairs of lines are harmonically conjugate, we have 

t’lMM (til/ 2 + JC,/l 2 ) (tt-lf 2 + V rt/7 2 ) + ICjVo (u L r- + V 10 2 ) (u-2p -f tTo/l 2 ) 

= 2v x v>w x w>g-h i , 

which reduces to 

t/,i/ 2 (i',ir 2 -f r 2 ip,) p + r,ro (jc,j/o + ir 2 Uj) y- + /r,tr 2 (t/,r 2 + u-,v x ) h- = 0. 

Thus the locus required is the conic 

2 : 11 , 1/0 (r,jr 2 + r 2 «r,) x 2 = 0. 

This conic is often referred to as the conic F = 0. 

Since three coincident lines and any other line through a point form 
a harmonic pencil, it follows that the conio F passes through the eight 
points of contact of the common tangents of the given conics, as is easily 
verified from its equation. 
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Ex. 2 . The envelope of a straight line which cuts two given conics in 
pairs of points which are harmonically conjugate is a conic. 

We may take the equations of the comes to be 

iijx 2 + t’,y 2 + uv 2 = 0 and u.,x- + v^y- +ico:- = 0. 

The line lx + my + nz = 0 cuts the first conic in points which when 

joined to (1, 0, 0) form the lines 

itj (my + nz)- + ViPy- + w l l-z- = 0, 

or (ii,m 2 + v,!'-') i/ 2 + 2 iiiimij/z + (iC|/--r M|« 2 ) :-= 0 . 

We have similarly for the other conic the lines 

2 + vJ 2 ) y- + 2u,mnyz + (w..P + m 2 «*) > 2 -°- 
Since these pairs of lines are harmonically conjugate, we have 

(tqm 2 + f,i-) + >'.»<••) + • 

( Vl tc, + 1-ir,) P + (»ri»2 + «*«i) »*- + + *'-* l} - • 

And the envelope of lx + my + nz = 0 with the above condition .s the 

00,110 x*l(v x w, + v 2 w t ) + 1 /*/<*,«* + '«•-•»>) + ^ «ir 8 + "•:>•.) = °- 
This conic is often referred to as the conic F =°- 

Since three coincident points and any other point on a ^ 

torn, a harmonic range. it follows that the conn. * •■>“ “. ‘j 

tangents at the common points of the given conres, a, is eas.lj 

from its equation. 

Ex 3 Four circles are described so that each of the four triangles 
formed by each three of four given straight Lues is s. 

one of the circles; prove that these four arch; 
scribing the triangle formed by the diagona • <>. " 

Take the triangle formed by the diagonals for the land**^^ 
then the equations of the four straight hues will be l.t^ 

All conics with respect to which the lines 

la + ni(i + ny = 0, la. — n,fi + ny — 0. and la + mft-ny^-0 

form a self-polar triangle are included in the equation 


L (la + mft + ny) 2 + M <*« ~ »•? + "7> S + * V (/a + 


n-,)- = 0 


If this conic be a circle its equation can be put in the form 

♦ ** + •* + ! XO + ^rcnnreenhlng 

and \a + M(i + ry = 0 is the radica axis ) w0 have 

circle. Comparing coefficient* of u-. ft ami , t > 

P/a \ = m-1 bfs = H-fcv. 
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Hence the equation of the radical axis is 

p n» 2 Q » 2 A 
- a + — —7 = 0 . 

a b e 

This is clearly the same for all four circles. 


Ex. 4 . The director-circles of all conics which are inscribed in the 
same quadrilateral have a common radical axis. 

Let the triangle formed by the diagonals of the quadrilateral be taken 
for the triangle of reference. 

Then the equations of the four lines will be la±mp±ny=0. [Art. 
2G2.] 

Tho equation of any one of the conics will be ua 2 + vp^ + w^=0. 
[Art. 28G.] 

Tho equation of tho two tangents from the point (a'p'y) is 
(ua 2 + vp 2 + JP 7 2 ) (ua ' 2 + r/S ' 2 + icy' 2 ) — (ua'a + Vp'P + Wy'y) 2 = 0. 

The condition that theee lines may be perpendicular is [Art. 259] 

u (v /S' 2 + icy' 2 ) + v ( 1 C 7' 2 + ua' 2 ) + w (ua ' 2 + vp' 2 ) + 2ujr/ 3 ' 7 ' cos ^ 

+ 2 iru 7 'a' cos D + 2ut’a /3' cos C = 0. 

Hence the equation of the director-circle of the conic ua 2 + vp? + wy s =0 
will bo 


P~ + 7- + 2/?7 cos A y-+ a-+ 2 ya cos fi a- + /S 2 + 2 ap cos C n ... 

- -1-H-= 0— (l). 

U V W w 


But, since the conic touches the four lines Za±ni/S=fcny= 0 , we have 

.(ii). 


P m* n 2 a 
- + — + -= 0 . 
U V 1C 


Comparing (i) and (ii) we see that all the director-circles pass through 
the points given by 


p 2 + y 2 + 2 py cos .-1 _ T 2 + a 2 -f 2 7a cos B a- + /S 2 -f 2a/3 cos C 
P " “ m 2 « 2 • 

[See also Art. 245 and Art. 312.] 

Ex. 5. If a conic referred to areal co-ordinates has the triangle of 
reference for a self-polar triangle, its axes are given by the equation 

r* + r 2 (ahjtf 0 + Ifiz^ + c 2 x, x v 0 ) + 4A 2 x 0 j/ 0 ? 0 =0, 
where x 0 , »/o» c o arc the co-ordinates of its centre. 

The centre of the conic ux 2 + r// 2 + ir; 2 =0 is given by ux 0 =vt/ 0 =tc~o- 
Hence the tangential equation of the conic is 

Ply 4- T U-Zyy = Q. 
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Hence, as in Art. 277, if (*i. !/»> *■)• <**• Sfe» are the foCI ’ 

4A«(I*.+•»». + “.) + 

In this identity put I = »< = n = 1; then X = 4A=, and the use, [Art. 277] 

are given by the equation 

«* + 4A2*o/'--. -^cosC, " ,,c 003 11 j ' • 

- ab cos C, &■ + 4A 2 i/u/ r '* - l/c cos .4 

- ac cos Ii, - be cos A, c- + 4 A- 2 y /r- ! 

W hich reduces to + , H = 0. 


Examples on Chapter XIII 

1. Shew that the minor axis °ntf*!'‘of^tVx” 1 
a given triangle cannot exceed the < i. 

circle 

2. Find the area of a triangle in terms of the tnlim 
areal co-ordinates of its angular points. 

3. If four conics have a 

the four points of intersection of > 

of intersection of the other two he on a co ■ • 

4. Shew that the eight points of contact ot two conn, 
with their common tangents lie on a con . 

5. Shew that the eight tangents to two con.es at 

common points touch a conic. . 

G. three pairs of poinU ^‘^“ni! 

diagonals of a quadrilateral haimonica y • j r i n „ 

7. Find the equation of by S 

it as the circle circumscribing the triangle foi nu 

i n -0 A/?-cv-«a = 0, and cy-«“ u * 

«a 6/3 cy . P < i lr concentric with 

8. Shew that the equation ot the ci 
«/?y + 6ya + cap - 0 and of radius r w 

a Py + h a + c^f 

where 11 is the radius of the circle circumscribing the 

of reference. 
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9. The equation of the circumscribing conic, whose 
diameters parallel to the sides of the triangle of reference 
are r lf r 2 , r 3 , is 


Tya rrtf r^y 

10. A BC is a triangle inscribed in a conic, and the tangents 
to the conic at A , B, C are B’C', CA', MB' respectively; shew 
that A A', BI>’, and CC' meet in a point Shew also that, if D 
be the point of intersection of BC, B'C '; E the point of inter¬ 
section of CA, CM, and F the point of intersection of AB, 
MB'; D, E , F will be a straight line. 

11. Lines are drawn from the angular points A, B , C of 
a triangle through a point P to meet the opposite sides in 
A’, B , C\ B’C' meets BC in K, C’A ' meets CA in L , and A'B’ 
meets AB in M. Shew that K, L, J [ are on a straight line. 
Shew also (i) that if P moves on a fixed straight line then 
KLM will touch a conic inscribed in the triangle ABC; (ii) 
that if P moves on a fixed conic circumscribing the triangle 
ABC, then KLM will pass through a fixed point; (iii) that if 
P moves on a fixed conic touching two sides of the triangle 
where they are met by the third, KLM will envelope a conic. 

12 . Lines drawn through the angular points A, B , C of 
a triangle and through a point O meet the opposite sides in 
A’, B', C ; and those drawn through a point O' meet the 
opposite sides in A ", B", C". If P be the point of intersection 
of B’C' and B"C", Q l>o the point of intersection of C'M, C"A", 
and R bo the point of intersection of A'B\ A"B"; shew that 
AP, BQ , CR will meet in some point Z. Shew also that, if 
0, O' be any two points on a fixed conic through A, B, C, the 
point Z will be fixed. 

13. I' ind the focus and the directrix of the parabola 

N //\a + N /+ J\-y = 0. 

14. bind the focus and the directrix of the parabola 

nor + vif + wz 2 = 0. 

113. Shew that tho locus of the point-s of contact of 
tangents, drawn parallel to a fixed line, to the conics in¬ 
scribed in a given quadrilateral, is a cubic; and notice any 
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remarkable points, connected with the quadrilateral, through 
which the cubic passes. 

1G. An ellipse is inscribed within a triangle and .has its 
centre at the centre of the cinmmscr.br ng mrcle. Jhewthat 

its major and minor axes are R + d and h / the distance 

being the radius of the circumscribing circle and d the distance 

between the centre and the orthocentre. 


IT Prove that a conic circumscribing a tnangle ; lAt. 
rill be an ellipse if the centre lie w.thm the tnang hi ^ 


will be an ellipse li mo u-.....- ■■ - 

within the angles vertica ly oppos. f »o »!« »»§'« of > 


XX - *•- ^ ° f tbe 

D ' _ . w. /-. 


sides of the triangle AltC. 

18 Shew that the locus of the foci of parabolas to winch 
the triangle of reference is self-polar is the nine-point ciu le. 

19. Shew that the locus of the foci of all conics touching 
the four lines la * m/3 * «y = 0 is the cubic 

TV iV 1 »* 


la + m(i + ny Jr la — vi r ‘ 


fc Jiy + Zla^Tmp-ny + -la-m$ + ny 


_=0 


where P x * = + nv 1 + n- - 2m» cos A - 2nl cos B - - 

and P.r, Pf, TV have similar values. 

20. If a conic he inscribed in a f'-n triangle. «« «; 
ior axis pass through the fixed point (/, <j , '0, 


major axis ^* 11 w ~e> 

its focus is the cubic 


/a (fr- - r) + yfi (y* - “9 + M tt * -/ /J > ~ °; . 

21. If the centre of a conic inscribed m a l i ‘ ‘' l ) , i ';\ c i| , J | ' | , in . 
alon" a fixed straight line, the foci wi\\ 


“< ••/» v-«« ” O 

scribing the triangle. 


* W..W --Q 

22. The locus of the centres of 
with respect to which the triangle o 
is the circumscribing circle. 


VI1V VI* - --o I I 

23. The locus of the centres of 
inscribed in the triangle of reference is the 


circle. 


im - 

. • i ,r ,, «rinn<'lc touches 

24. Shew that the nine-point circle of • « 

the inscribed circle and each of the escribed ciicl. s. 
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25. The tangents to the nine-point circle at the points 
where it touches the inscribed and escribed circles form a 
quadrilateral, each diagonal of which passes through an angular 
point of the triangle, and the lines joining corresponding 
angular points of the original triangle and of the triangle 
formed by the diagonals are all parallel to the radical axis 
of the nine-point circle and the circumscribing circle. 

26. The polars of the points A, B, C with respect to a 
conic are B'C', C' A', A'K respectively; shew that A A', BB', CC' 
meet in a point. 

27. If an equilateral hyperbola pass through the middle 
points of the sides of a triangle ABC and cuts the sides BC, 
CA, AB again in a, /?, y respectively, then A a, Bf3, Cy meet 
in a point on the circumscribed circle of the triangle ABC. 

28. Shew that the locus of the intersection of the polars 
of all points in a given straight lino with respect to two given 
conics is a conic circumscribing their common self-conjugate 
triangle. 

29. Two conics have double contact; shew that the locus 
of the poles with respect to one conic of the tangents to the 
other is a conic which has double contact with both at their 
common points. 

30. Two triangles are inscribed in a conic ; shew that their 
six sides touch another conic. 

31. Two triangles are self-polar with respect to a conic; 
shew that their six angular points are on a second conic, and 
that their six sides touch a third conic. 

32. If one triangle can be described self-polar to a given 
conic and with its angular points on another given conic, an 
infinite number of triangles can be so described. 

33. A system of similar conics have a common self-conju¬ 
gate triangle; shew that their centres are on a curve of the 4th 
degree which passes through the circular points at infinity and 
of which the angular points of the triangle are double points. 

34. If A, By C, A\ 1>, C" be six points such that A A’, BB\ 
CC' meet in a point, then will the six straight lines AB', AC', 
BC', BA', CA' and CB' touch a conic. 



393 


EXAMPLES OX CHAPTER XIII 

35 A conic is inscribed in a triangle and is such that 
the normals at the points of contact meet m a point ; prove 
that the point of concurrence describes a cubic cune "hose 
asymptotes are perpendicular to the sides of the triangle. 

36 If P,, ]>< be the lengths of the perpendiculars 

drawn" from^the^vertices * C, 1) of a 

scribed about a conic on any other tangent to the conic, 

that the ratio of p lPj to p,j\ will be constant. 

37. The polars with respect to any conic of the angular 
points A, 11, C of a triangle meet the ogJMt. snies , A , 
C '; shew that the circles on A A , hit , t ^ 

a common radical axis. 

38. A parabola touches one side of a 1 tl ^ 

middle point, and the other two sides pro< uced >™e th^ 

the perpendiculars drawn from the anpi a I , ar , no nical 
triangle upon any tangent to the parabola are m ha« momcal 

progression. 

39. Shew that ^ 

scribing circle is a Jp + 0 N /7 + c v r . , • 

the tangential equation of the nine-point cue » 

a + r) + b J(r + p) + « J( V + = 0< 

40. The locus of the centre of a conic 
triangle, and having the sum of the squ.in s 
is a circle. 

41. The director circles of all "he triangle 

triangle are cut orthogonally by tlie cut ' 

of reference is self-polar. 

42. The circles described or. the ‘• ia ^ n! ^. S r ^ th- 

quadrilateral are cut orthogonally >. 

triangle formed by the diagonals. 

43. If three conics circumscribe the ndcaily 

shew that a common tangent to any 

by the third. . ^ 

44. If three conics are inscrib'd in the sau^ ^ ^ t , (e tan . 
the tangents to two of them at a coinin'* J • , >( nc il. 
gents to the third from that point form a 1,1 
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45. The locus of a point from which the tangents drawn 
to two equal circles form a harmonic pencil is a conic, which is 
an ellipse if the circles cut at an angle less than a right angle, 
and two parallel straight lines if they cut at right angles. 

46. The angular points of a triangle are on the sides of a 
given triangle, and two of its sides pass through fixed points; 
shew that the third side will envelope a conic. 

47. If a conic touches three fixed straight lines and passes 
through a given point P, the locus of the pole of a fixed straight 
line is a conic which touches three fixed straight lines for all 
positions of P. 

48. Two points 0, O' are taken within a triangle ABC , 
and lines drawn through the angular points and 0 , O' deter¬ 
mine on the sides the point-paira X } X '; Y, Y'; X, Z ' 
respectively. Corresponding sides of the triangles XYZ, 
X' Y'Z' meet in P, Q , P. Prove that the six points X, Y , Z 
X' t Y\ Z' lie on a conic of which PQR is a self-polar 
triangle. 


49. If the conic whose equation is 


u.v 


+ vif + wz 3 + 2u'yz + 2 v'zx + 2wxy = 0 


cuts the sides of the triangle ABC in three pairs of points 
which are joined to the opposite angular points, the six lines 
touch the conic 


Uu-jt + Vi-,f + - 2 U'vw yz-2 V'tvu zx- 2 W'uv xy = 0. 

50. From tho angular points of the fundamental triangle 
pairs of tangents are drawn to {uvwn'v'io'§xyzy = 0, and each 
pair determine with the opposite sides a pair of points. Find 
the equution to the conic on which these six points lie, and 
shew that the conic 


s/x(v'w — uu ) + \y ( fc'u' - vv) + Jz (?tV - ww) — 0 

and the above two conics have a common inscribed quadri¬ 
lateral. 



CHAPTER XIV. 

RECIPROCAL POLARS. PROJECTIONS. 


305. If we have any figure consisting of any number 

of points and straight lines in a pu»c, an - e * ke V \ 

polars of those points and the poles of 

respect to a fixed conic 6', we obtain anot ^ e ^ ' ec t 

is called the polar reciprocal ot the former 1 

to the auxiliary conic C. »wmrocal 

When a point in one figure ami a line m tlioiec1 

e fi r 0 e 8£?*% lo^jo 

J!gjz 

Tqo f S i^et'in Mr « the pole of the line PQ 

with respect to (7, that is, the line P<) ™™*'*"* 
point T. Now. if the point Q move up to an « 
coincide with 1\ the two corresponding tangents ^ 

also ultimately coincide with one ain " •» * j 

of intersection T will ultimately be on the o 
will coincide with the point ot contact ot tli 
corresponds to the point J\ So that aUy W "^ ^^ 
curve 8 corresponds to a point on >«- ‘ ^ s(1( . 

tangent to S' corresponds to a P°ni <>n ' ' . $ an ,| 

that S is generated from /S’ ex “ rt / VV. r as ,| l0 envelope 

we shall arrive at the same curve * locus 

of the polars of the different points orr/S o, as the 

of the poles of the ditterent tangents o / 
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306. If any line L cut the curve S in any number of 
points P,Q,R... we shall have tangents to S' corresponding 
to the points P, Q, R ..., and these tangents will all pass 
through a point, viz. through the pole of L with respect to 
the auxiliary conic. Hence as many tangents to S' can be 
drawn through a point as there are points on S lying on a 
straight line. That is to say the class [Art. 238] of S' is 
equal to the degree of S. Reciprocally the degree of S' 
is equal to the class of S. 

In particular, if S is a conic it is of the second degree, 
and of the second class. Hence the reciprocal curve is of 
the second class, and of the second degree, and is therefore 
also a conic. 

307. To find the polar reciprocal of one conic with 
respect to another. 

Let the conics referred to their common self-polar 
triangle be 

£>! = ttja 2 + + vjrf = 0, 

and S t = u.,a? + v.,@r + w./f = 0 . 

The polar of any point ( a , /S', 7 ') on S x with respect to 
S. 2 is 

tf.a'a + v.,(3'j3 + w.. 77 = 0 . 

The envelope of which with the condition 

«,a' a + v,/ 3 ' 2 + U’,7 3 = 0 
is cru.rj «, + + 7 *w^w x = 0 . 

Tho reciprocal of S x with respect to the conic 

La-’ + J//32 + A r «y2 = 0 

is a-L- 71 / x + (P3r~[v x + y2S*lw x = 0 . 

This is the conic So if 

L' 2 / u i ?/o = Jf-/ r ^=A' 2 / ic t ir.j. 

Thus the conics S x and So are the reciprocals qf one another with 
respect to any one of the conics 

a 2 \Uylb, A jf 1 V V X V» A- 7 - y/ ITjITo = 0. 
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308. The method of Reciprocal Polars enables vis to 
obtain from any given theorem concerning the positions ot 
points and lines, another theorem in which straight lines 
take the place of points and points ot straight lines. 

The simplest cases of correspondence are the following: 
Points in one figure reciprocate into straight lines in the reciprocal 
fi r© 

^The line joining two points reciprocates into the point of intersection 
of the corresponding lines. 

The tangent to any curve reciprocates into a point on »e 

sponding curve in the reciprocal figure. , 

The point of contact of a tangent reciprocates into the tangent a >c 

corresponding point. . 

II two curve touch, that L have two coincident po.nl. common, tin 

reciprocal curves will have two coincidcut tangents common, and 

therefore also touch. . 4 .. 

The chord joining two points on a curve reciprocates in o »e I‘ 

of intersection of the corresponding tangents to the reciprocal cu 

The line joining the points of contact of two tangents reeproca , ,„to 

the point of intersection of the tangents nt the com s l’ on ' * • 

Since the pole of any line through the centre of the uum m * 
at infinity, we see that the points at infinity on t ,e (h( , 

correspond to the tangents to the original curve roni u ( 

auxiliary conic. Hence the reciprocal of a conic is an hyperbdla.• ^ 

or ellipse, according as the tangents to it from t »e cen rc < ^ cenlu , 

conic are real, coincident, or imaginary; that is uccort in 0 
of the auxiliary conic is outside, upon, or within tin* cu 

The following are examples of recipioeal tin 

If the sides of two tnum 


If the angular points of two 
triangles are on a conic, their six 
sides will touch another conic. 

The three intersections of oppo¬ 
site Hidcsof a hexagon inscribed in 
a conic lio on a straight line. 

(Pascal's Theorem.) 

If the three sides of a triangle 
touch a conic, and two of its angu¬ 
lar points lie on a second conic, the 


touch a conic, their si' 
points arc on another ‘o»a. 

The three lines joining "IT 0 ' 1 
angular points of a hexagon «h - 

Hcribcd about a conic n.-.t >" 
point. (Iiria,u-hon'* IluM) 

If the three angular points of a 
triangle lie on a conic, and two of 
its sides touch ft second come, the 
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locos of the third angular point is 
a conic. 

If the sides of a triangle touch 
a conio, the three lines joining an 
angular point to the point of con¬ 
tact of the opposite side meet in a 
point. 

The polars of a given point with 
respect to a system of conics through 
four given points all pass throngh a 
fixed point. 

The locus of the pole of a given 
line with respect to a system of 
conics through four fixed points is a 
conic. 


envelope of the third side is a 
conic. 

If the angular points of a tri¬ 
angle lie on a conic, the three points 
of intersection of a side and the 
tangent at the opposite angular 
point lie on a line. 

The poles of a given straight 
line with respect to a system of 
conics touching four given straight 
lines all lie on a fixed straight line. 

The envelope of the polar of a 
given point with respect to a system 
of conics touching four fixed lines 
is a conic. 


309. We now proceed to consider the results which 
can be obtained by reciprocating with respect to a circle. 

We know that the line joining the centre of a circle to 
any point P is perpendicular to the polar of P with respect 
to the circle. Hence, if P, Q be any two points, the angle 
between the polars of these points with respect to a circle 
is equal to the angle that PQ subtends at the centre of 
the circle. Reciprocally the angle between any two 
straight lines is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

\\ e know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to that 
circle, are inversely proportional to one another. 

310. It we reciprocate with respect to a circle it is 
clear that a change in the radius of the auxiliary circle 
will make no change in the shape of the reciprocal curve, 
but only in its size. Hence, as we are generally not 
concerned with the absolute magnitudes of the lines in 
the reciprocal figure, we only require to know the centre 
of the auxiliary circle. e may therefore speak of re¬ 
ciprocating with respect to a point 0, instead of with 
respect to a circle having 0 for centre. 
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311. If any conic be reciprocated with respect to a 
point 6, the points on the reciprocal curve which corre¬ 
spond to the tangents through O to the original cun e 
must be at an infinite distance. Thus the directions ot 
the lines to the points at infinity on the reciprocal cun 
are perpendicular to the tangents from 0 to the original 
curve; and hence the angle between the asymptote* of the 
reciprocal curve is supplementary to the angle between the 

tangents from 0 to the original curve. • • i 

In particular, if the tangents from 0 to the o igma 
curve be at right angles, the reciprocal conic will be a 

reciprocal conic bisect the angles 
between its asymptotes. The axes are therefore parallel 
to the bisectors of the angles between the tangents from 

0 to the original conic. . , nrimnal 

Corresponding to the po.nts at infinity on > £ 

conic we have the tangents to the reciprocal come «Inch 

pass through the origin. Hence the an g t | )0 

origin to the reciprocal conic are perpendicu ar the 

directions of the lines to the points > of 

original conic, so that the angle between the asm 

the original conic is supplemental g l ' J ■ 
the tangents from the origin to the reciprocal 

Ill particular, if a rectangular hyperbola be ; locipm 

cated with respect to any point O, t ic ““2* j" an olher ; 
the reciprocal conic will be at light ang o> [ y t 

in other words 0 is a point on the dirccto.-ocle ot 

reciprocal conic. . 

312. The reciprocal of the origin is the line 

and therefore the reciprocal of t le pj> m <» j 'p t ,/ar 

the pole of the line at infinity. 1 hat is to , 

of the origin rec.procates into the centre of the k< >1 >— 

conic. „ . . • # 

The following are important examples of reel pi oca 

I. All conics which circumscribe a 
through its orthocentre are rectangular hypt > 
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Reciprocating with respect to the orthocentre 0 we 
shall obtain another triangle whose orthocentre is 0. 

The rectangular hyperbolas will become parabolas, 
since they all pass through 0 ; and, since the points at 
infinity on any one of the conics are in perpendicular 
directions, the tangents from 0 to any one of the para¬ 
bolas will be at right angles, so that the point 0 is on the 
directrix of each parabola. 

Thus the reciprocal theorem is: 

The directrices of all parabolas which touch the three 
sides of a triangle pass through the orthocentre of the 
triangle. 

II. If two of the conics which pass through four given 
jioints are rectangular hyperbolas, they will all be rect¬ 
angular hyperbolas. 

If this be reciprocated with respect to any point 0 wc 
obtain the following: 

If the director-circles of two of the conics which touch 
four given straight lines jjoss through a point 0, the director- 
circles of all the conics mil pass through 0. 

That is, the director-circles of all conics which touch 
four given straight lines have a common radical axis. 

313. To find the polar reciprocal of one circle with 
respect to another. 


IT 
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Let C be the centre and a be the radius of the circle 
to be reciprocated, 0 the centre and k the radius of the 
auxiliary circle, and let c be the distance between the 
centres of the two circles. 

Let PN be any tangent to the circle C, and let P' be 
its pole with respect to the auxiliary circle. Let UP’ 
meet the tangent in the point N, and draw CM perpen¬ 
dicular to ON. 


Then 


P 


OP’. ON = P ; 

, = ON = OM + MN = c cos COM + a. 


* ‘ OP 

Hence the equation of the locus of P‘ is 



a -a c n 

— = 1 + - cos v. 
r a 

This is the equation of a conic having 0 for focus , 

— for semi-latus rectum, and - for eccentricity. I he 
a a 

directrix of the conic is the line whose equation is 

P a ** 

— = c cos 0, or x = — . 
r c 

Hence the directrix of the reciprocal curve is the p< b’i 
of the centre of the original circle. 

It is clear from the value found above foi 1 o < • 1 " 
tricity, that the reciprocal curve is an ellipse i! 1 ‘l’'” 1 ' 
0 be within the circle 6', an hyperbola it U la* > ' • < 1 1 

circle, and a. parabola if 0 be upon the eircumfu.-nce oi 


the circle. 


Ex. 1. Tangents to a conic subtend equal angles ,,r <l J " , 

Reciprocate with respect to the focus:—then com I *' 1 point of 
two tangents to the conic, there aro two points on n 
intersection of the tangents to the conic corresponds t*> * R . I * 1 1 , CIIll; , 
the two points on the circle; and the points of contact ^ ^ A | go 
to the conic correspond to the tangents at the points ,,!l 1 ‘ 
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the angle subtended at the focus of the conic by any two points is equal 
to the angle between the lines corresponding to those two points. Hence 
the reciprocal theorem is: 

The line joining two points on a circle makes equal angles with the 
tangents at those points. 

Ex. 2. The envelope of a chord of a conic which subtends a right 
angle at a fixed point 0 is a conic having 0 for a focus, and the polar of 0, 
with respect to the original conic, for the corresponding directrix. 

Reciprocate with respect to 0, and the proposition becomes: 

The locus of the point of intersection of tangents to a conic which 
arc at right angles to one another is a concentric circle. 

Ex. 3. If two conics have a common focus, two of their common chords 
will pass through the intersection of their directrices. 

Reciprocate with respect to the common foous, and the proposition 
becomes: 

Two of the points of intersection of the common tangents to two 
circles are on the line joining the centres of the circles. 

Ex. 4. The orthocentre of a triangle circumscribing a parabola is on 
the directrix. 

Reciprocating with respect to the orthocentre we obtain: 

A conic circumscribing a triangle and passing through the orthocentre 
is a rectangular hyperbola. 

Many of the examples on Chapter VIII. are easily proved by recipro¬ 
cation : for example, the reciprocal of 23 with respect to the common 
focus is: 

Circles are described with equal radii, and with their centres on a 
second circle ; prove that they all touch two fixed circles, whose radii are 
the sum and difference respectively of the radii of the moving circle and 
of the second circle, and which are concentric with the seoond circle. 

314. If we have a system of circles with the same 
radical axis we can reciprocate them into a system of 
confocal conics. 

If we reciprocate with respect to any point 0 we 
obtain a system of conics having 0 for one focus, and 
[Art. 312] the centre of any conic is the reciprocal of the 
polar of (J with respect to the corresponding circle. Now 
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either of the two «limiting points ’ of the system is such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. It therefore the 
system of circles be reciprocated with respect to a hmitin 
point the reciprocals will have the same centre; and if 
they have a common centre and one common focm> \ 
will be confocal. Since the radical axis is parallel to and 
midway between a limiting point and its poa», the re¬ 
ciprocal of the radical axis (with respect to the In 1 
point) is on the line through the focus and * 
reciprocal conics, and is twice as far from the 
centre; so that when we reciprocate a system uf coaxn 
circles with respect to a limiting point, the uidi £ a 
reciprocates into the other focus ot the system of confocal 

conics. 

The following theorems are reciprocal: 


Tho tangents at a common 
point of two confocal conics are at 
right angles. 

The locus of the point of inter¬ 
section of two lines, each of which 
touches one of two confocal conicr , 
and which are at right angles to 
one another, is a circle. 

If from any point two pairs 01 
tangents P, P' and <?,<?' be drawn 
to two confocal conics; the angle 
between P and Q is equal to that 

between l y and Q'. 

If from any point four tangents 
P, P* and Q, Q' are drawn to two 
confocal conics, and the point of 
contact of P is joined to the points 
of contact of Q t <?'; then these lines 
make equal angles with the tan¬ 
gent P. [Art. 2:50.1 


The points of contact of a com- 
mon tangent to two circles subtend 
n right angle at one of the hunt- 
ing points. 

The envelope of the line join mg 
two points, each of which is on one 
of two circles, and which subtend 
u right angle at a limiting 
i* ;i conic one of whose foci is at 

the limiting point. 

If any straight line ml two 

circles in the points 1\ 1’ "" 

i . o'; the angles subtend, d at n 

limiting point by IV <*">1 '' V' arc 

pial. 

If a ,,y line cuts twoeitcles m ‘ , 
1' and Q, Q’ re.'peclivt ly ; and the 
tangent at P cuts th» taints » 
(J. Q' in ‘».cn /’•/. /'«i 

equal (or supplementary) angles at 

a limiting point. 
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Conical Projection. 

315. If any point P be joined to a fixed point V, and 
VP be cut by any fixed plane in P', the point P / is called 
the projection of P on that plane. The point V is called 
the vertex or the centre of projection, and the cutting plane 
is called the plane of projection. 

316. The projection of any straight line is a straight 
line. 

For the straight lines joining V to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 

317. Any plane curve is projected into a curve of the 
same degree. 

For, if any straight line meet the original curve in 
any number of points A, B, C, D ..., the projection of the 
line will meet the projection of the curve where VA, VB, 
VC, VD... meet the plane of projection. There will 
therefore be the same number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 

In particular, the projection of a conic is a conic. 

This proposition includes the geometrical theorem that 
every plane section of a right circular cone is a conic. 

318. A tangent to a curve projects into a tangent to 
the projected curve. 

For, if a straight line meet a curve in two points A, B, 
the projection of that line will meet the projected curve 
in two points a, b where VA, VB meet the plane of pro¬ 
jection. Now if A and B coincide, so also will a aud o. 

319. The relation of pole and polar with respect to a 
conic are unaltered by projection. 

This follows from the two preceding Articles. 

It is also clear that two conjugate points, or two con¬ 
jugate lines, with respect to a conic, project into conjugate 
points, or lines, with respect to the projected conic. 
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320. Draw through the vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line K'L . Then, since the plane VK L and the plane of 
projection are parallel, their line of intersection, which is 
the projection of K'L', is at an infinite distance. 

Hence to project any particular straight line K'L' to 
an infinite distance, take any point 1 for vertex and 
a plane parallel to the plane 1 K L for the p ane o p 
jection. 

Straight lines which meet in any .point on the line 
K'L' will be projected into parallel straight lines, foi the 
point of intersection will be projected to infinity. 

321. A system of parallel lines on the original plane 
will be projected into lines which meet in a pom 

For, let VP be the line through the vertex parallel 
to the system, P being on the plane of projection h , 
since VP is in the plane through V and anyone ofthe 
parallel lines, the projection of every one o lc l ‘ 
lines will pass through P. . 

For different systems of parallel lines the point- "‘Jj 

change; but, since VP is always para e o c o! - 

plane, the point P is always on the line o m « •* - 
the plane of projection and a plane thioug 
parallel to the original plane. . . 

Hence any system of parallel lines on the 011 ^ ^ 

plane is projected into a system of lines p>^ s n . 

i point, and all such points, for different systens 

parallel lines, are on a straight hue. 

322. Let KL be the line of intersection ofonymal 

plane and the plane of projection. /. - ;ul( i ] (; t 

vertex a plane parallel to the plane <> l’"’ 1 ' . . ’ t | lc j wo 

it cut the original plane in the line '• y .r,j> 
straight lines A OA', BOX meet the lines.AX. * 
the points A, B and A', B' respectively; and lot tu 


B. c. a. 


406 


CONICAL PROJECTION 


the plane of projection in O'. Then AO' and BO' are the 
projections of AO A' and BOB'. 

Since the planes VA'R, AO'B are parallel, and parallel 
planes are cut by the same plane in parallel lines, the lines 
VA', VB' are parallel respectively to AO', BO'. The angle 
A'VB> is therefore equal to the angle AO'B, that is, A'VB' 
is equal to the angle into which A OB is projected. 



Similarly, if the straight lines CD, ED, meet K'L' in 
C', D'respectively, the angle C'VD' will be equal to the 
angle into which CDE is projected. 

From the above we obtain the fundamental proposition 
in the theory of projections, viz. 

Any straight line can he projected to infinity, and at the 
same time any two angles into given angles. 

For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in the points 
A', B' and C', D'\ draw any plane through A'B'C'jy , and in 
that plane draw segments of circles through A', B! and C’, 
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D' respectively containing angles equal to the two given 
angles. Either of the points of intersection ol these 
segments of circles may be taken for the centre o In¬ 
jection,and the plane of projection must be taken parallel 
to the plane we have drawn through A IS C JJ. 

If the segments do not meet, the centre of projection is 
imaginary. 

Ex. 1. To shew that any quadrilateral can be projected into a square. 

Let A BCD be the quadrilateral; and let P, Q [see hgure to Art. o«] 
bo the points of intersection of a pair of opposite sideband let the diago¬ 
nals BD, AC meet the line PQ in the points S, R. Ihen ’ 1 J* . J , 
PQ to infinity and at the same time the angles PDQ and R°S n to r> 
angles, the projection must bo a square. I or, since Q »s pi 
infinity, tlio pairs of opposite sides of the projection w i >- 1 - 1 ™ • 

is to say, the projection is a parallelogram ; also one of the a b 
parallelogram is a right angle, and the angle between the diagonals is 

a right angle; hence the projection is a square. 

Ex. 2. To shew that the triangle formed by the diagonals oj a T l,,llri ' 
lateral is self-polar xcith respect to any conic which tone he* t te m< < •' " 
the quadrilateral . 

Project the quadrilateral into a square; then the circle circmnscri mg 
the square is the director-circle of the conic, therefore the intersection of 
the diagonals of the square is the centre of the conic. 

Now the polar of the centre is the lino at infinity; lienee the polar o, 
the point of intersection of two of the diagonals is the third dia 0 

Ex. 3. If a conic be inscribed in a quadrilateral ihe hne 
of the points of contact t cill pass through one of the angular p 
triangle formed by the diagonals of the quadrilateral. 

Ex. 4. If ABC be a triangle circumscribing “ " "J l0 ' r ,t.< 

parallelograms ABA'C , BCD'A, and CAC'B be comp ■ " . 
of contact will pas. respectively through A', B' C'. ^ 

This is a particular case of Ex. 3, one sidc 
the line at infinity. 

Ex. 5. If the three lines joining the angular points of two 
meet in a point, the three points of intersection of correspoi < 
lit on a itraight lint . 
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Project two of the points of intersection of corresponding sides to 
infinity, then two pairs of corresponding sides will be parallel, and it is 
easy to shew that the third pair will also be parallel. 

323. Any conic can be projected into a circle having 
the projection of any given point for centre. 



Let 0 be the point whose projection is to be the 
centre of the projected curve. 

Let P be any point on the polar of 0, and let 0Q be 
the polar of P; then OP and 0Q are conjugate lines. 

Take OP, OQ' another pair of conjugate lines. 

Then project the polar of 0 to infinity, and the angles 
POQ, P'OQ’ into right angles. We shall then have a 
conic whose centre is the projection of 0, and since two 
pairs of conjugate diameters are at right angles, the conic 
is a circle. 

324. A system of conics inscribed in a quadrilateral 
can be projected into confocal conics. 

Let two of the sides of the quadrilateral intersect 
in the point A, and the other two in the point B. Draw 
any conic through the points A, B, and project this conic 
into a circle, the line AB being projected to infinity; then 
A, B are projected into the circular points at infinity, and 
since the tangents from the circular points at infinity to 
all the conics of the system are the same, the conics must 
be confocal. 



EXAMPLES 


409 


Ex. 1. Conics through four given points can be projected into coaxial 

"'tor, project the line joining t. o< the points to infini.T. 

the conics into a circle , then all the conics will be projected into aides, 

for they all go through the circular points at infinity. 

Ex. 2. Conies which hove double eon,act with one another can he 
projected into concentric circles. 

Ex. 3. Tltc three point, of intersection of opposite side, of a hexagon 
inscribed in a conic He on a straight line. [Pascal s Theorem.] 

Project the conic into a circle, and the $ ‘pic 

rs?.w •— -■«■ « 

parallel, the third pair are also parallel. 

Ex. 4. Skew tins, all conic, through four fired points can be pro- 

jected into rectangular hyperbolas. of 

There are three pairs of lines hrough the four points, an. ^ 

the angles between these pairs of hues c pr rA°rt 187 Ex. 1.] 

the conics will be projected into rectangular hyperbolas. [Art. 1*7, L. j 
Ex. 5. Any Or* chonU of a conic can be projected into egual chords 

of a circle. >B meet in IC, and AC, 

Let A A', BB’, CC be the chords; let A1 , . ted to infinity. 

A'C in L. Project the conic into a circle, A L being 1 J 

Ex. 8 If two triangles are self-polar with respect to conic, their sis 

^ nuil their six sides touch a conic . 

angular points aw on a comic, a ‘ projcct nC to infinity, and the 

Let the triangles be ABC, A B . P J q( thQ circ i c , and 

conic into a circle ; then A ,s projected ^ > ; also> Binc0 a'B’C' is 

AB, AC arc at right angles since . ^ <)rt l,ocentro of the triangle 

sell-polar with respect to the circle, -1 

A ' D Z'« a rectangular hyperbola through 

and a rectangular hyperbola through L n jo pointfl , tho six 

a rectangular hyperbola can be drawn through an) 

points A, B, C, A\ JT, C' arc on a conic. straight lines B'C’, 

Also a parabola can bo drawn to to " c 1 ' mro bola [Art. 105 (3)]; 

CA\ A'B', AB. And A is on the direct.ix \ ide8 of tho 

therefore AC7 is a tangent. Hence a conic touches the 

two triauglcs. 


410 CROSS RATIOS UNALTERED BY PROJECTION 


Ex. 7. If one quadrilateral can be inscribed in one conic and circum¬ 
scribed about another, an infinite number of quadrilaterals can be so 
described. 

Let P, Q, R, S be four points on a conic Sj, and let PQ, QR, RS , SP 
touch a conio So. 

Let PQ, RS meet in A ; PS, QR in B; and PR, QS in C. 

Project the conic S { into a circle whose centre is the projection of the 
point C ; then AB is projected to infinity and the conics S x and So have 
become concentric. And, since PQRS is projected into a parallelogram 
in a circle, this parallelogram must be a rectangle. 

But the circle through the angular points of a rectangle whose sides 
touch a conic, is the director-circle of the conic. 

Thus, if a quadrilateral is inscribed in a conic S 1 and circumscribed 
about a conic So, So and S { can be projected into a conic and its director- 
circle. 

Since an infinite number of quadrilaterals can be inscribed in the 
director-circle of a conic whose sides touch the conio, the theorem follows. 

325. Properties of a figure which are true for any 
projection of that figure are called projective properties. 
In general such properties do not involve magnitudes. 
There are however some projective properties in which 
the magnitudes of lines and angles are involved: the 
most important of these is the following: 

The cross ratios of pencils and ranges are unaltered 
by projection. 

Let A, B, C, D be four points in a straight line, and 
A', B', C', D' be their projections. Then, if V be the 
centre of projection, VAA', VBB\ VCC', VDD' are straight 
lines; and we have [Art. 55] 

[ABCD] = V [ABCD] = [A'B'C'D']. 

If we have any pencil of four straight lines meeting in 
0, and these be cut by any transversal in A,B, C D ; then 

0 [ABCD] = j ABCD] = V[ABCD] = [A'B'C'D'] 

= O' [A'B’C'D']. 

From the above together with Article 61 it follows that 

if any number of points be in involution, their projections 
will be in involution. 
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Ex. 1. Any chord of a conic through a given point O is divided 
harmonically by the curve and the polar oj O. 

Project the polar ol O to infinity, then O is the centre of the projec¬ 
tion, the chord therefore is bisected in O, and {POQ » } is harmonic when 

PO=OQ. 

Ex. 2. Conics through four fixed points are cut by any straight line 
in pairs of points in involution. [Desargue’s Theorem.] 

Project two of the points into the circular points at infinity, then t le 
conics are projected into coaxial circles, ami the proposition i o mo 

326. The cross ratio of the pencil formed by Jour 
intersecting straight lines is equal to that of the range 
formed by their j)oles with respect to any conic. 

Since the cross ratios of pencils and ranges are 
unaltered by projection, we may project the conic in o a 
circle. Now in a circle any straight line is perpen i • 
to the line joining the centre of the circle to 1 b P° .. 
respect to the circle. Hence the cross ratio o 1C P . 
formed by four intersecting straight lines is cq ,,a 
of the pencil subtended at the centre of the circle: by the. 
poles, and therefore equal to the cross iatio o 1 ° 

formed by their poles. 

327. The cross ratio of the pencil formed by joining 
any point on a conic to four fixed points is cons ■ 
is equal to that of the range in which the tangents at those 

points are cut by any tangent. 

Since the cross ratios of pencils and nnges ^.un¬ 
altered by projection, we need only piove the j ] 

f At* p /»! 7*f* /O 

Let A, B, C, D be four fixed points on a p 

be any other point on the circle, and let t \c tl r> y/ 

meet the tangents at A, B, 0, U in the points A , B . 

Then, if 0 be the centre of the circle OA i» 1 p 
dicular to PA, OB' to PB, 00' to PC, and OD to U. 

Hence 

[A'B'C'jy] = 0 ! A'B'C'J )'I = T [ABCI)}. 
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But the angles APB, BPC, CPD are constant, since 
A, B , a, D are fixed points. 

Therefore {A'B'C'D'} = P [ABCD] = const. 


P A' B' C' D' 



If Q be any point which is not on the circle, Q ( ABCD ) 
cannot be equal to P \ABCD }; this is seen at once if we 
take P such that APQ is a straight line, and consider the 
ranges made on BC by the two pencils. Hence we have 
the following converse proposition. 

It ((■ point P move so that- the cross ratio of the pencil 
formed by joining it to four fixed points A, B, 0, D is con¬ 
stant, P will describe a conic passing through A, B, G, D. 

Ex. 1. The four extremities of tiro conjugate chords of a conic subtend 
a harmonic pencil at any point on the curve. 

Let the chords be AC, BD ; let E bo the pole of BD, and let F bo the 
point of intersection of AC, BD. The four points subtend, at all points 
on the curve, pencils of equal cross ratio. Take a point indefinitely near 
to D; then the pencil is D{ABCE). But tho range A, B, C, E is 
harmonic, which proves the proposition. 

Lx. 2. If tiro triangles circumscribe a conic, their six angular points 
arc on another conic . 


Let ABC, A’KG' bo the two triangles. Let BC cut AB, AC in E', D\ 
and let BC cut A'B', AC in E, D. Then tho ranges made on the four 
tangents AB, AC, A’B', A’C' by tho two tangents BC, BC are equal. 

Hence { BCF.D\ = {E'D’BC }; 

.-. A ’ { BCE I) } = A { E'D'KC }, 
or A t {BCBC')=A{BCD’C'\, 
which proves tho proposition. 
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c ;;i“h 7rL ‘i», y .na»u ......... ^ *—«<»»' 

A'B'C' will pass through A. 

128 Def Ranges and pencils are said to be homo- 

u«......... - 

,h - £'*„....«. 

equivalent to the former, le u 0 f the two 

form «»/ + & 

x = cy + d' 

The proposition follows from the fact that the cross 
ratio of four points of the one system, namely 

(#1 — X j) (#3 X *} 

(z\ — X*) (, x i ~~ X -} 

, lit for a-,, and similar 

is not altered if we substitute ^ + ^ 
expressions for x a , x 3 and .r t . 

Ex ! The ^ of inaction of correspond lines of too homo- 

..—.... «■ *- 

every other intersection. 
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Ex. 2. The lines joining corresponding points of two homographic 
ranges envelope a conic. 

Let a, b, c, d be any four of the points of one system, and a', V, df 
be the corresponding points of the other system. Then aa', lb ', cc', dd’ 
are cut by the fixed lines in ranges of equal cross ratio. Hence a conio 
will touch the fixed lines, aud also aa’, lb’, cc', dd'. But five tangents are 
sufficient to determine a conic; hence the conic which touches the fixed 
lines, and three of the lines joining corresponding points of the ranges, 
will touch all the others. 

Ex. 3. Two angles PAQ, PBQ of constant magnitude move about 
jixed points A, B, and the point P describes a straight line; shew that Q 
describes a conic through A, B. [Newton.] 

Corresponding to one position of AQ, there is one, and only one, 
position of BQ. Hence, from Ex. 1, the locus of Q is a conic. 

Ex. 4. The three sides of a triangle pass through fixed points, and the 
extremities of its base lie on two fixed straight lines; shew that its vertex 
describes a conic. [Maclaurin.] 

Let A, B,C be the three fixed points, and let On, Oa' be the two fixed 
straight lines. Suppose triangles drawn as in the figure. 



a b c d 


Then the ranges {abed...} and {aVcM'...} are homographic. There¬ 
fore the pencils B[abcd...\ and C{a'b'c'd'...\ are homographic. 

Ex. 5. If all the sides oj a polygon pass through fixed points, and all 
the angular points but one move on fixed straight lines; the remaining 
angular lioiut Kill describe a conic* 
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El 6 A A' are fixed faints on a conic, and from A and A ' pairs of 
tangent, 'arc drama to any confocal conic, which meet the original conic ,n 
c, D and C, D'; shew that the loans of the pent of tnterseetton of CD 

and C'D' is a conic. 

The tangents from A to a eonlocal are equally inclined to the’<«■*“* 
at A [Art. 230, Cor. 3], therefore the chord CD cuts the tangent at d m 
sic fired point 0 [Art. 190, Ex. 2], So also W passes through a 
hied point O'. Now if we draw any line OCD through O, one confocal, 

and only one, will touch the lines AC. AD : and the ' ; 

this confocal will determine C' and V, so that corresponding any 
position of OCD there is one, and only one, position o 
locus of the intersection is therefore a conic from Ex. 1. 

Ex. 7. I/AOA', DOW, COC. DOD'... be chords of a e0 *; c '**** a " : * 
point on the curve, then will the pencils P{AVCD...} and P{ 

be homographic. 

Project the conic into a circle having O for centre. 

El. 8. If there are two systems of point, on a conic which subtend 

z «»* 

contact with the original come. ^ ^ (wo Bystoms ot points. 

P Le t I'd '^ CC int e^Ual' chords of a circle [Art. 321, El. fill Jet 

thorelore the envelope of PV is a concentric circle. 

El 9 If a polygon be inscribed in a conic, and all it, side, but one 
pJdlghfixedpoLs, Ct envelope of that pent w„, be a come. 

This follows from Ex. 7 and Ex. 8. 

129 Any two lines at rigid angles to one another and 
the foes Ah their intersection and the circular points at 

infinity, forvi a harmonic penal. 

Lot the two lines at right angles to one anoherbe 

u ”i:tiritwaT.'r ,l. ... .. 
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any constant angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio. 

Ex. The locus of the point of intersection of two tan¬ 
gents to a conic which divide a given line AB harmonically 
is a conic through A, B, and the envelope of the chord of 
contact is a conic which touches the tangents to the original 
conic from A, B. 

Project A, B into the circular points at infinity and 
the proposition becomes: the locus of the point of inter¬ 
section of two tangents to a conic which are at right angles 
to one another is a circle; and the envelope of the chord of 
contact is a confocal conic. 

330. The following are additional examples of the 
methods of reciprocation and projection. 

Ex. 1. If the sides of a triangle touch a conic, and if two of the angular 
points move on fixed confocal conics, the third angular point will describe a 
confocal conic. 

Let ABC, A'B'C' be two indefinitely near positions of the triangle, 
and let A A', BB', CC' produced form the triangle rQR. The six points 
A, B, C, A', B\ C’ are on a conic [Art. 327, Ex. 2], and this conic will 
ultimately touch the sides of PQR in the points A, B, C. Hence PA, QB, 
RC will meet in a point [Art. 186, Ex. 1]; and it is easily seen that the 
pencils A{QCPB), are harmonic. Now, if A move 

on a conic confocal to that which AB, AC touch, the tangent at A, that 
is the lino QR, will mako equal angles with AB, AC. Hence, since 
A{QCPB) is harmonic, PA is perpendicular to QR. Similarly, if B 
movo on a confocal, QB is perpendicular to RP. Hence RC must be 
perpendicular to PQ, and therefore CA, CB make equal angles with PQ; 
whence it follows that C moves on a confocal conic. 

[The proposition can easily be extended. For, let A BCD be a quadri¬ 
lateral circumscribing a couic, and let A, B, C move on confocals. Let 
DA, CB meet in 1., and .-17>, DC in F. Then, by considering the triangles 
ABF, BCh, wo see that E and F movo on confocals. Hence, by con¬ 
sidering the triangle CED, we sec that D will move on a confocal.] 

If wo reciprocate with respect to a focus we obtain the following 
theorem: 

ll the angular points of a triangle are on a circle of a coaxial system. 



EXAMPLES 


417 


and two of the sides touch circles of the system, the third side will touch 
another circle of the system. [Poncelet’s theorem.] 

Ex 2 The six lines joining the angular points of a triangle to the 

r oinUwherXlopposite .iSc. .« - %.•« —* 
conic. 

The reciprocal theorem is: 

we have the obvious theorem. 

Two lino, through a focus of a conic arc cut l,J pairs of tangents 
parallel to them in four points on a circle. 

Ex . 3. The following theorems arc deduciblo from one another: 

(i) Two lines at right angles to one 

of two confocal conics; shew that t ,e o.us ^ contae t is another 

and that the envelope of the line joint ig P 

(ii) Two points, one on each of two coaxial 

diagonal of their circumscribing fl««‘ " “ ^ ^ f/|< , Jlr ,„iitie* 

the locus of the intersection of the It ■ joining the points of 

of that diagonal, and that the envelope oj th nejo J 

contact is a come inscribed tn I n arc points. 

(iV ) aob.cod ^ <>■< 

‘iZePQis A CDs - 

0,1 a comC t,4r0 * ,£,/i i4, C ’’ 1K , , <lco circ/ „ t-quidistant from 

(v) // (Mpoftf. Ip- ta ^;ln,7lZjoLig them is a parabola which 

the points is a circle through their common points . 
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Examples on Chapter XIY. 

1. Shew that an hyperbola is its own reciprocal with 
respect to the conjugate hyperbola. 

2. Shew that a system of conics through four fixed points 
can be reciprocated into concentric conics. 

3. Shew that four conics can be described having a common 
focus and passing through threo given points, and that the 
latus rectum of one of these is equal to the sum of the latera 
recta of the other three. Shew also that their directrices meet 
two and two on the sides of the triangle. 

4. If each of two conics be reciprocated with respect to 
the other; shew that the two conics and the two reciprocals 
have a common self-conjugate triangle. 

5. Two conics L x and Z 2 are reciprocals with respect to a 
conic U. If M x bo the reciprocal of L x with respect to Z 3 , and 

2 ^ reciprocal of L, with respect to L x ; shew that M x 

and M, are reciprocals with respect to U. 

6. If two pairs of conjugate rays of a pencil in involution 
bo at right angles, every pair will bo at right angles. 

7. If two pairs of points in an involution have the same 
point of bisection, every pair will have tho same point of bisec¬ 
tion. Where is the centre of the involution 1 

8. Tho pairs of tangents from any point to a system of 
conics which touch four fixed straight lines form a pencil in. 
involution. Hence shew that the director-circles of the system 
have a common radical axis. 

9. Two circles and their centres of similitude subtend a 
pencil in involution at any point. 

10. If two finite lines be divided into the same number of 
parts, the lines joining corresponding points will envelope a 
parabola. 

11- if 1 , P' be corresponding points of two homographic 
ranges on tho lines OA, OA\ and the parallelogram POFQ be 
completed ; shew that the locus of Q is a conic. 
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io Three conics have two points common ; shew that the 
threelines joining their other intersections two and two meet 
in a point, and that any line through that point is cut l>> the 

conics in six points in involution. 


13 Shew that, if the three points of intersection of! corie- 

SDOndin" sides of two triangles ho on a straight line, th 
triangles can both be projected into equilateral triangles. 

A • • 


14 shew that any three angles may he projected into 
right angles. 


i 7 ? r are three fixed points on a conic; find 
g eometnciily k poison the curve at which ^ ^ 
equal angles. 


1G Through a fixed point 0 any line is drawn cutting 
io. xinou 0 ii * . ,, ... fu respectively, and / 

dm pot S t 0 on a d'e Ve ^e r Tuc ; i, that {A ll'CP\ is harmonic; shew 

that the locus of P is a conic. 


is of constant cross ratio. 


18. If two angles, each 
their vertices, m such a man - , vert i C cs, the 

SM ** 

vertices. 


straight 

the f ree side of the polygon will envelope a conic. 

20. If a polygon he t “|I mI! U“' lo "u s of 

angular points but one lie on fixed stra 0 

that angular point will be a conic. 
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INVARIANTS. 


331. If the equations of two conics are 

S = (uc- + bf + c + 2 fy + 2 gx 4- 2 Jury = 0, 

and S' = o!a? + b'if + c + If'y + 2 g'x + 2 h'xy — 0, 

the equation of any conic through their points of intersec¬ 
tion is given by 

kS + S' = 0 .(i). 

The condition that (i) should represent a pair of 
straight lines is 


ka + a', kh + h' y kg -f g 1 = 0. 
kh + h', kb + b', kf+f 
I kg + f, kf+f, kc+c- 

Wo have therefore a cubic equation in k, which is 
written 

A/j 3 + 61c 2 + 0’k + A' = 0.(ii), 

where A, A' are the discriminants of ,S', ,S'' respectively, and 
0 = a A + b'B + c'C + 2 f 'F + 2 g'G + 2 h'H, 
and 6' = a A ' + bB' + cC' + 2/F' + 2gG' + 2h IF. 


If*., k-’» the three roots of the equation (ii), then k t S + 5' = 0, Ac. 
ftrc tho equations of the pairs of straight lines through tho points of 
intersection of S and S’; and, if we eliminate k between (i) and (ii) the 
resulting equation, namely 

AS' 3 - OSS" + e’&S* - A ’SP = 0, 

is the equation of the three pairs of straight lines through the intersec- 
tions of S and S". 
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332 Now if the axes of co-ordinates be changed in any 
manner-including, for example a change from Cartesian 
to Trilinear co-ordinates—and the equations of the t\vo 
conics <5 = 0 and S'=0 become 2=0 and | -0 respectn el) , 

the equation kS+S' = 0 will become A-2 + - - °» an( J 1 
k be such that kS + S' = 0 represents a pair of straigh 

lines, so also will k% 4 - 2 = 0 . 

Hence the values of k for which kS+ S' = 0 represents 
straight lines, that is the roots of (n) Art. 331, must. e 

independent of any particular axes o( co-ord.nates 

fore the ratios of the four quantities A, 0 0 , A to one 

another must be independent of the axes ot co-oidmates. 

For this reason the quantities A, 0, O', A' are called 

Invariants. 

If the transformation from one system of co-ordinates 

s rtrarfirs i t 
a a-s-jarKv:: wasa- 

o a nn( ] g' 0 referred to one system of 

~ — 0 and o v/_0 when referred to some other 

5 =: 

^ZXTnTs therefore 

equations of the conics as foun ) |jj ;! , I 

:S - 

the discriminant of k~- 4- m** 1 

Ar»A 4- k 2 m6 + km" O' + m* A' = 0. 

Thus it will he seen that a It h o ugh t h ® r ^ t ,f *££ 

may not in all ^iXomogineoLboth when A, 0\ 
these quantities which is hom g also when they are 

a; r rr 3 r:x ^ 

“he lotions of ’ll* conics may be changed. }f _ 


8. C. 6. 
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333. The invariants found in the following cases will 
be useful for reference. 

I. When S =ua.- + v{i 2 + v>y 2 =0, 

S' = u'a 2 + r'02 + wV=O. 

The diBcriminant of kS + S' is 

(ku + u')(kv+v r )(kw + w r ). 

.*. A = uvw, 0 = 2vwu', 0'=luv'w', A'=uVu>'. 

H. men S = ud 2 + vf3 2 +wy 2 =0, 

S'=2lfiy+2mya + 2na/3=0. 


The discriminant is 



ku, 

n, 

m . 


n , 

kv, 

1 


m, 

l, 

kw 

And 

A=uvw, 0 = 0, 

0’=- 

2Pu, A'= 2 Imn. 


III. men 

S=na.- + vfi 1 + wy 2 =0, 

S' 3 X 2 a 2 + + v^y- - 2 fxvfiy - 2v\ya - 2\p.a(2 =0. 

The discriminant is 

ku + X 2 , -V» — *X 
-V » *v+/i 2 , -/n> 

-p\ , — flV , klD + V 2 

And A=uvw, 0=\hne + n 2 icu + v 2 uv, 

0 ' = 0, A'= -4XV-*' 2 . 

IV. When SeX 2 a 2 +/ l i 5 /3 3 + p 2 Y 2 -2/o'/3y —2vX7a —2X J ua/8=s0, 

S' = 2//3v + 2mya + 2na/3 = 0. 

The discriminant is 

*X 2 , -k\fi + n, -kv\+m . 

— fcX/i -f n, kp~ , — I-/ip +1 

- kv\ -i-m, — kfu> + 1, kv- 

And A=-4 X 2 /i 2 p 2 , 0=4Xjup (IX + m/i+tw), 

6'= — (l\ + wi^i 4 - «p)2, A' =2 ban. 


Thus 0 2 =4A0\ 
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V. When 


Sa- 9 + £- 1 = 0 , 

a 2 b- 


S' = (x-a)2 + d/-^) 2 -p 2 =0. 
Tho diBcriminant is 


- 2 +i. 

a 2 


0 


— a 


* * 
p +1 ’ 


— a 


And 


A= - 




-/3 

_/3 , -ft + a 2 + /*-p* 

VI. When S = (x - a) 2 + (y - ft' 2 - r = 0, 

S'=(x-p) 2 +(y-?) 2 -» -2 = 0 - 
The discriminant is 

fc + l , 0 , — ka - p r 

0 , k +1 , -M-C j 

— ka-p, -kfi-q, k^+f-rt+p' + l-r 1 

And A =-p-, A'=-r 2 , 

0 = (a - i»)* + (/3 " ?) 2 " V " f3 » 

= (a -p ) 2 + (£ - ?) 2 - P 2 - 2r2 ‘ 

334 From II and III of the preceding Article we sec 
that 0 = 0 when a triangle inscribed in * “ | 

S, and also when a triangle about S 1S e,f P ‘ 
and we know that if in either case there o,,e sue 

triangle there are an infinite number. [Ait. 300, hx.j 

Conversely * If 0 = 0, then triangles can be inscribed in 
5' wSTreLlf polar for 8. and triangles can be described 

about S which are self-polar ioi o . 

For lot tl .0 polar with respect to .5 of any point A on S' cut S' agam 

in B t C. u 

Then, referred to the triangle ABC, wo have 

S&ua? + vp i + W + 2u 'Py = °* 

and S' 5 2f/37 + 2n*7a + 2na/3 = 0. 
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The discriminant of kS+S' is 

ku, n , 77i . 

ti, kv , ku' + l 

vi, ku' + l, kw 

Hence, if 0 = 0, we have luu'=0. 

Now when ji = 0 the conic S is two straight lines through A, and 
when 1 = 0, S’ reduces to the straight line BC and another line through 
A the pole of BC with respect to S. Rejecting these cases when one of 
the conics is a pair of straight lines, we have ?t' = 0 and therefore ABC 
is self-polar for S. 

Again let A be the pole with respect to S' of any tangent BC to S, 
and let AB, AC be the tangents from A to S. Then referred to the 
triangle ABC we have 

S = l-a- + 7/1-/3- + nV - 277i«/37 - 2nlya - 2lmap=0, 
and S’ = ua 2 + vffi + wy- + 2u'/3y = 0. 

The discriminant is 

kl- + u, - him , - knl 

- klm , km- + v , - kmn + u’ 

- kn l , - A77i71 + kn- + tc 

Hence, if <7 = 0, we have iu'Pmn=0. 

Now when l or m or 7i is zero, S represents a pair of coincident 
straight lines; and rejecting these line conics, wo have ti' = 0 and there¬ 
fore ABC is self-polar for S’. 

Hence when 0 — 0 an infinite number of triangles can 
be inscribed in S' which arc self-polar for S, and also an 
infinite number of triangles can be circumscribed to S which 
are self-polar for S'. 

335. From IV of Article 333, we have seen that, if 
a triangle in S' circumscribes S, then 0 1 — 4A0' = 0. 

To prove the converse: Let any tangent to S cut S' in B, C and let 
die other tangents from B, C meet in A. 

Then referred to the triangle ABC wo have 

S = r-a- + m-F + nZy- - 2mnf3y-2nlya — 2lma.fi=Q, 

S' = i7 a - 4- 2i«'/3y + 2i>'->-a + 2? c'aS = 0. 
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Then the discriminant of kS+ S' is 

lil 2 + u , -klm + w-knl + v' 

-klm + to’, km- , -kmn + W 

| - knl + 1 / , - kmn + u', kn 2 

And A=-4Pi»*n 8 , 

0 = 4lmn (lu' + mv' + mc ), 

ff = _ (/u' + mu;' + rue') 2 + 2mnu'«. 

up nrfi 02 _ 4 A 0 ' = O, we have Z»nnuu' = 0. .... , 

Thus u = 0 and therefore the triangle -IRC is in -S’ and 1 a *° 

°'~Ts represents Uo strait tines one ot W hicU touches S'. Mso, 
if l or m or n is zero, S represents a pair of coincident straight l.n .] 

ooc T t follows from the two preceding Articles that, 
if 0 = 0 ard 6' = 0, then an infinite number oft mangles can 
be inscribed in either S or S' and ^cuniscrM about* the 
other; also that an infinite number of r < j ' » flr f or 

scribed or circumscribed to either whic 1 . 1 

the other. , , . . .. 

Er. 1. If a circle U J ^ 

number of triangles can be inscribed m the 

^nte discritninant + + ^ f ' *'"• 

wehare d=-4o>, e=-iai.a-g), o» a * ” - < 9 ' 

Hence 02-4A0-O. 

Ex. 2. If me centre »/ . cirete i. on 
infinite number of triangles can be t ravina triangle! can he 

.elf-polar for ,Ue circlet also an °f rah J. 
inscribed in the circle which arc self -f J 

Let Ss(« + «) ! +(!<+fl ! -'-' 0 ' 

S'= IJ- - 4ax = 0. 

Then the discriminant of kS + S ' is 

fc , 0 , *«" 2a 

0 , k + 1, I: P 

t ka-2a, kp , A(<« 2 -»-) 

in which 0' = O. to the parabola from the 

It should be noticed that the two tang tria ugle about the 

centre ot the circle and the line at .nSu.ty term 
parabola which is self-polur for tlio circ 
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Ex. 3. The three conics 

S l = y 2 -4ax=0, So=x 2 -4by = 0, <S 3 =2xy+ 4a&=0 
are so related that an infinite number of triangles can be inscribed in any 
one of the conics and circumscribed about either of the others, and an 
infinite number of triangles can be drawn in or about any one of the conics 
which are self-polar for either of the others. 

The discriminant of kS\ + So is 

aW + b°-. 

The discriminant of kSi + S 3 is 

ak*+b. 

And the discriminant of kS 2 + S 3 is 

bk? + a. 

And in all three cases 0 = 0 and ff = 0. 


Ex. 4. The circumcircle of a triangle self-polar for a conic cuts the 
director-circle of the conic orthogonally. 

o o 
£C m 11“ 

Let the conic be S = — + 1 = 0 , 

a- b“ 

and the circle S' = (x- o) 2 + (y -fi)-- r 2 =0. 

Then, in the discriminant of kS+S\ 6 must be zero, for a triangle 
in S' is self-polar for S. 

But [V, Art. 333] 

Henco a*+p=r* + a*+b* 9 

and .*. S'cuts + a--f6 2 orthogonally. 

* ow 0 = 0 is also the condition that a triangle about S should be self- 
polar for .S'. Wo have therefore the following theorem: 

Ij a conic is inscribed in a triangle the polar circle of the triangle 
cuts orthogonally the director-circle of the conic . 


Ex. 5, Triangles can be inscribed in the conic S = 

sides touch S'=^ ^ - 1 = 0 if - ± X * 1=0. 

a * 0 - a b 

The discriminant of kS + S' is 


* 2 , !/* 


-1 whose 


Hence 


(a- 1 + a'*)(is + (* + 1) =0. 

A _ 1 n 1 /, , <J“ b 2 \ 

u 2 b“ ’ a- b“ \ * a'S + fonj » 

/ .a* b’*\ i 

a'-b'- \ a* # + 6*) • A 
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Hence the condition 0* - AM0 = 0 is satisfied if 

/ a' 2 fc' 2 V A a ' n ' 2 + 

( 1 + ^2 + t 2 ) " 4 a 2 6 2 \ 1 + a' 2+ 6'V ' 


i.e. if 
i.e. if 


a'« i*' 4 , . o“' o!H_o 

? + 6? + l - 2 ^- 3 ^ 2 6 s-0, 


o' 2 */ 2 _<«‘ 


**£*1-0. 

a o 


[See Art. 205.] 


337 The locus of the orthocentre of a triangle inscribed 
in a conic S and circumscribed to a conic S' is a conic. 

Let S = a'a? + 2h'xrj + b'rf + 2fx + 2 \fy + c' - 0, 


£' = ^+ ^-1=0. 


and 

w — 

Let (a 8) be the orthocentre of a triangle in S and 
about S'. ’ Then since the orthocentre is the centre of the 
polar circle of a triangle, the triangle in S and about S 
will for some value of p be self-polar for the circle 

C = (x-ay + {g-Pf - P a - 

Hence 0' = O in the discriminant of kS + C, 
an( ^ 0 = 0 in the discriminant of kS'+ C. 

Now the discriminant of kS + C is 
lea +1, kh' , kf-a 

kh' , kb' +1 , kf'-P 

Jef-a, kf'-p, kc' + tf + P-p 
and & = «'«’ + 2/i'a/3 + V? + 2 fa + 2 f'P + c - (a' + V) f - 0. 

Also the discriminant of kS' + G is 


- a +i, o 


— a 


a 
0 

— a 


- + 1 -P 

6» + 1 * 


and 


, , -k + a* + P*-p* 

0 = J.p(a* + l3’-p'-a 1 -b’) = 0 - 
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Hence 


Now 


Hence (a, /9) is on the conic 

S = (a' + b') (x 3 + y 2 — a? — 6 s ). 

338. To find the condition that two conics should touch 
one another. 

The equations of the conics may be taken to be 

= a,ar + 2 hjxy + b^y 2 + 2fiy = 0, 

S 3 = a,# 2 + 2hoxy + b.,y- + 2 f,y = 0. 

The discriminant of kS t + S., will be found to be 

(ZtOj + a. 2 )(kfi +f 2 y .(i). 

A = Oi fi\ 6 =/, (2 a,/ 2 + a,/,). 
^/.(ViWA A'-a,/,* 
W-M&'^fiftiaJi-aifJ, 

* 9 -*X0 =fHaifi-aJtf. 

Hence the condition required is 

(66' - 9 AA') 2 = 4 (P - 3A 6')(6' s - 3A'0).(ii). 

If the conics have contact of the second order 
J\/<h =/ 2 /« 2 » and therefore 

0 2 = 3A0', 0'* = 3A'0. 

Iho relation (ii) may also be found from the fact that two of the 

three pairs of straight lines through the intersections of the conics 

coincide when the conics touch, and therefore two of the roots of the 
cubic 

A*3+0*2+0'* + A' = O 

are equal. 

Henco we have to eliminate h between the above equation and 

3 At 2 +20k + 6'= 0. 

Multiply the first equation by 3 and the second by k and subtract; then 

0k- + 20’k + 3 A' = 0. 

A’ 2 k l 


and 


Hence 


0(>A' - 2cT- 0<T - 9AA' Gtf'A - 26- ’ 
{ 00 ' - 9AA')- = -1 (0- - 3 O'A) (dT 2 - 3d? A'). 


and 
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Now the radii of curvature of the two conics are 

pi — —f i/ax and p 2 = — fja* 

And the roots of the discriminant are 

-/«//»> -/*//> and -oJa*. . 

Hence the ratio of the repeated root to the other is 

ajnlaj'x =pjpi- . 

Thus the ratio of the curvatures of S x and S, at their 
P Jt 7 — i. La to the ratio of tl. repeated root to 

the other root of the discriminant o/AS, + b.. 

To find the condition that a quadrilateral may 
be inscribed if one conic and circumscribed about another 

Let the four sides referred to the diagonal triangle be 

la + m3 + wy = 0 or .r ± y ± z — 0. 

"Then 's!=nsr + vf + wz^0 will touch the four lines if 


I + t +-=0 

u v VI 


(1) 


Four of the points of intersection of the lines are 

a o i) (i, o, -l) (i> !> °) C 1 * ” 1, °'* , 

The general equation of the conic through these four 
points is ^ = __ ^ + if + z * + 21 y Z = 0. 

The discriminant of kS t + S 2 is 

leu- 1, 0 , 0 

0 , kv+ 1, ^ 

0 l , le w + 1 I 

A 1 __ vw + WU + uv=- 2 vw, from (i). 

Hence A = uvw, 0 ^-vw + w ^ 

Q' — 11 — v — W — t : U, A 

ff = _ ■- 2AA'/tf + */**; 

8A'A' + 0 3 - 4A00' = °. 

and this is of proper dimensions. 


Hence 
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Ifc should be noticed that one of the roots of the dis¬ 
criminant is equal to the sum of the other two , for one 

root is - and the others are given by 
u 

vwk 2 + (v + w) k + 1 — Z a = 0 and - = — - — —. 
v ' u v w 

Ex. 1. Find the condition that quadrilaterals may he inscribed in 
one given circle and circumscribed to another. 

Let the circles be 

S = x- + y-- a 2 , 

S' = (x-d)2 + y2-$2=0. 

Then in the discriminant of kS + S’ it will be found that 

A = a 2 , 0 = 2 a 2 + fc 2 -rf 2 , = „ 2 + 2b 2 - d 2 , and A' = b 2 . 

Hence, if the condition 4A00' - 8 A 2 A' - 0 3 =O is satisfled, we havo 
4a 2 (2a 2 + b- - d 2 ) (a 2 + 2b 2 - d 2 ) - 8 a<b 2 - (2a 2 + b 2 - d 2 ) 3 = 0. 

Hence d« - d* (3b 2 + 2a 2 ) + 3d 2 fci - b< ( b n - - 2 a 2 ) = 0, 

i. e. (d 2 - b 2 ) {(d 2 - b 2 ) 2 - 2 a 2 (d 2 + 12 )} = 0 . 

If dr - b 2 = 0, the centre of S is on S’. 

And, if d- - b-’ + O, the relation may be written in the form 

<z 2 n 2 

(b+d ) 2 + (b-d) 2=1 * 

[As in Smith and Bryant’s Euclid, p. 404.] 

340. Find the condition that a triangle mag be inscribed 
in one conic S x so that each of its sides mag touch one of 
three other conics, the four conics all having four common 
points of intersection. 

Let Sx = 2l/3y + 2mya + 2 nct/3 = 0 , 

and S 3 = a- + £» + rf - 2 (1 + \ T) 0y - 2 (1 + X, m) ya 

- 2 (l + \,n)a£ = 0 . 

Then the conics 

\Si + S, = 0, X 2 Si + S., = 0 aud X^Si + & — 0 

touch a, 7 respectively, and they all go through the 
intersections of S x and S,. 
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Now for JcS 1 + S 2 the discriminant is 

1 , Jcn — 1— X^n, — 1 - \i m 

kn-l-Kn , 1 > kl-l-^il 

km— 1— \>m, kl — 1 — XjZ, 1 

And it will be found that 
A = 2lmn, 

-0 = (l + m + ny+ 2lmnl \ x , 

O' = 2 (l + m + n)(2 + 2X x Z) + 2fmnSX*X 1!> 

- A' = (2Xj l + 2) 3 + 

Hence 6 + AlX x = - (l + m + n) 5 , 

- ASx.Xa = 2 (J + m + «)(~V + 2), 

A' + AX x X 2 X3 = - (2V + 2) 3 - 
Hence 4 (0 + ASA,) (A' + AA.AA,) = (0‘ - A2*A S )’, 

which is the condition required *. 

Now suppose that the conic A - 0 » 
the values of A, and A, ; then the above ^ 

g^ifT^S have therefore the Rowing: 

Theorem. If a triangle is in sci ^ e(l V 1 q L ^ spectivebj, 
Sx and two of its sides touch the conics 2 an 3 ' 0 f inter- 

the conics S lt Si, S 3 all having Jour ' ^ fixed 

section; then the third side will touch one of Uo othe J 

conics through the same four points. 

* , ,• tim'd side 

It will be seen that the envelope o - g ^^n 

consists of two conics; for if the dioi - t |j C conic 

to touch Si there are two tap gen s to ^ jjtfercnt 

^„and the two possible positions o : , le A pC takes 

conics of the system. If, however, t o ‘ © abrupt 

up different possible positions in order ^ 

changes, the third side always touches a hxeu 

• Salmon’s Conics, p. 331. 


432 


EXAMPLES 


The above theorem can be extended to the case of 
polygons of any number of sides. For consider a quadri¬ 
lateral A BCD such that the points A, B, C, D are on the 
conic S lf and so that AB touches S 2 , BC touches S 3 and 
CD touches —the conics S t , S 2 , S 3 , all belonging to 
a system of conics having four common points of inter¬ 
section. 

Then, since AB and BC touch conics of the system, 
the line AC will by the theorem also touch a conic of the 
system. We now' have AC and CD touching conics of 
the system and therefore also DA touches a conic of the 
system. Similarly for polygons of any number of sides. 

The conics can all be projected into coaxial circles and 
we get Poncelet’s Theorem. [See Arts. 301, 330, and 
Smith and Bryant’s Euclid, p. 400.] 

As a particular case we have the following: 

Ij a polygon is inscribed in one conic S lf and all its 
sides but one touch a second conic S 2 , then the remaining 
side unit touch a third conic S s which passes through the 
points of intersection of and S 2 , and if in one of its 
positions the remaining side touches S 2 it will touch S 2 in 
all positions. 

this is thePorism of the inscribed and circumscribed 
polygons, namely that the problem of inscribing a polygon 
in one conic whose sides shall touch another is in general 
impossible, but it there is one such polygon there will be 

an infinite number. 


Examples on Chapter XV. 

*i * 1 l nfini . t0 nu,n ber of triangles can be inscribed in 

nf f f y.~ ( a + ty' and circumscribed to the ellipse 

■'~,a-+>rfr- 1=0. r 

r A/,! ^“ ln “ te number of triangles can bo inscribed in 
•' /«' + y-f- -1=0 and circumscribed to .r- + f = a 2 6 2 /(a +1) 3 . 

• ° l ! h ° '°f u . b ot , l ' 10 ce ntre of a circle of given radius r 

msenbed m^tnu^le self-polar for f-iax^O is the parabola 
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4. An infinite number of triangles can be inscribed in 

+ S'* = 1 and circumscribed about *>/«• + y7&” = V(“*- 6I >’- 

An infinite number of triangles can be circumscribed 
to 'if-\ax = Q and inscribed in y-_ax+ --W A 4 
values of X and ft. 

7. Shew that an infinite number of triangles can = be in- 
scribed in ji 3 - 4mc whose sides touch x + y 

8 The condition that the tangents to S = 0 at two of its 
points of intersection with 5' = 0 may meet on S is 

e> = \\(P&- 2AA'). 

9 Provo that the locus of the centres of equilateral 

triangles self-polar for *7« 2 + yV 4 - 1 13 

x 2 (a 2 — 36 2 ) + y 2 (fr — fin 3 ) = ( fli ~^ V )' 

10 . A conic can be drawn having^nUct^,the third 

order with each of the conics * > 

11. If two sides of a[ ‘™”®'* n ^ e “ope of° the third side is 

issr/'S;*'* 

1 2. Prove that an infinite 

scribed in s’ + y 2 = <« + ?>* *h«’f^tS 3 on the 

and that the orthocentres of all such 

circle ar + y 2 = ( a ~ • * 1 

scribed to a fixed conic, prove that the nin I 
triangle touches two fixed circles. 
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15. Triangles can be inscribed in S' whose sides touch S, 
prove that the locus of the point of intersection of the lines 
joining the vertices of the triangle to the points of contact of 
the opposite sides is the conic 

3AiS" — 20S= 0. 

16. Prove, if triangles can be inscribed in S which are 
self-polar for S', the triangles formed by the tangents to S at 
the angular points are inscribed in the conic 

A S'-0S = 0. 

17. A is a common point of two conics S, S' and AS, 
AC chords of S, S' which touch S', S respectively. Prove 
(1) that if the tangent at B to S also touches S', triangles can 
be inscribed in S which are circumscribed to S', and (2) that, 
if BC touch S, triangles can be inscribed in S which are self- 
polar for *S", and (3) that, if BC touches both S and S', then 
will the reciprocal of S with respect to S' be the same conic 
as the reciprocal of S' with respect to S. 

18. The locus of the centroids of equilateral triangles 
described about the conic x*Ja- + y-/b- - 1 = 0 is 

9 (ar 1 + iff - 2 (5a 2 + 3b-) ar - 2 (3a 2 + 5 6 2 ) y 2 + (a 2 - 6 2 )* = 0. 

^ ** * 3 ^ 10 P°l ,ar reciprocal of the conic S for the 
come S , and P that of S' for S, prove that triangles can be 
inscribed in P which are self-polar for P' if 

0 3 - 3 A (60' - AA') = 0, 

where *»A + JSO + k0’+ A' = 0 is the discriminant of kS + S' = 0. 

20. Shew that the enharmonic ratios determined at any 

point of a conic £ = 0 by the points of intersection of S=0 

and S =0 are the ratios of the differences of the roots of the 
discriminant of ££ + £' = 0 . 


21. Shew that, if two conics are connected by the relation 

06 ' = AA', 

then if two of: their points of intersection be joined to either 

of ho two others, the two chords end the two tangents at 
that point form a harmonic pencil. ° 
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22. The necessary condition that a conic S ^puldhe in¬ 
scribed in a triangle formed by two tangents to 6 and their 

chord of contact is 

23. Two conics S, S' intersect in A The tangent to S 
at A meets S in C, and the tangen^ to *«*/»““ harrnoni< ; 

conjugates with regard to B and C, prove that 

66' + A A' = 0. 

24 The envelope of lines which cut the conics 5=0. 

5"=o‘harmonical1y is the conic S'=0 and tl e P° J ir r “'P als 
of 5=0 with respect to S" = 0 is fcS + A * 4 

'0)/AA\ 

25 If three sides of a quadrilateral touch S and the 
angufar pointsare on 5', the envelope of the remaining s.de is 

(fl 2 - 4A ff)- S + 8A (0 5 - 4Add" + 8 AV) S' - 0. 

26. If the four points of contact with S = 0 of Jho com- 

MET ££S determine^ ^harmonic pencil, shew that 

2d' 3 - 060'S' + 27AA'= - 0. 

27. Shew that the condition that a_ ,l<!X ^°“ f ^ M 'p Iu;1 -s 
inscribed in A"=0 with each consecutive pan 

conjugate with regard to S-0 is 

(P = 4 A {Off — 2AA'). 

Hence shew that a hexagon can beis 
circle of a conic so that each consecutive pan 

conjugate with regard to the conic. 
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Miscellaneous Examples HI. 


1. The radical axis of a fixed circle and a variable circle 
of constant radius whose centre is on a fixed straight line 
envelopes a parabola. 

2. The radical axis of the fixed circle whose equation is 

ar + y 2 + 2 xy cos o> + Igx + 2 /y + c = 0 

and of any circle which touches x = 0 and y = 0 touches one or 
other of the parabolas 

(x ± yf + 2 gx + 2 /y + c * 0 . 

3. If a triangle PQR is inscribed in a parabola and two 
of the sides are parallel to given straight lines, the locus of 
the centroid of the triangle PQR is a parabola. 

4. There are four chords of the conic 

2 <ur + 2 b if - 4 (a -f b) cx - (a + b) c 2 = 0 

which subtend a right angle at (0, 0) and also touch the circle 
x 2 + if - 2cx = 0; and theso four lines form a square. 

5. If the normals at P, (?, 7? on a parabola meet in the 

point L, tho lino joining L to the orthocentre of the triangle 

formed by the tangents at />, <?, It is parallel to the axis of the 
parabola. 

6 . If the normals at three points P, Q, R on a parabola 
are concurrent, the middle points of the sides of the triangle 
formed by the tangents at P, Q , R are on a fixed parabola. 

7. The locus of tho foot of the perpendicular from any 
point on the director-circle of a conic, on the polar of the 
point with respect to tho conic, is a confocal conic. 
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8. The tangents drawn to the circle ar + 2 

the vertices of a self-polar tnang e ar ,, ^ - 

(1) that t 1 *t i ft 3 * + 4a n -A i = 0, (2) that < 2 * 3+3 1 
where A is the area of the triangle. 

q POR is a triangle self-polar for i/ 3 -4a.r=0, and the 
diaUhrough A Q, J, nJ tho opposite s.des » * *. - 
respectively. Prove that 

2A 2 + a.pP.qQ- rIi= 

10. If (*, ,*>,<*, »>■ (*■-»■> o he the n n Ular POi '“ S “ 

triangle self-polar for *>' + y'/ 6 '“ 1 " °> , . . 

»•> 1 l ; *5 Wiiift 

non-collinear points il, *#• ^ > 1,1 ° 

from 0 to the circle ./1PC* is given y 

\60T‘(AAncy n - 2 


0, 

« 2 , 


r 3 

a*> 

o, 

A 

c, 

& 3 

(?> 

c 2 , 

o, 

a 3 

r> 

& 2 , 

a 1 , 

0 


12. If the normals at the P 0, " s j ^’ f tho triangle 

and the dU^ t^^ 1 l:r i ^ nCOO£ th ° 

centre is on the directrix. ft parabola are con- 

14. If the normals at P, Q, „[ o forme d by the 

current, the nine-point circle o . ^ vertex of the 

tangents at P, <?, R will P*» th,ou 0 h 

Parab ° la ' . POR on a parabola form a 

15. The tangents at/, V, f . id ‘ c f tho triangles 

triangle P'Q’R’, and b ar .® !' j 8 0 £ q is a straight 
PQP, P'<?'P'. Prove that, if tho thftfc if tho locus of 

line, the locus of 6’' is a para jo a , ., ar abola. 

O' is a straight lino the locus of U is a , 
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16. From E , the centre of curvature at any point P of an 
ellipse, two other normals EQ, ER, are drawn. Prove that 
the locus of the point of intersection of QR and the normal at 
P is an ellipse. 

17. If the centre of an ellipse is the orthocentre of an 
inscribed triangle, the normals at the vertices of the triangles 
are concurrent. 


18. Find the equations of the conics 4ar* + if + 6x— 4y = 0, 
and 4xy+ 3y 2 —8a;+6y + 1 = 0, referred to their common self- 
polar triangle. 

19. Prove that the equations 

x = afi+2bt + c, y = a'P + 2b'6 + c' i 

where t is a variable, give a parabola as locus, and that the 
equation of the directrix is 


ax + ay = ac - b* + ac' - b* 

20. If a conic touches two given straight lines and passes 
through two given points, the tangents at the given points 
intersect on one or other of two fixed straight lines. 

21. If C = 0 is the locus of the centres of conics through 
our given points, then the polars of any point on C for all 
the conics of the system are parallel lines. 

it P T°, tl,e reciprocals, with respect to a point, of 
a conics which go through the point and have the same circle 
ot curvature there, are equal parabolas. 


23 If the centroid of a triangle inscribed in y > -4ax = 0 
is at the fixed point (/, ,j) the sides will touch the parabola 

(y + %) 3 = Wax- 2ia/+ 18y 2 . 

™ f 24 ’ ^ trian S Ie /bribed in ar> + if - a? = 0 has its ortho- 

, ,rG * • ° P 011 . 1 * 1 ( ( . y Prove that its sides touch a conic 
uhoso fod are the circumcentre and the orthocentre and of 

which the niii e -p° |nt circle (which is the same for all possible 
triangles) is the auxiliary circle. 


? tr ir S !° ' S i,, ' crihed » circle and circumscribed 

liccl b * “’fU ' S ° CU r°f “ 3 centroi ‘ i is a straight line pen- 
pendicular to the axis of the parabola. 5 ^ 
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26 The sum of the squares of the semi-<liameters of an 
ellipse which are parallel to the sides of an inscribed triangle 
and the square of the tangent to the circumcirc le of the 
triangle from the centre of the ellipse are equal to the sum of 
the squares of the semi-axes. 

27. If two conics S, S' intersect in four points which are 
at the extremities of conjugate diameters of 6, the tom 
common tangents will touch S' at extremities of conjugate 

diameters. 

28 If two of the vertices of a triangle are on an ellipse 
and the three sides are parallel to given straight lines, the 
third vertex describes a conic. 


29. From any point P on the line lx + my + 1 - 0 tangei • 

PQ, Pit are drawn to the rectangular hyperbola ~xy c , 
and the circle PQR cuts the hyperbola again in the points 
Q\ R'. Prove that Q'R' touches the parabola 

a-+m-) (x 2 + if)=(ix + m, J +1 )'■'• 


30. If TP, TQ are tangents to the ellipse 

X s /a 2 + if lb* -1=0 

and the orthocentre of the triangle TPQ is on the ellipse, 
then will T bo on the conic 

+ bhf = (a 2 + &'-')*• 

31. The equation of the parabola which touches the four 
lines ax ± by — 1 = 0, a x ± b y 1 

( a 2 £,'* _ a ' 2 b 2 )*yi = 4 aa’(a — a){b 2 a — b -a + (a b a 

32. The locus of a point whose co-ordinates are given by 

* = y = ^ + b,i + c,, 

where * is a variable parameter, is a parabola whoso latus 
rectum Is „ 

(«/,■- aJ>i)*K a * + ***'> K 

•i 1 • ft — ^2 ond tNVO of its sidc^ 
qq A triangle is inscribed in afi IT , 

touch > + V=ly, prove that the third s.de touches 

(>ta-/3)(A/3-a) = r*. 
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34. O u 0 2 , O z are three fixed points on a straight line 
and P is any point on a given conic. PO x cuts the conic 
again in Q, QO» cuts the conic in R and RO z cuts the conic in 
S. Prove that PS passes through a fixed point on the line 

oao 3 . 

35. The locus of the centres of the rectangular hyper¬ 
bolas whose axes are parallel to the axes of ar/a?+if/b*- 1 =0, 
and which have contact of the second order with the ellipse’ 
is given by the equation 

(aV)i + (by)h = (a* + p)i. 

36. The locus of the centres of the rectangular hyperbolas 

whose axes are parallel to the axes of co-ordinates, and which 
have contact of the second order with the parabola if- 4ax = 0 
is given by the equation * 

27ay 2 = 4 (x + 2a) 3 . 

37. If P, P Q, Q R, R' and S t S' be four given pairs 
ot conjugate points with respect to a conic, the locus of the 
centre of the conic is a conic. 


• 3S ' ? L \ J Y '> ^ r ' and P, P' be four pairs of 

& . ^jugate lines with respect to a conic, the locus of the 
centre of the conic is a straight line. 


in iVn r> T \ e at a P omt p on a » ellipse cuts the axes 

t, H P tS 9 ' a ?' ° 18 tho midd,e Point of Gg. Prove 

■ ml hat n °^ m ff S % three . othep P f,ints <?, A’, S' will meet in 0 , 
. i that Q, R S are tho angular points of a triaugle of 
maximum area inscribed in the ellipse. S 

double Jl! ° f th ° as - vn, P totes of a conic "'hich has 

■ ” S 1 tW ,° F veu circles > the chords of contact 

oung parallel, is a parabola. 

at til; „T iC 5 cir . L ' umscHbes * triangle ADC, the tangents 

" ! T""? tl10 °PP° site sides on the 

"]h triangle A'*l« tou^h'a Ld ^ ^ 
ALL and having double contact with S in 
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a o Tf /V lx" v") (x"\ »/") are vertices of a triangle 

self-Ha/U Cootie S11* 'Ally + l,f + 2 gX + * 

prove that the area of the triangle is 

\ {5' S" S'"l(abc + 2fyh - ap — W ~ 

43. The angular points of a triangle circumscribing the 

conic S = ao* + 2hxy + bif + 2 gx + 2/y + c = 0 are (x,, y,), (*,, Vt)> 
fa, y 3 ). Prove that the area of the triangle is 

I' 

I 


r- S l S, SJ 

«, K v 

. 

h, b, f 


£7, /> c 



45. A conic is inscribed in a triangle and_is suchpth^ 

normals at the points of contact inee P through A, D, C, 

its centre lies on a cubic curve which , 4 . , ± 1 , ± 1). 

tho centroid G, the orthocentre , 10 \ an j Q ure the 

middle points of AO„ B0„ CO, tv hero 0„ 0, 

reflexions of O in DC, CA and AD. ^ ^ 

46. A conic passes through ^'^^"^^flesfthe conic 

normals at A, B, C are concui ie , I cen tro is on a cubic 
is a pair of parallel straigh \u an(1 a j so througli the 

curve which passes through j , > circles which touch 

centroid of A BC and the centres of the 

tho sides of ABC. 

, 1 „ tho centre ol a 

47. Find the equation . of tl,C J°^' a 1 angles, and show 
circle cutting three given c.^ throUg h the radical 
that the locus is a straight line passu 0 

centre of the three circles. 

48. If tho normals at the points^ ^ tho loci of 

meet at a point 0 on tho norma * or thocentro of the 

the centroid, the circumcentro an • fc 0> uro straight 

triangle, for dillerent positions j 1 

lines. 
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49. If a chord PQ of the ellipse a?fa? + y 1 jb 2 -1 = 0 touches 
the confocal ellipse ar/(o 2 + X) + y*l(lr + X) — 1 = 0, the tangent 
at P meets the normal at Q on the ellipse 

xrja? {a-b* + X (a 2 - V))- + fjb- {a 2 6 2 + X (6 2 -a 2 )} 2 

= 1 /{a 2 6 2 + X (a 2 + br)}\ 

50. The normals at the four points A, B, G , D on an 
ellipse meet in a point P, and A', B', C\ D' are the centres 
of the circles BCD , CD A , DAB , ABC respectively. Prove 
that the lines through A\ B', C' f D' parallel respectively to 
the normals at A, B , C , D will meet in a point on the 
diameter through P. 


51. If (x 0 , y 0 ) is the middle point of the chord PQ of the 
rectangular hyperbola xy -a- = 0, the chord PQ and the 
tangents at P and Q touch the parabola 

Jx/x 0 + s'y/y 0 = 2. 

:>2. If the points (x,, y,), (x,, y 2 ), (x 3 , y 3 ) are the vertices 
of a, triangle ABC self-polar for xr/ar + if/b" — 1= 0, the points 
A, B, C are on the rectangular hyperbola 


Xi«.a*/a 2 x + y, y,y,/6 2 y -1=0, 
and the sides BC , CA , AB touch the parabola 

1 /- 1 ,_ 

- 2 v xx, x 2 x 3 + ^ N'yy.y.y, -1=0. 


• ^ ^ ie ^ r * an o^ e ABC is self-polar for an ellipse, the 

middle points of the intercepts made by the axes of the ellipse 
on the lines. BC, C.*l, AB are collinear, and the circles on 
these intercepts as diameters are coaxial. 


54. Through the points of intersection of any three conics 
taken in pairs three rectangular hyperbolas can be drawn, and 
these three hyperbolas have four points in common. 


55. If P, P 1 and Q, Q’ are the foci of any two conics 
inscribed in a triangle ABC, then PQ, PQ', P'Q, P Q> touch 
another conic inscribed in ABC. 


nnintc* straight lino cuts two given conics S, S' in the 
mats P, Q and / , Q respectively. Prove that the tangents 

the nnP/ 110 * * ° Se ^ ^ on a conic which passes through 

the points of intersection of S and S' 
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57. A conic passes through three given points A, B C and 
one of its asymptotes is in a fixed direction; prove that the othei 
asymptote Ouches a fixed parabola which touches the sides of 
the triangle ABC and has its axis in the given direction 
Prove also that the locus of the centre of the conic 

parabola. 

58 The triangle formed by the poles of the three lines 
joining two of the middle points of a given triangle with 
respect to any conic inscribed in the triangle is of constant 

area. 

59. The area of the triangle formed by the normals at 
a, /3, y on the ellipse a-/a J + 2/7 h’ - 1 - 0 is 

( a *- y I a . tan U(3 - y) tan h(y - a) tan h (a - (1) {2 sin (/3 + y)P- 
2ab 

60. If the normals at the points Q } R , S on 

a?/a? + y 2 /* 3 “ 1 = 0 

meet on the ellipse at the point (*„, y P ), the equation of the 
circle QRS will be 

X* + y 2 - *0* - % y» y - flS " b ' = °* 

61. If the normals at a, (3, y, 8 0,1 */ r = 1 +ecos0 
concurrent, then 

/l+«\ o 

tan 4 a tan \ ft tan b y tan h 8 + 

62. A conic described tj-rough^three 

^Prove & i-S envelopes a conic. 

63. Two fixed points P, Q ■» ^on onaI °QH 
R is any point on a fixed stra ® p that /'<?' envelopes a 
cut the conic again in 1 , '/• 

conic. 

64. Tangents are drawn from a 6 lVC ” fc t ), e circle 

^— throu8h 

a fixed point. 
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65. If the tangents TP, TQ are drawn from any point 
to an ellipse, the chord PQ and the normals at P and Q touch 
a parabola which touches the axes of the ellipse. 

66. If Y is the foot of the perpendicular from the centre on 
the tangent at P on a given ellipse, and a parabola be drawn 
with focus at Y touching the axes of the ellipse ; then if any 
circle be drawn through P and Y , cutting the ellipse in Q, JR, S, 
the sides of the triangle QRS will touch the parabola, and the 
normals at Q , R , S will intersect on the normal at the other 
extremity of the diameter through P. 

67. If A, B, C, D are four points on a circle whose centre 
is 0 , the locus of the centres of conics through A, B, G , D is 
also the locus of the feet of the normals from 0 to the same 
system of conics. 

68. 0 lt 0 2 , 0 S are the centres of the three escribed circles 
of the triangle ABC, and D , E, F are the middle points of 
the corresponding sides. Provo that 0 X D, 0«E, 0 3 F meet in 
a point P. Also, if tho lines joining A, B, C to the points of 
contact of the opposite sides of the inscribed circle meet in the 
point Q; then will PQ pass through the centroid of the triangle. 

69. The locus of the foci of conics which touch 

lx + viy + ns = 0 


(y + s) 2 > 

A 

a- 

a 3 

r, 

(z + x)\ 

y 3 . 

V 

~ 1 

n 

^ J 

(*+y) 2 > 

c 2 



»* 

n-, 

0 


70. Any two diameters of an ellipse at right angles to 
each other meet the tangent at a fixed point P in Q and R. 
Prove that the other two tangents through Q and R intersect 
on a fixed straight line which is parallel to the common chord 
of the ellipse and its circle of curvature at P. 

71. If A, B, C, D are four cyclic points, the axes of the 
two parabolas through A, B, C, //intersect at right angles on 
tho nine-point circle of PQR, where P is the intersection of 
AB and CD, Q of AC and BD, and R of AD and BC. 
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72. If the points (/, ± g, ± h) are cyclic, the centroid of 
the points is on the nine-point circle. 

73. On the three perpendiculars A D, 1IE, CF of a triangle 
are taken the three points P, Q, R such that 

AP: AD = BQ : BE = CR : CF= A : 1, 

and from P, Q, R perpendiculars are drawn on the non¬ 
corresponding sides. Prove that the six feet of t iese perpen 
diculars are on a circle. Prove also (1) that the envelope of 
the circles, for different values of A, is a conic having double 
contact with the circumcircle, and (2) that the locus of the 
centres of the circles is a straight line. 

74. The radius of curvature of Jto. + Jmp + Jny = 0 at 
the point where it touches a = 0 is 

16 ImnR 2 ^. 

(cm + bn) z 

75. If two confocal ellipses are such that triangles can 
bo inscribed in one whoso sides touch the other, k pun 

of the triangle is constant. 

76. The inscribed and nine-point circles of ^ triangle 

touch one another at the centre ot the reetangu ai ) P 
which circumscribes the triangle and passes \ © 

in-centre. 

77. The vertices of any triangle circumscribed to 

ar + y 2 — = 0, 

and whose orthocentro is at the point ('/, h* on ^ l0 ' 

ar 2 (a- -dr)+ 2a?dx + a?if = 4« 4 - 

78. Triangles are inscribed in ar/a 3 + if/P- 1 = 0 wlth 
their centroids at the point (|, f ) , 1 — that their sides 

touch the conic 

/A* A" ,V -/A" A 3 A/a" £ _ xh - *£) 

(a' + V- 1 ) +i (^ + ¥- 1 )W + V‘ Irf 


aW 


(kx - /«y) 3 - 0 
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79. A triangle circumscribes af/a? +y‘ t /V l — 1=0 and its 
centroid is the point (J/i, £&). Prove that its angular points 
are on the conic 



80. A triangle is inscribed in a parabola and circum¬ 
scribed about a conic; shew that the locus of its centroid is 
in general a parabola, but that it is a straight line when the 
given conic is a parabola. 

81. The asymptotes of conics which pass through four 
given points such that the line joining two of the points is 
parallel to the line joining the other two, envelope a parabola. 

82. The axes of conics which pass through four given 
points such that the lino joining two of the points is parallel 
to the line joining the other two, envelope a parabola. 

83. If the sides of a quadrilateral touch a circle, the axes 
of conics inscribed in the quadrilateral envelope a parabola. 


84. If the triangle A'B'C' is inscribed in the conic 
x-fa 2 + y-/b'- -1=0, and the sides BC\ C'A', A!B touch 
+ 1/ 2 !# ~ 1 = 0 in the points A, B, C ; then will AA\ 

C(J r meet in a point on the conic 

a' 2 (b + by a?/a* + b'- (a + a')- if/b- - (ab' - a'bf = 0 . 

80 . The triangle A'B'C' is inscribed in the conic 

rf/a- + fjb'- -1=0, 

and the sides B'C\ C'A\ A'B' touch a?!a- + y 3 /& 3 - 1 = 0 in the 
points A, B, C respectively. 

Prove the following theorems: 

. 0 ) nornm ls at A, B, C meet in a point on the 
conic 

«V + b'Y = (a 3 - by. 


. (2) 
conic 


The normals at A , B 1 , C" meet in a point on the 


a'V/a 3 + b'Y ft- = (a ' 3 - b'-f. 
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(3) The orthocentre of A'B'C' is on the come 

aTh? + b'hf = (ad - bb'f. 

(4) The circumcentre of the triangle A'B'C' is on the 

4a , *x* l(a - a')* + 46'V/(& “ *>')* = < a ' 2 “ b ' i)K 
86. An infinite number of 

3 fk:ngl“ S be7ntri^d in and circumscribed to *. 
Where Sfin the polar reciprocal of 5, w.th respect to S,. 

87 If three conics pass through a point, the envelope of 
a toe whYch cuU Them l three pairs of points rn mvolution 

is a conic. 

88 . Three conics S„ 5, have a common point 0. 
The reo-hu,Then 
SoTine sides of’the triangles ABC, PQB, LMN all touch the 
same conic. 

89 - P h r o ° r V d C g 1^0 if /io snchl^tS-S' lltZ equatio°n 

0 represents a conic having double con¬ 
tact with each of the conics S, S'. . 

A conic has finite double contact with each of the conics 

aS + y — <? (* + c) 5 = 0, x‘ + ,/-e‘ 1 (x+cf = 0. 

Write down its 

ttatii + e-Tl an luch conics are rectangular hyperbolas 

90. The conics S , s ^T^^at’ ^ frfinto number of 
S a = xy + 2 oi = 0 are so re circumscribed to a 

S^onTa^d ^oXr« 

—- *•— 

two form a harmonic pencil. 
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91. The conics 

£, = a 2 - 2l/2y = 0, S 2 = fi 2 — 2mya = 0, £ 3 = y 2 - 2na/? = 0, 

with the relation linn +1=0, are such that an infinite number 
of triangles can be inscribed in one conic, circumscribed to 
another and self-polar for the third conic in any order. Also 
any tangent to one of the conics is cut harmonically by the 
other two, and the tangents drawn from any point on one 
conic to the other two form a harmonic pencil. 

92. Find the equation of a circle touching the tangents 
to or/a 2 + i/jlr - 1 = 0 at the extremities of the chord 

lx + my —1=0, 

and prove that, if one of the chords of intersection of the circle 
and the conic which passes through the point of intersection 
of the chords of contact is parallel to the line 

x cos a + y sin a = 0, 

the intersection of the tangents is on the conic 

ccr/ar cos 2 a - if lb- sin 2 a = (a 2 — b-)/(a 2 cos 2 a + b* sin 2 a), 
which is a hyperbola confocal with the given ellipse. 

93. Shew that the equation of the parabola of closest 
contact at any point (a: 0l y„) on S = (a, b, c, J\ g , hfyx, y , l) 2 = 0 
is given by cither 

A.S' + CT- = 0 or x, y, 1 2 -2A7 T = 0. 

•^01 i/ot 1 

G t F t C 

94. If a conic inscribed in a triangle passes through tho 
centre of the circuincircle, the director-circle of tho conic will 
toucli the circumcircle of the triancle. 

9;>. Prove that, if the director-circle of a conic inscribed 
in a triangle touch the circumcircle of the triangle it will also 
touch tho nine-point circle. 

9G. 1 here are four pairs of confocal conics, one of each 

pair being inscribed in a given trianglo and the other circum¬ 
scribed about it. 
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97 AP, BQ, CR are the tangents to a given circle S from 
ji.'jLi,*, Prove that, ( 1 ) if one of the three 

three g lven F lI ‘ > ’ j^ {B CR is greater than the sum 

ofToth/f W,l. cut the circle .S'. (2, if one of 

the rectangles is equal to the stun of the other two the, cue es 
will touch 8 and (3) if each of the rectangles is less than the 
sum ^f the other two the two circles have no points in 

common. 

98. Three sides of a quadrilateral inscribed in 

S = aa- + bp- + cy = 0 

touch S’ = ua ? + = °> 

prove that the fourth side touches 

6 


u 


[Y2 + *+iY-4-. 

LU v vi) vr 


4*lTat + ...=0. 

vw_ 


qq Prove that the locus of the point, tangents from 

99. I rove ww* w pencil having a 

which to the conics S= 0, -U iorm u i 
constant cross-ratio K ™ 

4AA'.SS'-(^)> = 0. 

100. The equation of a 

the general equation °* d J lich touche s the given conic at a 
;;i„ 0 t a /" d anVwho^liusof curvature at /' is * times that of 
the given conic at J\ is 

8 lw ,_y ) + (*-l) r (.-»r*'W=-0. 

Provo also that the locus of the intersection of the other 
common tangents is // - 1\= 

4* = (jTTl) + 
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